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Preface’ 


Elementary Algebra is a work text that covers the traditional topics studied in a modern elementary algebra 
course. It is intended for students who: 


1. Have no exposure to elementary algebra, 
2. Have had a previously unpleasant experience with elementary algebra, or 
3. Need to review algebraic concepts and techniques. 


Use of this book will help the student develop the insight and intuition necessary to master algebraic tech- 
niques and manipulative skills. The text is written to promote problem-solving ability so that the student 
has the maximum opportunity to see that the concepts and techniques are logically based and to be com- 
fortable enough with these concepts to know when and how to use them in subsequent sections, courses, and 
non-classroom situations. Intuition and understanding are some of the keys to creativity; we believe that 
the material presented will help make these keys available to the student. 

This text can be used in standard lecture or self-paced classes. To help students meet these objectives 
and to make the study of algebra a pleasant and rewarding experience, Elementary Algebra is organized as 
follows. 


Pedagogical Features 


The work text format gives the student space to practice algebraic skills with ready reference to sample 
problems. The chapters are divided into sections, and each section is a complete treatment of a particular 
topic, which includes the following features: 


Section Overview 
Sample Sets 
Practice Sets 
Section Exercises 


Exercises for Review 


The chapters begin with Objectives and end with a Summary of Key Concepts, an Exercise Supple- 
ment, and a Proficiency Exam. 

Objectives 

Each chapter begins with a set of objectives identifying the material to be covered. Each section begins with 
an overview that repeats the objectives for that particular section. Sections are divided into subsections that 
correspond to the section objectives, which makes for easier reading. 

Sample Sets 

Elementary Algebra contains examples that are set off in boxes for easy reference. The examples are referred 
to as Sample Sets for two reasons: 


'This content is available online at <http://cnx.org/content /m18873/1.3/>. 


1. They serve as a representation to be imitated, which we believe will foster understanding of algebra 
concepts and provide experience with algebraic techniques. 

2. Sample Sets also serve as a preliminary representation of problem-solving techniques that may be 
used to solve more general and more complicated problems. The examples have been carefully chosen 
to illustrate and develop concepts and techniques in the most instructive, easily remembered way. 
Concepts and techniques preceding the examples are introduced at a level below that normally used 
in similar texts and are thoroughly explained, assuming little previous knowledge. 


Practice Set 

A parallel Practice Set follows each Sample Set, which reinforces the concepts just learned. The answers 
to all Practice Sets are displayed with the question when viewing this content online, or at the end of the 
chapter in the print version. 

Section Exercises 

The exercises at the end of each section are graded in terms of difficulty, although they are not grouped into 
categories. There are an ample number of problems; after working through the exercises, the student will 
be capable of solving a variety of challenging problems. 

The problems are paired so that the odd-numbered problems are equivalent in kind and difficulty to 
the even-numbered problems. Answers to the odd-numbered problems are provided with the exercise when 
viewed online, or at the back of the chapter in the print version. 

Exercises for Review 

This section consists of problems that form a cumulative review of the material covered in the preceding 
sections of the text and is not limited to material in that chapter. The exercises are keyed by section for 
easy reference. 

Summary of Key Concepts 

A summary of the important ideas and formulas used throughout the chapter is included at the end of 
each chapter. More than just a list of terms, the summary is a valuable tool that reinforces concepts in 
preparation for the Proficiency Exam at the end of the chapter, as well as future exams. The summary keys 
each item to the section of the text where it is discussed. 

Exercise Supplement 

In addition to numerous section exercises, each chapter includes approximately 100 supplemental problems, 
which are referenced by section. Answers to the odd-numbered problems are included with the problems 
when viewed online and in the back of the chapter in the print version. 

Proficiency Exam 

Each chapter ends with a Proficiency Exam that can serve as a chapter review or a chapter evaluation. The 
proficiency Exam is keyed to sections, which enables the student to refer back to the text for assistance. 
Answers to all Proficiency Exam problems are included with the exercises when viewed online, or in the back 
of the chapter in the print version. 


Content 


The writing style is informal and friendly, offering a no-nonsense, straightforward approach to algebra. We 
have made a deliberate effort not to write another text that minimizes the use of words because we believe 
that students can be study algebraic concepts and understand algebraic techniques by using words and 
symbols rather than symbols alone. It has been our experience that students at the elementary level are not. 
experienced enough with mathematics to understand symbolic explanations alone; they also need to read 
the explanation. 

We have taken great care to present concepts and techniques so they are understandable and easily 
remembered. After concepts have been developed, students are warned about common pitfalls. 


Arithmetic Review 


This chapter contains many examples of arithmetic techniques that are used directly or indirectly in alge- 
bra. Since the chapter is intended as a review, the problem-solving techniques are presented without being 
developed. Therefore, no work space is provided, nor does the chapter contain all of the pedagogical features 
of the text. As a review, this chapter can be assigned at the discretion of the instructor and can also be a 
valuable reference tool for the student. 


Basic Properties of Real Numbers 


The symbols, notations, and properties of numbers that form the basis of algebra, as well as exponents and 
the rules of exponents, are introduced in Basic Properties of Real Numbers. Each property of real numbers 
and the rules of exponents are expressed both symbolically and literally. Literal explanations are included 
because symbolic explanations alone may be difficult for a student to interpret. 


Basic Operations with Real Numbers 


The basic operations with real numbers are presented in this chapter. The concept of absolute value is 
discussed both geometrically and symbolically. The geometric presentation offers a visual understanding of 
the meaning of | x |. The symbolic presentation includes a literal explanation of how to use the definition. 
Negative exponents are developed, using reciprocals and the rules of exponents the student has already 
learned. Scientific notation is also included, using unique and real-life examples. 


Algebraic Expressions and Equations 


Operations with algebraic expressions and numerical evaluations are introduced in Algebraic Expressions 
and Equations. Coefficients are described rather than merely defined. Special binomial products have both 
literal symbolic explanation and since they occur so frequently in mathematics, we have been careful to help 
the student remember them. In each example problem, the student is “talked” through the symbolic form. 


Solving Linear Equations and Inequalities 


In this chapter, the emphasis is on the mechanics of equation solving, which clearly explains how to isolate 
a variable. The goal is to help the student feel more comfortable with solving applied problems. Ample 
opportunity is provided for the student to practice translating words to symbols, which is an important part 
of the “Five-Step Method” of solving applied problems (discussed in Section 5.6 and Section 5.7). 


Factoring Polynomials 


Factoring is an essential skill for success in algebra and higher level mathematics courses. Therefore, we 
have taken great care in developing the student’s understanding of the factorization process. The technique 
is consistently illustrated by displaying an empty set of parentheses and describing the thought process used 
to discover the terms that are to be placed inside the parentheses. 

The factoring scheme for special products is presented with both verbal and symbolic descriptions, since 
not all students can interpret symbolic descriptions alone. Two techniques, the standard “trial and error” 
method, and the “collect and discard” method (a method similar to the “ac’ method), are presented for 
factoring trinomials with leading coefficients different from 1. 


Graphing Linear Equations and Inequalities in One and Two Variables 


In this chapter the student is shown how graphs provide information that is not always evident from the 
equation alone. The chapter begins by establishing the relationship between the variables in an equation, 
the number of coordinate axes necessary to construct the graph, and the spatial dimension of both the 


coordinate system and the graph. Interpretation of graphs is also emphasized throughout the chapter, 
beginning with the plotting of points. The slope formula is fully developed, progressing from verbal phrases 
to mathematical expressions. The expressions are then formed into an equation by explicitly stating that a 
ratio is a comparison of two quantities of the same type (e.g., distance, weight, or money). This approach 
benefits students who take future courses that use graphs to display information. 

The student is shown how to graph lines using the intercept method, the table method, and the slope- 
intercept method, as well as how to distinguish, by inspection, oblique and horizontal /vertical lines. 


Rational Expressions 


A detailed study of arithmetic operations with rational expressions is presented in this chapter, beginning 
with the definition of a rational expression and then proceeding immediately to a discussion of the domain. 
The process of reducing a rational expression and illustrations of multiplying, dividing, adding, and sub- 
tracting rational expressions are also included. Since the operations of addition and subtraction can cause 
the most difficulty, they are given particular attention. We have tried to make the written explanation of 
the examples clearer by using a “freeze frame approach. 

The five-step method of solving applied problems is included in this chapter to show the problem-solving 
approach to number problems, work problems, and geometry problems. The chapter also illustrates sim- 
plification of complex rational expressions, using the combine-divide method and the LCD-multiply-divide 
method. 


Roots, Radicals, and Square Root Equations 


The distinction between the principal square root of the number z, \/z, and the secondary square root of the 
number 2, ./z, is made by explanation and by example. The simplification of radical expressions that both 
involve and do not involve fractions is shown in many detailed examples; this is followed by an explanation 
of how and why radicals are eliminated from the denominator of a radical expression. Real-life applications 
of radical equations have been included, such as problems involving daily output, daily sales, electronic 
resonance frequency, and kinetic energy. 


Quadratic Equations 


Methods of solving quadratic equations as well as the logic underlying each method are discussed. Factoring, 
extraction of roots, completing the square, and the quadratic formula are carefully developed. The zero- 
factor property of real numbers is reintroduced. The chapter also includes graphs of quadratic equations 
based on the standard parabola, y = x”, and applied problems from the areas of manufacturing, population, 
physics, geometry, mathematics (number and volumes), and astronomy, which are solved using the five-step 
method. 


Systems of Linear Equations 


Beginning with the graphical solution of systems, this chapter includes an interpretation of independent, 
inconsistent, and dependent systems and examples to illustrate the applications for these systems. The 
substitution method and the addition method of solving a system by elimination are explained, noting when 
to use each method. The five-step method is again used to illustrate the solutions of value and rate problems 
(coin and mixture problems), using drawings that correspond to the actual solution. 
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Chapter 1 


Arithmetic Review 


1.1 Objectives’ 


This chapter contains many examples of arithmetic techniques that are used directly or indirectly in algebra. 
Since the chapter is intended as a review, the problem-solving techniques are presented without being devel- 
oped. If you would like a quick review of arithmetic before attempting the study of algebra, this chapter is 
recommended reading. If you feel your arithmetic skills are pretty good, then move on to Basic Properties 
of Real Numbers (Section 2.1). However you feel, do not hesitate to use this chapter as a quick reference 
of arithmetic techniques. 

The other chapters include Practice Sets paired with Sample Sets with sufficient space for the student 
to work out the problems. In addition, these chapters include a Summary of Key Concepts, Exercise 
Supplements, and Proficiency Exams. 


1.2 Factors, Products, and Exponents * 


1.2.1 Overview 


e Factors 
e Exponential Notation 


1.2.2 Factors 


Let’s begin our review of arithmetic by recalling the meaning of multiplication for whole numbers (the 
counting numbers and zero). 
Multiplication 
Multiplication is a description of repeated addition. 
In the addition 


T+74+74+7 


the number 7 is repeated as an addend* 4 times. Therefore, we say we have four times seven 
and describe it by writing 


4-7 


'This content is available online at <http://cnx.org/content /m22784/1.3/>. 
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The raised dot between the numbers 4 and 7 indicates multiplication. The dot directs us to multi- 
ply the two numbers that it separates. In algebra, the dot is preferred over the symbol x to denote 
multiplication because the letter x is often used to represent a number. Thus, 


4.-7=7+74+7+7 

Factors and Products 

In a multiplication, the numbers being multiplied are called factors. The result of a multiplication is called 
the product. For example, in the multiplication 


4-7=28 


the numbers 4 and 7 are factors, and the number 28 is the product. We say that 4 and 7 are fac- 
tors of 28. (They are not the only factors of 28. Can you think of others?) 


Now we know that 


(factor) - (factor) = product 


This indicates that a first number is a factor of a second number if the first number divides into the 
second number with no remainder. For example, since 


4-7=28 


both 4 and 7 are factors of 28 since both 4 and 7 divide into 28 with no remainder. 


1.2.3 Exponential Notation 


Quite often, a particular number will be repeated as a factor in a multiplication. For example, in the 
multiplication 


7:7-7-7 
the number 7 is repeated as a factor 4 times. We describe this by writing 74. Thus, 
(a Gu ae whe 


The repeated factor is the lower number (the base), and the number recording how many times the 
factor is repeated is the higher number (the superscript). The superscript number is called an exponent. 
Exponent 

An exponent is a number that records how many times the number to which it is attached occurs as a 
factor in a multiplication. 


1.2.4 Sample Set A 


For Examples 1, 2, and 3, express each product using exponents. 


Example 1.1 
3-3.-3-3.-3.- 3. Since 3 occurs as a factor 6 times, 


Ses aes ees ees Be ee 


Example 1.2 
8 - 8. Since 8 occurs as a factor 2 times, 


84 B= 8? 


Example 1.3 
5-5-5-9- 9. Since 5 occurs as a factor 3 times, we have 5°. Since 9 occurs as a factor 2 times, 
we have 97. We should see the following replacements. 


Then we have 


5-5-5-9-9=5% . 9? 


Example 1.4 
Expand 3°. The base is 3 so it is the repeated factor. The exponent is 5 and it records the number 
of times the base 3 is repeated. Thus, 3 is to be repeated as a factor 5 times. 


39=3-3-3-3-3 


Example 1.5 
Expand 6? - 10*. The notation 6? - 10* records the following two facts: 6 is to be repeated as a 
factor 2 times and 10 is to be repeated as a factor 4 times. Thus, 


62-10°'=6-6-10-10-10- 10 


1.2.5 Exercises 


For the following problems, express each product using exponents. 
Exercise 1.1 (Solution on p. 41.) 
8-8-8 
Exercise 1.2 
12-12-12-12-12 
Exercise 1.3 (Solution on p. 41.) 
5:-5:-5-5-5-5-5 
Exercise 1.4 
1-1 
Exercise 1.5 (Solution on p. 41.) 
3-3-3-3-3-4-4 
Exercise 1.6 
8-8-8-15-15-15-15 
Exercise 1.7 (Solution on p. 41.) 
2:2-2-9-9-9-9-9-9-9-9 
Exercise 1.8 
3-3-10-10- 10 
Exercise 1.9 (Solution on p. 41.) 


Suppose that the letters x and y are each used to represent numbers. Use exponents to express 
the following product. 
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xv . x . x . Yy . Yy 

Exercise 1.10 

Suppose that the letters x and y are each used to represent numbers. Use exponents to express 
the following product. 


xv . x . x . Pf bs . Ab . y . y . y 
For the following problems, expand each product (do not compute the actual value). 


Exercise 1.11 (Solution on p. 41.) 
34 

Exercise 1.12 

43 

Exercise 1.13 (Solution on p. 41.) 
95 

Exercise 1.14 

96 

Exercise 1.15 (Solution on p. 41.) 
53 . 6? 

Exercise 1.16 

pe 


Exercise 1.17 (Solution on p. 41.) 
at. yt 
Exercise 1.18 
a - y? 
For the following problems, specify all the whole number factors of each number. For example, the complete 
set of whole number factors of 6 is 1, 2, 3, 6. 


Exercise 1.19 (Solution on p. 41.) 
20 

Exercise 1.20 

14 

Exercise 1.21 (Solution on p. 41.) 
12 

Exercise 1.22 

30 

Exercise 1.23 (Solution on p. 41.) 
21 

Exercise 1.24 

45 

Exercise 1.25 (Solution on p. 41.) 
11 

Exercise 1.26 

17 

Exercise 1.27 (Solution on p. 41.) 
19 

Exercise 1.28 

2 


11 


1.3 Prime Factorization °* 


1.3.1 Overview 


e Prime And Composite Numbers 
e The Fundamental Principle Of Arithmetic 
e The Prime Factorization Of A Whole Number 


1.3.2 Prime And Composite Numbers 


Notice that the only factors of 7 are 1 and 7 itself, and that the only factors of 23 are 1 and 23 itself. 
Prime Number 
A whole number greater than 1 whose only whole number factors are itself and 1 Prime Number is called a 
prime number. 

The first seven prime numbers are 


2, 3, 4,5, 7, 11, 13, and 17 


The number 1 is not considered to be a prime number, and the number 2 is the first and only even 
prime number. 

Many numbers have factors other than themselves and 1. For example, the factors of 28 are 1, 2, 4, 7, 
14, and 28 (since each of these whole numbers and only these whole numbers divide into 28 without a 
remainder). 

Composite Numbers 

A whole number that is composed of factors other than itself and 1 is called a composite number. 
Composite numbers are not prime numbers. 


Some composite numbers are 4, 6, 8, 10, 12, and 15. 


1.3.3 The Fundamental Principle Of Arithmetic 


Prime numbers are very important in the study of mathematics. We will use them soon in our study of 
fractions. We will now, however, be introduced to an important mathematical principle. 

The Fundamental Principle of Arithmetic 

Except for the order of the factors, every whole number, other than 1, can be factored in one and only one 
way as a product of prime numbers. 

Prime Factorization 

When a number is factored so that all its factors are prime numbers, the factorization is called the prime 
factorization of the number. 


1.3.4 Sample Set A 


Example 1.6 
Find the prime factorization of 10. 


10=2-5 
’This content is available online at <http://cnx.org/content /m21868/1.3/>. 
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Both 2 and 5 are prime numbers. Thus, 2 - 5 is the prime factorization of 10. 


Example 1.7 
Find the prime factorization of 60. 


60 = 2. 30 30 is not prime. 30 = 2 - 15 
= 2-2-15 15isnot prime. 15 = 3-5 
= 2-2-3-5 We'll use exponents. 2 - 2 = 2? 
SOF Be 5 


The numbers 2, 3, and 5 are all primes. Thus, 2? -3-5 is the prime factorization of 60. 


Example 1.8 
Find the prime factorization of 11. 


11 is a prime number. Prime factorization applies only to composite numbers. 


1.3.5 The Prime Factorization Of A Whole Number 


The following method provides a way of finding the prime factorization of a whole number. The examples 
that follow will use the method and make it more clear. 


1. Divide the number repeatedly by the smallest prime number that will divide into the number without, 
a remainder. 

2. When the prime number used in step 1 no longer divides into the given number without a remainder, 
repeat the process with the next largest prime number. 

3. Continue this process until the quotient is 1. 

4. The prime factorization of the given number is the product of all these prime divisors. 


1.3.6 Sample Set B 


Example 1.9 
Find the prime factorization of 60. 


Since 60 is an even number, it is divisible by 2. We will repeatedly divide by 2 until we no 
longer can (when we start getting a remainder). We shall divide in the following way. 


2|60 
2130 
3/15 
515 30 is divisible by 2 again. 
1 15 is not divisible by 2, but is divisible by 3, the next largest prime. 


5 is not divisible by 3, but is divisible by 5, the next largest prime. 
The quotient is 1 so we stop the division process. 


The prime factorization of 60 is the product of all these divisors. 


60 = 
60 = 


2:2-3:-5 
DP ge 


Example 1.10 
Find the prime factorization of 441. 


We will use exponents when possible. 


Since 441 is an odd number, it is not divisible by 2. We’ll try 3, the next largest prime. 


3/441 
3]147 
7/49 
q|7 


The prime factorization of 441 is the product of all the divisors. 


I 


441 
441 


147 is divisible by 3. 
49 is not divisible by 3 nor by 5, but by 7. 
7 is divisible by 7. 


The quotient is 1 so we stop the division process. 


3:3:°7:7 
Sma 


1.3.7 Exercises 


We will use exponents when possible. 


For the following problems, determine which whole numbers are prime and which are composite. 


Exercise 
23 


Exercise 
25 


Exercise 


27 


Exercise 
2 


Exercise 


3 


Exercise 


5 


Exercise 


7 


Exercise 


9 


Exercise 
11 


Exercise 


34 


1.29 


1.30 


1.31 


1.32 


1.33 


1.34 


1.35 


1.36 


1.37 


1.38 


(Solution on p. 


(Solution on p. 


(Solution on p. 


(Solution on p. 


(Solution on p. 


41.) 


41.) 


41.) 


41.) 


41.) 
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Exercise 1.39 (Solution on p. 41.) 
55 
Exercise 1.40 
63 
Exercise 1.41 (Solution on p. 41.) 
1044 
Exercise 1.42 
339 
Exercise 1.43 (Solution on p. 41.) 
209 
For the following problems, find the prime factorization of each whole number. Use exponents on repeated 
factors. 
Exercise 1.44 
26 
Exercise 1.45 (Solution on p. 41.) 
38 
Exercise 1.46 
54 
Exercise 1.47 (Solution on p. 41.) 
62 
Exercise 1.48 
56 
Exercise 1.49 (Solution on p. 41.) 
176 
Exercise 1.50 
480 
Exercise 1.51 (Solution on p. 41.) 
819 
Exercise 1.52 
2025 
Exercise 1.53 (Solution on p. 42.) 
148,225 


1.4 The Least Common Multiple’ 


1.4.1 Overview 


Multiples 

Common Multiples 

The Least Common Multiple (LCM) 
Finding The Least Common Multiple 
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1.4.2 Multiples 


Multiples 
When a whole number is multiplied by other whole numbers, with the exception of Multiples zero, the 
resulting products are called multiples of the given whole number. 


Multiples of 2 Multiples of 3 Multiples of 8 Multiples of 10 
2-1=2 3:1=3 8-1=8 10-1=10 
2-2=4 3:2=6 8-2=16 10-2=20 
2-3=6 3-3=9 8-3=24 10-3=30 
2-4=8 3:-4=12 8-4=32 10-4=40 
2-5=10 3-5=15 8-5=40 10-5=50 
Table 1.1 


1.4.3 Common Multiples 


There will be times when we are given two or more whole numbers and we will need to know if there are any 
multiples that are common to each of them. If there are, we will need to know what they are. For example, 
some of the multiples that are common to 2 and 3 are 6, 12, and 18. 


1.4.4 Sample Set A 


Example 1.11 
We can visualize common multiples using the number line. 


Second Third 
First common common common 
multiple multiple multiple 


Multiples of 2 


Multiples of 3 


Notice that the common multiples can be divided by both whole numbers. 


1.4.5 The Least Common Multiple (LCM) 


Notice that in our number line visualization of common multiples (above) the first common multiple is also 
the smallest, or least common multiple, abbreviated by LCM. 

Least Common Multiple 

The least common multiple, LCM, of two or more whole numbers is the smallest whole number that 
each of the given numbers will divide into without a remainder. 
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1.4.6 Finding The Least Common Multiple 


Finding the LCM 
To find the LCM of two or more numbers, 


1. Write the prime factorization of each number, using exponents on repeated factors. 

2. Write each base that appears in each of the prime factorizations. 

3. To each base, attach the largest exponent that appears on it in the prime factorizations. 
4. The LCM is the product of the numbers found in step 3. 


1.4.7 Sample Set B 


Find the LCM of the following number. 
Example 1.12 


9 and 12 
‘ Qi ae BEB Se 8? 
12 = 2-6 = 2-2-3 = 2.3 
2. The bases that appear in the prime factorizations are 2 and 3. 


3. The largest exponents appearing on 2 and 3 in the prime factorizations are, respectively, 2 
and 2 (or 2? from 12, and 3? from 9). 
4. The LCM is the product of these numbers. 


LOM =2? .37=4 +9 = 36 


Thus, 36 is the smallest number that both 9 and 12 divide into without remainders. 


Example 1.13 


90 and 630 
00. 2-245, SS 2S Rb So Weg B oh te De BAe 5 
1. 680 = 2-315 = 2-3-105 = 2-3-3-35 = 2-3-3-5-7 
a Deg 2 7 


2. The bases that appear in the prime factorizations are 2, 3, 5, and 7. 
3. The largest exponents that appear on 2, 3, 5, and 7 are, respectively, 1, 2, 1, and 1. 


2! from either 90 or 630 
3? from either 90 or 630 
5! from either 90 or 630 
7! from 630 


4. The LCM is the product of these numbers. 
LCM =2.-37-5-7=2-9-5-7=630 


Thus, 630 is the smallest number that both 90 and 630 divide into with no remainders. 


Example 1.14 
33, 110, and 484 


33 
1. 110 
484 


w wm 


il 


LCM 


3-11 
2-55 = 2-5-11 
Det DADS Se Be OT 0: Oe TP 


. The bases that appear in the prime factorizations are 2, 3, 5, and 11. 
. The largest exponents that appear on 2, 3, 5, and 11 are, respectively, 2, 1, 1, and 2. 


from 484 
from 33 
from 110 


from 484 
4. The LCM is the product of these numbers. 


2?.3-5-11? 
4-3-5-121 
7260 


Thus, 7260 is the smallest number that 33, 110, and 484 divide into without remainders. 


1.4.8 Exerc 


For the following problems, find the least common multiple of given numbers. 


Exercise 
8, 12 
Exercise 
8, 10 
Exercise 
6, 12 
Exercise 
9, 18 
Exercise 
5, 6 
Exercise 
7,9 
Exercise 
28, 36 
Exercise 
24, 36 
Exercise 
28, 42 
Exercise 
20, 24 


Exercise 
25, 30 


ises 


1.54 


1.55 


1.56 


1.57 


1.58 


1.59 


1.60 


1.61 


1.62 


1.63 


1.64 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


42.) 


42.) 


42.) 


42.) 


42.) 


42.) 
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Exercise 1.65 
24, 54 


Exercise 1.66 
16, 24 


Exercise 1.67 
36, 48 


Exercise 1.68 
15, 21 
Exercise 1.69 
7, 11, 33 
Exercise 1.70 
8, 10, 15 
Exercise 1.71 
4, 5, 21 
Exercise 1.72 
45, 63, 98 
Exercise 1.73 
15, 25, 40 
Exercise 1.74 
12, 16, 20 
Exercise 1.75 
12, 16, 24 
Exercise 1.76 
12, 16, 24, 36 
Exercise 1.77 
6, 9, 12, 18 
Exercise 1.78 
8, 14, 28, 32 


1.5 Equivalent Fractions ° 


1.5.1 Overview 


e Equivalent Fractions 
e Reducing Fractions To Lowest Terms 
e Raising Fractions To Higher Terms 
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(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 
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on p. 


on p. 


on p. 


on p. 


on p. 


on p. 
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42.) 


42.) 


42.) 
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1.5.2 Equivalent Fractions 


Equivalent Fractions 
Fractions that have the same value are called equivalent fractions. 
For example, 2 and 4 represent the same part of a whole quantity and are therefore equivalent. Several 
more collections of equivalent fractions are listed below. 
Example 1.15 


is: 3 
257 20° 5 


Example 1.16 
123 4 
3° 6? 9? 12 


Example 1.17 
7 14 21 28 35 


6° 12° 18°? 24° 30 


1.5.3 Reducing Fractions To Lowest Terms 


Reduced to Lowest Terms 
It is often useful to convert one fraction to an equivalent fraction that has reduced values in the numerator 
and denominator. When a fraction is converted to an equivalent fraction that has the smallest numerator 
and denominator in the collection of equivalent fractions, it is said to be reduced to lowest terms. The 
conversion process is called reducing a fraction. 

We can reduce a fraction to lowest terms by 


1. Expressing the numerator and denominator as a product of prime numbers. (Find the prime factor- 
ization of the numerator and denominator. See Section (Section 1.3) for this technique.) 

2. Divide the numerator and denominator by all common factors. (This technique is commonly called 
“cancelling.”) 


1.5.4 Sample Set A 
Reduce each fraction to lowest terms. 


Example 1.18 


6 _ 2-3 
18 ~~ 2-3-3 
=* Jews 2 and 3 are common factors. 
)2-)3-3 
= it 
a, 3 
Example 1.19 
16 _ 2-2-2-2 
20 — (2-2-5 
= CEE 2 is the only common factor. 
— 4 
—~ 5 
Example 1.20 
56 2-4-7 
70 2-5-7 
eee : 4 2 and 7 are common factors. 
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Example 1.21 


= ae There are no common factors. 
Thus, - is reduced to lowest terms. 


1.5.5 Raising a Fraction to Higher Terms 


Equally important as reducing fractions is raising fractions to higher terms. Raising a fraction to 
higher terms is the process of constructing an equivalent fraction that has higher values in the numera- 
tor and denominator. The higher, equivalent fraction is constructed by multiplying the original fraction by 1. 


Notice that, 3 and * are equivalent, that is 3 = x. Also, 


This observation helps us suggest the following method for raising a fraction to higher terms. 
Raising a Fraction to Higher Terms 
A fraction can be raised to higher terms by multiplying both the numerator and denominator by the same 
nonzero number. 
For example, 3 can be raised to 3 by multiplying both the numerator and denominator by 8, that is, 


multiplying by 1 in the form 8. 


3:8 24 


3 = 
4 -8 32 


How did we know to choose 8 as the proper factor? Since we wish to convert 4 to 32 by multiply- 
ing it by some number, we know that 4 must be a factor of 32. This means that 4 divides into 32. In fact, 
32 + 4 = 8. We divided the original denominator into the new, specified denominator to obtain the proper 
factor for the multiplication. 


1.5.6 Sample Set B 
Determine the missing numerator or denominator. 


Example 1.22 


ee: 
Re P85 
Multiply the original numerator by 5. 


Divide the original denominator, 7, intothenew denominator, 35.35 +7 =5. 


3 ~— 3:5 _ 15 
7 755 > BB 
Example 1.23 
3 ar eS | Divide the original numerator, 5, intothe new numerator, 45.45 +5 = 9. 


Multiply the original denominator by 9. 
5 _ 5:9 _ 45 


6 6-9 ~— 54 


1.5.7 Exercises 


For the following problems, reduce, if possible, each fraction lowest terms. 


Exercise 
6 


8 


Exercise 
5 

10 
Exercise 
6 

14 
Exercise 
A 

14 
Exercise 
18 

12 
Exercise 
20 

8 
Exercise 
10 

6 
Exercise 
14 

4 


Exercise 
10 
12 


Exercise 
32 
28 


Exercise 
36 
10 


Exercise 
26 
60 
Exercise 
12 
18 
Exercise 
18 
27 
Exercise 
18 
24 
Exercise 
32 
40 
Exercise 
1 
22 
Exercise 
17 
51 
Exercise 
27 
81 
Exercise 
16 
42 


1.79 


1.80 


1.81 


1.82 


1.83 


1.84 


1.85 


1.86 


1.87 


1.88 


1.89 


1.90 


1.91 


1.92 


1.93 


1.94 


1.95 


1.96 


1.97 


1.98 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


42.) 


42.) 


42.) 


42.) 


42.) 


42.) 


42.) 


42.) 


42.) 


42.) 
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Exercise 1.99 (Solution on p. 42.) 
39 

13 

Exercise 1.100 

44 

ir 

Exercise 1.101 (Solution on p. 43.) 
121 

132 


Exercise 1.102 
30. 
105 


Exercise 1.103 (Solution on p. 43.) 
108 
76 


For the following problems, determine the missing numerator or denominator. 
Exercise 1.104 


ees 

3” 12 

Exercise 1.105 (Solution on p. 43.) 
Le ecale 

5 ~~ 30 

Exercise 1.106 

Be 

37 9 

Exercise 1.107 (Solution on p. 43.) 
Bot 

4~ 16 

Exercise 1.108 

Oa OF 

6” 18 

Exercise 1.109 (Solution on p. 43.) 
4 

5 25: 

Exercise 1.110 

1_4 

ae 

Exercise 1.111 (Solution on p. 43.) 
9 — 2f 

25° 2 

Exercise 1.112 

3 — 18 

2.5 8 

Exercise 1.113 (Solution on p. 43.) 
5 _ 80 

Sm Wake 


1.6 Operations with Fractions ° 


1.6.1 Overview 


e Multiplication of Fractions 
e Division of Fractions 
e Addition and Subtraction of Fractions 
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1.6.2 Multiplication of Fractions 


Multiplication of Fractions 
To multiply two fractions, multiply the numerators together and multiply the denominators together. Reduce 
to lowest terms if possible. 


Example 1.24 


For example, multiply 3 : rt 
Sede 22° Bit 
4° 6 4-6 
S, 8h 
= 3 Now reduce. 
3-1 
2-2-2-3 
<tr 7 
= p23 3is the only common factor. 
= 4 
= «8 


Notice that we since had to reduce, we nearly started over again with the original two fractions. If 
we factor first, then cancel, then multiply, we will save time and energy and still obtain the correct 
product. 


1.6.3 Sample Set A 
Perform the following multiplications. 


Example 1.25 


dp 8. 2 a Bees 
ZG 29" 27! Moe oe gage 
= el a, Aaeee 2 is acommon factor. 
)2-)2 3-3 
en dh) ee 
me Mit 3a 
— 1-2 
1333 
2 
=~ 9 
Example 1.26 
Bo Bh Be BY, DD 88 
4°9° 12 ~ 23-2 ° 3-3 ° 3-2-3 
Me LEP EEI B 2and 3 are common factors. 
)2-)2 )3°3 )2-2-3 
— 1-1-5 
3528 
aes 
—~ 18 
1.6.4 Division of Fractions 
Reciprocals 
Two numbers whose product is 1 are reciprocals of each other. For example, since 4 . 3 = 4 and 3 are 


reciprocals of each other. Some other pairs of reciprocals are listed below. 
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Reciprocals are used in division of fractions. 


Division of Fractions 
To divide a first fraction by a second fraction, multiply the first fraction by the reciprocal of the second 


fraction. Reduce if possible. 
This method is sometimes called the “invert and multiply” method. 
1.6.5 Sample Set B 


Perform the following divisions. 


Example 1.27 


BG = 3 se . 3 . . 4 
ae The divisor is 7. Its reciprocal is 3. 
1.3 = 1,4 
Brea Se 88 
1-4 
3-3 
= 4 
~ 9 
Example 1.28 
Bean 5 soe ta B : 14 
37%: The divisor is 7. Its reciprocal is =. 
32-5 ~~ 3,4 
8° 4 — 8°58 
: ee 
2-2-2 5 
2-)2 : 
= & 7 = } ) 2 is acommon factor. 
= 31 
885 
= 3 
=~ 70 
Example 1.29 
5. 5 wa nta 5 : +. 12 
6 So The divisor is 75. Its reciprocal is =. 
Be BB 2 
6 N12 6 gw 
5. 2-2-3 
23: ioe Bes 
= )5 )2+2-)3 
)2-)3 )5 
1-2 
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1.6.6 Addition and Subtraction of Fractions 


Fractions with Like Denominators 
To add (or subtract) two or more fractions that have the same denominators, add (or subtract) the numerators 
and place the resulting sum over the common denominator. Reduce if possible. 

CAUTION 


Add or subtract only the numerators. Do not add or subtract the denominators! 


1.6.7 Sample Set C 
Find the following sums. 


Example 1.30 
3 + 2 ; The denominators are the same. Add the numerators and place the sum over 7. 


Be Do By o 
Be ieee ere 


Example 1.31 


i = 4 : The denominators are the same. Subtract 4 from 7 and place the difference over 9. 
ee Ge oy es ee 
9° 9 9 9 3 


1.6.8 


Fractions can only be added or subtracted conveniently if they have like denominators. 


Fractions with Unlike Denominators 
To add or subtract fractions having unlike denominators, convert each fraction to an equivalent fraction 
having as the denominator the least common multiple of the original denominators. 

The least common multiple of the original denominators is commonly referred to as the least common 
denominator (LCD). See Section (Section 1.4) for the technique of finding the least common multiple of 


several numbers. 


1.6.9 Sample Set D 
Find each sum or difference. 


Example 1.32 


z + 3, The denominators are not alike. Find the LCD of 6 and 4. 
6=2-3 g 
{ The LCDis2? -3=4-3=12. 
A=? 
Convert each of the original fractions to equivalent fractions having the common denominator 12. 
Io 13), 3 _ 3:3 _ 9 
6 6-2 12 4— 4-3 12 


Now we can proceed with the addition. 
Tesi FD 9 
ét4 = Bptp 
2+9 
12 


BR 
a 


| 
b 
ic 
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Example 1.33 


3 — 3: The denominators are not alike. Find the LCD of 9 and 12. 
oo" . 
{ TheLCD is 2? - 37 =4 - 9= 36. 
Pea a3 
Convert each of the original fractions to equivalent fractions having the common denominator 36. 
5 _ 5-4 _ 20 5 _ 5:3 _ 15 
9 — 9-4 ~ 36 12 — 12-3 — 36 


Now we can proceed with the subtraction. 


BiB, O04 15 

9° 12 — 36 36 
_ 20-15 
~ 36 
= 35 
=~ 36 


1.6.10 Exercises 


For the following problems, perform each indicated operation. 


Exercise 1.114 (Solution on p. 43.) 
i 4 

32.598 

Exercise 1.115 

1.2 

3 3 

Exercise 1.116 (Solution on p. 43.) 
2 5 

5° 6 

Exercise 1.117 

5. 14 

6 15 

Exercise 1.118 (Solution on p. 43.) 
9 20 

16 ° 27 

Exercise 1.119 

35 | 48 

36 55 

Exercise 1.120 (Solution on p. 43.) 
21 15 

25. 14 

Exercise 1.121 

76 | 66 

99 38 

Exercise 1.122 (Solution on p. 43.) 
3, 14, 6 

7 18 2 


Exercise 1.123 
14. 21. 45 


15 28 7 

Exercise 1.124 (Solution on p. 43.) 
5. 5 

97 6 

Exercise 1.125 

Bee 

16° 8 

Exercise 1.126 (Solution on p. 43.) 
4. 6 

9° 15 

Exercise 1.127 

25 4 


Exercise 
15. 27 
4° 8 
Exercise 
24. 8 
75° 15 
Exercise 
57. 7 

3 8 
Exercise 
7 . 10 
10 * 7 
Exercise 
34 2 
gts 
Exercise 
3 4 4 
1d. FT 
Exercise 
2Dey as Ue 
12 7 12 
Exercise 
db 2 
16 16 
Exercise 
15 _ 2 
23° «23 
Exercise 
3 4,1 1 
ae AD. 
Exercise 
164,12 4 
20 ' 20 
Exercise 
34,2 _ #21 
g tes 
Exercise 
11 9 
6 + 16 — 
Exercise 
aL Sf ll 

2° 6 
Exercise 
A py lt 
a) 
Exercise 
341 

4° 3 
Exercise 
54 2 

8° 3 
Exercise 
6_1 

7 4 
Exercise 
8 _ 3 
15 10 
Exercise 
1 5 
is + 19 
Exercise 
25 7 
36-10 
Exercise 
9 _ 4 
28 «45 
Exercise 
8 3 


15 10 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


43.) 


43.) 


43.) 


43.) 


43.) 


43.) 


43.) 


43.) 


43.) 


43.) 


43.) 


44.) 


27 


28 


Exercise 1.151 
2143 _3 
1674 8 
Exercise 1.152 


Exercise 1.153 
3_ 3 4 5 
4 2° 24 
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(Solution on p. 44.) 


1.7 Decimal Fractions’ 


1.7 


.1 Overview 


Decimal Fractions 


Adding and Subtracting Decimal Fractions 
Multiplying Decimal Fractions 

Dividing Decimal Fractions 

Converting Decimal Fractions to Fractions 
Converting Fractions to Decimal Fractions 


1.7.2 Decimal Fractions 


Fractions are one way we can represent parts of whole numbers. Decimal fractions are another way of 


representing parts of whole numbers. 


Decimal Fractions 


A decimal fraction is a fraction in which the denominator is a power of 10. 

A decimal fraction uses a decimal point to separate whole parts and fractional parts. Whole parts are 
written to the left of the decimal point and fractional parts are written to the right of the decimal point. 
Just as each digit in a whole number has a particular value, so do the digits in decimal positions. 


3 

S 
Ss £6 & 
= | 


[ Thousands 


g 
ey =I n 
a 8 = 
3 2 F 5 : BG Fa 
2 3 3 5 j e fz 2 
cr ¢ 6 e £ &€ & mé & 
a cae ot 29 6 I ee 


Decimal point of 


Notice that decimal numbers 
have the suffix “th.” 


1.7.3 Sample Set A 


The following numbers are decimal fractions. 


Example 1.34 


57.9 
The 9 is in the tenths position. 57.9 = 5774. 


“This content is available online at <http://cnx.org/content /m21865/1.3/>. 
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Example 1.35 


6.8014 

The 8 isin the tenths position. 

The 0 is in the hundredths position. 
The 1 isin the thousandths position. 
The 4 isin the ten thousandths position. 


6.8014 = 6 S04, 


1.7.4 Adding and Subtracting Decimal Fractions 


Adding/Subtracting Decimal Fractions 
To add or subtract decimal fractions, 


1. Align the numbers vertically so that the decimal points line up under each other and corresponding 
decimal positions are in the same column. Add zeros if necessary. 

2. Add or subtract the numbers as if they were whole numbers. 

3. Place a decimal point in the resulting sum or difference directly under the other decimal points. 


1.7.5 Sample Set B 
Find each sum or difference. 


Example 1.36 


9.183 + 2.140 
l The decimal points are aligned in the same column. 
9.183 
+ 2.140 


11.323 
Example 1.37 


841.0056 + 47.016 + 19.058 


|) The decimal points are aligned in the same column. 
841.0056 

47.016 Place a 0 into the thousandths position. 

+ 19.058 Place a 0 into the thousandths position. 

I The decimal points are aligned in the same column. 
841.0056 
47.0160 
+ 19.0580 


907.0796 
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Example 1.38 


16.01 — 7.053 
I The decimal points are aligned in the same column. 
16.01 Place a0 into the thousandths position. 
- 7.053 


l The decimal points are aligned in the same column. 


1.7.6 Multiplying Decimal Fractions 


Multiplying Decimal Fractions 
To multiply decimals, 


1. Multiply tbe numbers as if they were whole numbers. 
2. Find the sum of the number of decimal places in the factors. 
3. The number of decimal places in the product is the sum found in step 2. 


1.7.7 Sample Set C 
Find the following products. 
Example 1.39 


6.5 x 4.3 
6.5 X 4.3 
65, <— 1 decimal place } 1 + 1 = 2 decimal places in the 
4,3 <1 decimal place } Product. 
195 
260 
27,95 < 2 decimal places 


6.5 x 4.3 = 27.95 


Example 1.40 
23.4 x 1.96 


23.4 X 1.96 


23,4 


1,96 <— 2 decimal places 
1404 

2106 

234 


45,864 <— 3 decimal places 


<1 decimal place | 1 + 2 = 3 decimal places in the 
product. 


31 


23.4 x 1.96 = 45.864 


1.7.8 Dividing Decimal Fractions 


Dividing Decimal Fractions 
To divide a decimal by a nonzero decimal, 


1. Convert the divisor to a whole number by moving the decimal point to the position immediately to 
the right of the divisor’s last digit. 
2. Move the decimal point of the dividend to the right the same number of digits it was moved in the 


divisor. 
3. Set the decimal point in the quotient by placing a decimal point directly above the decimal point in 


the dividend. 
4. Divide as usual. 


1.7.9 Sample Set D 
Find the following quotients. 
Example 1.41 


32.66 = 7.1 
7.1) 32.66 The divisor has one decimal place. 
4.6 
71, 326.6 Move the decimal point of both the divisor and the dividend 1 
284 place to the right. 
—— Set the decimal point. 
42.6 Divid al 
42.6 ivide as usual. 
0 


32.66 + 7.1 = 4.6 

Check : 32.66 + 7.1 = 4.6if4.6 x 7.1 = 32.66 
4.6 
7.1 
wv 
4.6 

322 

w 
32.66 True 
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Example 1.42 


1.0773 + 0.513 
The divisor has 3 decimal places. 
2.1 
513) 1.077,3 Move the decimal point of both the divisor and the dividend 3 
1026 places to the right. 
"513 Set the decimal place and divide. 


1.0773 + 0.513 = 2.1 


Check by multiplying 2.1 and 0.513. This will show that we have obtained the correct re- 
sult. 


Example 1.43 
0.00032) 12 The divisor has 5 decimal places. 


0.00032.) 12.00000 Move the decimal point of both the divisor and the dividend 5 
<a iat places to the right. We will need to add 5 zeros to 12. 


32) 1200000. Set the decimal place and divide. 


12--0.00032 


1.7.10 Converting Decimal Fractions to Fractions 


We can convert a decimal fraction to a fraction by reading it and then writing the phrase we have just read. 
As we read the decimal fraction, we note the place value farthest to the right. We may have to reduce the 


fraction. 


1.7.11 Sample Set E 
Convert each decimal fraction to a fraction. 


Example 1.44 
0.6 
0.6 — tenths position 


Reading: six tenths — 5 


Reduce: 0.6 = i — 3 
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Example 1.45 


21.903 
21.903 — thousandths position 
Reading: twenty-one and nine hundred three thousandths — 21 a 


1.7.12 Converting Fractions to Decimal Fractions 


1.7.13 Sample Set F 
Convert the following fractions to decimals. If the division is nonterminating, round to 2 decimal places. 


Example 1.46 

3 

4)3.00 Divide 3 by 4. 
3 

5 = 0.75 

Example 1.47 

1 


5) 1.0 Divide 1 by 5. 


833 
6) 5.000 

48 Divide by 6. 
7 This recurring remainder indicates that the division is nonter- 
“90 minating. 

2 = 0.833... 

Weare to round to 2 decimal places. 
2 = 0.83 to 2 decimal places. 


Example 1.49 
1 
5g 
Note that 53 =5+ z. 
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Convert 4 to a decimal. 


[e+] 
wise 8 Pals 


= = 125 

Thus, 55 =5+ 3 =5-+ .125 = 5.125. 
Example 1.50 

0.165 


This is a complex decimal. The “6” is in the hundredths position. The number 0.164 is 
read as “sixteen and one-fourth hundredths.” 


1 162 16-441 65 
de ae Bi, a — 4 
0.163 ~ 100 ~ ~ 100 =e 200 
Sen 
— 65 1 _ 13x1 _ 13 
4 


, )100 4x20 80 
20 


Now, convert a to a decimal. 


0.164 = 0.1625. 


1.7.14 Exercises 


For the following problems, perform each indicated operation. 
Exercise 1.154 (Solution on p. 44.) 
1.84+ 7.11 
Exercise 1.155 
15.015 — 6.527 
Exercise 1.156 (Solution on p. 44.) 
4.904 — 2.67 
Exercise 1.157 
156.33 — 24.095 


Exercise 1.158 (Solution on p. 44.) 
0012 + 1.53 + 5.1 
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Exercise 1.159 

44.98 + 22.8 — 12.76 

Exercise 1.160 (Solution on p. 44.) 
5.0004 — 3.00004 + 1.6837 

Exercise 1.161 

1.11 + 12.1212 — 13.131313 

Exercise 1.162 (Solution on p. 44.) 
4.26 - 3.2 

Exercise 1.163 

2.97 - 3.15 

Exercise 1.164 (Solution on p. 44.) 
23.05 - 1.1 

Exercise 1.165 

5.009 - 2.106 

Exercise 1.166 (Solution on p. 44.) 
0.1 - 3.24 

Exercise 1.167 

100 - 12.008 

Exercise 1.168 (Solution on p. 44.) 
1000 - 12.008 

Exercise 1.169 

10,000 - 12.008 


Exercise 1.170 (Solution on p. 44.) 
79.642 + 18.01 

Exercise 1.171 

51.811 + 1.97 

Exercise 1.172 (Solution on p. 44.) 


0.0000448 + 0.014 


Exercise 1.173 
0.129516 + 1004 


For the following problems, convert each decimal fraction to a fraction. 


Exercise 1.174 (Solution on p. 44.) 
0.06 


Exercise 1.175 
0.115 


Exercise 1.176 (Solution on p. 44.) 
3.7 


Exercise 1.177 
48.1162 


Exercise 1.178 (Solution on p. 44.) 
712.00004 


For the following problems, convert each fraction to a decimal fraction. If the decimal form is nonterminat- 
ing,round to 3 decimal places. 


Exercise 1.179 
5 


8 
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Exercise 1.180 (Solution on p. 44.) 
9 

20 

Exercise 1.181 

15 + 22 

Exercise 1.182 (Solution on p. 44.) 


Bie 
11 


Exercise 1.183 
2 


9 


1.8 Percent * 


1.8.1 Overview 


The Meaning of Percent 

Converting A Fraction To A Percent 
Converting A Decimal To A Percent 
Converting A Percent To A Decimal 


1.8.2 The Meaning of Percent 


” “per” meaning “for each,” and “centum” meaning 


The word percent comes from the Latin word “per centum, 
“hundred.” 

Percent (%) 

Percent means “for each hundred” or “for every hundred.” The symbol % is used to represent the word 


percent. 
Thus, 1% = iis or 1% = 0.01. 


1.8.3 Converting A Fraction To A Percent 


We can see how a fraction can be converted to a percent by analyzing the method that 3 is converted to a 
percent. In order to convert 3 to a percent, we need to introduce 186 (since percent means for each hundred). 


Example 1.51 


3 = 3 . fies Multiply the fraction by 1. 
2-100 - aa5 Since 738 = 100 - 345- 

= 30. Divide 300 by 5. 

60 - a5 Multiply the fractions. 

- 60% Replace -+. with the % symbol. 


100 


Fraction to Percent 
To convert a fraction to a percent, multiply the fraction by 1 in the form 100 - 
the % symbol. 


1 


ipo» then replace | with 


100 


®This content is available online at <http://cnx.org/content /m21864/1.3/>. 
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1.8.4 Sample Set A 
Convert each fraction to a percent. 


Example 1.52 


Example 1.53 


Example 1.54 


1.8.5 Converting A Decimal To A Percent 


We can see how a decimal is converted to a percent by analyzing the method that 0.75 is converted to a 
percent. We need to introduce <i 


0.75 = 0.75- 100-4. — Multiply the decimal by 1. 
= 75: ato 
= 75% Replace a with the % symbol. 


Decimal to Percent 
To convert a fraction to a percent, multiply the decimal by 1 in the form 100 - a0 then replace a with 


the % symbol. This amounts to moving the decimal point 2 places to the right. 


1.8.6 Sample Set B 
Convert each decimal to a percent. 


Example 1.55 


0.62 = 062-100. 
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Notice that the decimal point in the original number has been moved to the right 2 places. 


Example 1.56 


84 = 84-100: ZH 
= 840-i% 
= 840% 


Notice that the decimal point in the original number has been moved to the right 2 places. 


Example 1.57 


0.47623 = 0.47623 - 100 - jh. 
= 0.47623. = 
= 47,623% 


Notice that the decimal point in the original number has been moved to the right 2 places. 


1.8.7 Converting A Percent To A Decimal 


We can see how a percent is converted to a decimal by analyzing the method that 12% is converted to a 


decimal. We need to introduce — 


100° 
12% = 12-75 Replace %with 75. 
ia Multiply the fractions. 
= 0.12 Divide 12 by 100. 


Percent to Decimal 
To convert a percent to a decimal, replace the % symbol with <0 then divide the number by 100. This 
amounts to moving the decimal point 2 places to the left. 


1.8.8 Sample Set C 
Convert each percent to a decimal. 


Example 1.58 


48% = 48+ a5 
48 
100 
= 0.48 


Notice that the decimal point in the original number has been moved to the left 2 places. 


Example 1.59 


659% = 659+ 75 


Notice that the decimal point in the original number has been moved to the left 2 places. 


Example 1.60 


0.41138% = 0.4113 - 755 


0.4113 
100 


= 0.004113 


Notice that the decimal point in the original number has been moved to the left 2 places. 


1.8.9 Exercises 


For the following problems, convert each fraction to a percent. 


Exercise 1.184 
2 


5 


Exercise 1.185 
7 
8 
Exercise 1.186 
1 


8 


Exercise 1.187 
5 


16 
Exercise 1.188 
15 + 22 


Exercise 1.189 
2 

11 

Exercise 1.190 
2 


9 


Exercise 1.191 
16 
45 


Exercise 1.192 
27 
55 


Exercise 1.193 
7 

QT 

Exercise 1.194 
15 


Exercise 1.195 
8 


For the following problems, convert each decimal to a percent. 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


44.) 


44.) 


44.) 


44.) 


44.) 


44.) 
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Exercise 1.196 (Solution on p. 44.) 
0.36 


Exercise 1.197 
0.42 
Exercise 1.198 (Solution on p. 44.) 
0.446 
Exercise 1.199 
0.1298 
Exercise 1.200 (Solution on p. 45.) 
4.25 
Exercise 1.201 
5.875 
Exercise 1.202 (Solution on p. 45.) 
86.98 
Exercise 1.203 
21.26 
Exercise 1.204 (Solution on p. 45.) 
14 
Exercise 1.205 
12 
For the following problems, convert each percent to a decimal. 
Exercise 1.206 (Solution on p. 45.) 
35% 
Exercise 1.207 
76% 
Exercise 1.208 (Solution on p. 45.) 
18.6% 
Exercise 1.209 
67.2% 
Exercise 1.210 (Solution on p. 45.) 
9.0145% 
Exercise 1.211 
3.00156% 
Exercise 1.212 (Solution on p. 45.) 
0.00005% 
Exercise 1.213 
0.00034% 


Solutions to Exercises in Chapter 1 


Solution to Exercise 1.1 (p. 9) 


83 

Solution to Exercise 1.3 (p. 9) 
57 

Solution to Exercise 1.5 (p. 9) 
35 . 42 

Solution to Exercise 1.7 (p. 9) 
23 . 98 

Solution to Exercise 1.9 (p. 9) 
a3. y? 

Solution to Exercise 1.11 (p. 10) 
3-°3-3:-3 

Solution to Exercise 1.13 (p. 10) 
2°:-2-2-2-2 

Solution to Exercise 1.15 (p. 10) 
5:-5-5-6-6 


Solution to Exercise 1.17 (p. 10) 
EU Ee v-e|yoyo yy 
Solution to Exercise 1.19 (p. 10) 
1, 2, 4, 5, 10, 20 

Solution to Exercise 1.21 (p. 10) 
1, 2, 3, 4, 6, 12 

Solution to Exercise 1.23 (p. 10) 
1, 3, 7, 21 

Solution to Exercise 1.25 (p. 10) 
141 

Solution to Exercise 1.27 (p. 10) 
1, 19 

Solution to Exercise 1.29 (p. 13) 
prime 

Solution to Exercise 1.31 (p. 13) 
composite 

Solution to Exercise 1.33 (p. 13) 
prime 

Solution to Exercise 1.35 (p. 13) 
prime 

Solution to Exercise 1.37 (p. 13) 
prime 

Solution to Exercise 1.39 (p. 14) 
composite 

Solution to Exercise 1.41 (p. 14) 
composite 

Solution to Exercise 1.43 (p. 14) 
composite 

Solution to Exercise 1.45 (p. 14) 
2-19 

Solution to Exercise 1.47 (p. 14) 
2-31 

Solution to Exercise 1.49 (p. 14) 
Qos 1 


42 


Solution to Exercise 
37.7. 13 

Solution to Exercise 
5? . 72. 11? 

Solution to Exercise 
23. 3 

Solution to Exercise 
27.3 

Solution to Exercise 
2-3-5 

Solution to Exercise 
22. 37.7 

Solution to Exercise 
27.3-7 

Solution to Exercise 
2-3-5? 

Solution to Exercise 
24.3 

Solution to Exercise 
3:°5-7 

Solution to Exercise 
23 .3-5 

Solution to Exercise 
2-37-5.- 7? 
Solution to Exercise 
24.3-5 

Solution to Exercise 
24 . 32 

Solution to Exercise 
2° .7 

Solution to Exercise 
3 


4 
Solution to Exercise 
3 


7 

Solution to Exercise 
3 

2 e e 
Solution to Exercise 
5 

3 e e 
Solution to Exercise 
5 

6 e . 
Solution to Exercise 
18 


5 
Solution to Exercise 
2 


3 
Solution to Exercise 
3 


4 
Solution to Exercise 
1 


2 
Solution to Exercise 
1 


3 


1.51 (p. 
1.53 (p. 
1.54 (p. 
1.56 (p. 
1.58 (p. 
1.60 (p. 
1.62 (p. 
1.64 (p. 
1.66 (p. 
1.68 (p. 
1.70 (p. 
1.72 (p. 
1.74 (p. 
1.76 (p. 
1.78 (p. 
1.79 (p. 
1.81 (p. 
1.83 (p. 
1.85 (p. 
1.87 (p. 
1.89 (p. 
1.91 (p. 
1.93 (p. 
1.95 (p. 
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Solution to Exercise 
3 


Solution to Exercise 
11 
12 
Solution to Exercise 
27 
19 
Solution to Exercise 


6 

Solution to Exercise 
12 

Solution to Exercise 
20 

Solution to Exercise 
75 

Solution to Exercise 
48 


Solution to Exercise 
4 


9 
Solution to Exercise 
1 


3 

Solution to Exercise 
5 

12 

Solution to Exercise 
9 

10 

Solution to Exercise 
1 


Solution to Exercise 
2 


3 
Solution to Exercise 
10 


9 
Solution to Exercise 
10 


9 
Solution to Exercise 
57 


7 
Solution to Exercise 
5 


8 
Solution to Exercise 
1 


Solution to Exercise 
13 


23 
Solution to Exercise 
19 
20 
Solution to Exercise 
15 
16 
Solution to Exercise 
5 


8 
Solution to Exercise 
31 


24 
Solution to Exercise 
5 


6 


1.99 (p. 21) 


1.101 (p. 
1.103 (p. 
1.105 (p. 
1.107 (p. 
1.109 (p. 
1.111 (p. 
1.113 (p. 
1.114 (p. 
1.116 (p. 
1.118 (p. 
1.120 (p. 
1.122 (p. 
1.124 (p. 
1.126 (p. 
1.128 (p. 
1.130 (p. 
1.132 (p. 
1.134 (p. 
1.136 (p. 
1.138 (p. 
1.140 (p. 
1.142 (p. 
1.144 (p. 
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CHAPTER 1. ARITHMETIC REVIEW 


Chapter 2 


Basic Properties of Real Numbers 


2.1 Objectives’ 


After completing this chapter, you should 
Symbols and Notations (Section 2.2) 


understand the difference between variables and constants 

be familiar with the symbols of operation, equality, and inequality 
be familiar with grouping symbols 

be able to correctly use the order of operations 


The Real Number Line and the Real Numbers (Section 2.3) 


e be familiar with the real number line and the real numbers 
e understand the ordering of the real numbers 


Properties of the Real Numbers (Section 2.4) 


e understand the closure, commutative, associative, and distributive properties 
e understand the identity and inverse properties 


Exponents (Section 2.5) 


e understand exponential notation 
e be able to read exponential notation 
e understand how to use exponential notation with the order of operations 


Rules of Exponents (Section 2.6) 


e understand the product and quotient rules for exponents 
e understand the meaning of zero as an exponent 


The Power Rules for Exponents (Section 2.7) 


e understand the power rules for powers, products, and quotients 


'This content is available online at <http://cnx.org/content /m22788/1.3/>. 
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2.2 Symbols and Notations ° 


2.2.1 Overview 


Variables and Constants 

Symbols of Operation, Equality, and Inequality 
Grouping Symbols 

The Order of Operations 


2.2.2 Variables and Constants 


A basic characteristic of algebra is the use of symbols (usually letters) to represent numbers. 
Variable 
A letter or symbol that represents any member of a collection of two or more numbers is called a variable. 
Constant 
A letter or symbol that represents a specific number, known or unknown is called a constant. 

In the following examples, the letter x is a variable since it can be any member of the collection of 
numbers {35, 25, 10}. The letter h is a constant since it can assume only the value 5890. 


Example 2.1 

Suppose that the streets on your way from home to school have speed limits of 35 mph, 25 mph, 
and 10 mph. In algebra we can let the letter x represent our speed as we travel from home to 
school. The maximum value of x depends on what section of street we are on. The letter x can 
assume any one of the various values 35,25,10. 


Example 2.2 

Suppose that in writing a term paper for a geography class we need to specify the height of Mount 
Kilimanjaro. If we do not happen to know the height of the mountain, we can represent it (at least 
temporarily) on our paper with the letter h. Later, we look up the height in a reference book and 
find it to be 5890 meters. The letter A can assume only the one value, 5890, and no others. The 
value of h is constant. 


2.2.3 Symbols of Operation, Equality, and Inequality 


Binary Operation 

A binary operation on a collection of numbers is a process that assigns a number to two given numbers in 
the collection. The binary operations used in algebra are addition, subtraction, multiplication, and division. 
Symbols of Operation 

If we let. x and y each represent a number, we have the following notations: 


Addition uty 
Subtraction Z-y 


Multiplication x-y (a)(y) a(y) xy 
Division 3 x/y erty yr 


2.2.4 Sample Set A 


Example 2.3 
a+b represents the sum of a and b. 


?This content is available online at <http://cnx.org/content/m18872/1.4/>. 
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Example 2.4 
4+y represents the sum of 4 and y. 


Example 2.5 
8 — x represents the difference of 8 and z. 


Example 2.6 
6x represents the product of 6 and z. 


Example 2.7 
ab represents the product of a and 6. 


Example 2.8 
h3 represents the product of h and 3. 


Example 2.9 
(14.2) a represents the product of 14.2 and a. 


Example 2.10 
(8) (24) represents the product of 8 and 24. 


Example 2.11 
5-6(b) represents the product of 5,6, and b. 


Example 2.12 
8 represents the quotient of 6 and x. 


2.2.5 Practice Set A 


Exercise 2.1 (Solution on p. 106.) 
Represent the product of 29 and x five different ways. 
If we let a and 6 represent two numbers, then a and 0 are related in exactly one of three ways: 
Equality and Inequality Symbols 


a=b_ aand bareequal 
a>b_ aisstrictly greater than b 


a<b_ aisstrictly less than b 
Some variations of these symbols include 


a#b_ aisnotequaltob 
a>b_ aisgreater than or equal to b 


a<ob_ aislessthan or equal to b 


The last five of the above symbols are inequality symbols. We can negate (change to the opposite) any 
of the above statements by drawing a line through the relation symbol (as in a ¥ b), as shown below: 
a is not greater than b can be expressed as either 


a)>b or ax<b. 
a is not less 6 than can be expressed as either 


a)<b or a>b. 


a < band a) >b both indicate that a is less than b. 
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2.2.6 Grouping Symbols 


Grouping symbols are used to indicate that a particular collection of numbers and meaningful operations 
are to be grouped together and considered as one number. The grouping symbols commonly used in algebra 
are 


Parentheses: ( ) 


Brackets: 
Braces: { } 
Bar: 


U 
In a computation in which more than one operation is involved, grouping symbols help tell us which 
operations to perform first. If possible, we perform operations inside grouping symbols first. 


2.2.7 Sample Set B 


Example 2.13 

(4+17)-6=21-—6=15 

Example 2.14 

8(3 +6) = 8(9) = 72 

Example 2.15 

5 [8 + (10 — 4)] = 5 [8 + 6] = 5 [14] = 70 

Example 2.16 

2{3 [4 (17 — 11)]} = 2{3 [4 (6)]} = 2{3 [24]} = 2{72} = 144 
Example 2.17 


9(5+1) 
2443 ° 


The fraction bar separates the two groups of numbers 9(5+1) and 24 + 3. Perform the 


operations in the numerator and denominator separately. 
9541) _ 9(6) _ _54_ _ 54 _ 
2443 2443 — 2443 — 27 


2.2.8 Practice Set B 


Use the grouping symbols to help perform the following operations. 
Exercise 2.2 (Solution on p. 106.) 
3(1+8) 
Exercise 2.3 (Solution on p. 106.) 
4[2(11 —5)] 
Exercise 2.4 (Solution on p. 106.) 
6{2 [2 (10 — 9)]} 
Exercise 2.5 (Solution on p. 106.) 


1+19 
24+3 


The following examples show how to use algebraic notation to write each expression. 


Example 2.18 
9 minus y becomes 9 — y 


Example 2.19 
46 times x becomes 46x 
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Example 2.20 
7 times (x + y) becomes 7 (a + y) 


Example 2.21 
4 divided by 3, times z becomes (3) z 


Example 2.22 

(a — b) times (b — a) divided by (2 times a) becomes {ab} (ba) 

Example 2.23 

Introduce a variable (any letter will do but here we’ll let « represent the number) and use appro- 
priate algebraic symbols to write the statement: A number plus 4 is strictly greater than 6. The 
answer is x+4> 6. 


2.2.9 The Order of Operations 
Suppose we wish to find the value of 16 + 4-9. We could 


1. add 16 and 4, then multiply this sum by 9. 
16+4-9=20-9=180 

2. multiply 4 and 9, then add 16 to this product. 
16+4-9=16+4 36 = 52 


We now have two values for one number. To determine the correct value we must use the standard order 
of operations. 


Order of Operations 


1. Perform all operations inside grouping symbols, beginning with the innermost set. 
2. Perform all multiplications and divisions, as you come to them, moving left-to-right. 
3. Perform all additions and subtractions, as you come to them, moving left-to-right. 


As we proceed in our study of algebra, we will come upon another operation, exponentiation, that will need 
to be inserted before multiplication and division. (See Section Section 2.5.) 


2.2.10 Sample Set C 
USe the order of operations to find the value of each number. 


Example 2.24 
16+4-9 Multiply first. 


=16+36 Nowadd. 
= 52 
Example 2.25 
(27 —8)+7(6+4 12) Combine within parentheses. 
= 19+ 7 (18) Multiply. 
= 19+ 126 Now add. 
= 145 
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Example 2.26 
8+ 2[4+3(6-—1)] Begin with the innermost set of grouping symbols, ( 


a 


=8+2[44+3(5)] Now work within the next set of grouping symbols, 
=8+2[4415] 
=8+2[19 
= 8+ 38 
= 46 
Example 2.27 
6+4[24+3(19-17)] _ 6 +4[2+3(2)] 
18—2[2(3)+2]) ~~ 18—2[6+2] 
_ 644/246 
18—2[8] 
— 6+4[8] 
= T8—16 
6432 
2 
= 3 
2 
=19 


2.2.11 Practice Set C 


Use the order of operations to find each value. 
Exercise 2.6 (Solution on p. 106.) 
25 + 8 (3) 
Exercise 2.7 (Solution on p. 106.) 
2+ 3(18 — 5-2) 
Exercise 2.8 (Solution on p. 106.) 
44+3([24+3(114+8+4)| 
Exercise 2.9 (Solution on p. 106.) 


19+2{542[18+6(4+1)]} 
5-6—3(5)—2 


2.2.12 Exercises 


For the following problems, use the order of operations to find each value. 
Exercise 2.10 (Solution on p. 106.) 
2+ 3(6) 
Exercise 2.11 
18 — 7(8— 3) 
Exercise 2.12 (Solution on p. 106.) 
8-4+16+5 
Exercise 2.13 
(21+ 4)+5-2 
Exercise 2.14 (Solution on p. 106.) 
3(8+ 2) +643 
Exercise 2.15 


64-1) = (1628) 215 


Exercise 2.16 (Solution on p. 106.) 
6(4— 1) +8(34 7) — 20 

Exercise 2.17 

(8) (5) +2(14) + (1) (10) 

Exercise 2.18 (Solution on p. 106.) 
61 — 22 + 4[3 (10) + 11] 

Exercise 2.19 

G+16"3) +5 (12) 

Exercise 2.20 (Solution on p. 106.) 
8(6420) , 3(6+16) 


8 22 
Exercise 2.21 
18 +2+55 
Exercise 2.22 (Solution on p. 106.) 
21+7+3 
Exercise 2.23 
85+5-5—85 
Exercise 2.24 (Solution on p. 106.) 
(300 — 25) + (6 — 3) 
Exercise 2.25 
4-3+4+8.-28— (3417) +11 (6) 
Exercise 2.26 (Solution on p. 106.) 
2{(7 +7) +6 [4 (8 + 2)]} 
Exercise 2.27 
0+ 10(0) +15 [4 (3) + 1] 
Exercise 2.28 (Solution on p. 106.) 
6.1 (2.2 + 1.8) 
Exercise 2.29 
°? + 0.6 
Exercise 2.30 (Solution on p. 106.) 
(4+ 7) (8-3) 
Exercise 2.31 
(10+ 5) (10+ 5) — 4(60 — 4) 
Exercise 2.32 (Solution on p. 106.) 
5 1 Teg 
(35 i) (j 3) 
Exercise 2.33 
4(5— 75) +9(3 +2) 
Exercise 2.34 (Solution on p. 106.) 
2+%+0[2+4(0)] 
Exercise 2.35 
0-94+4-0+7+40[2(2 — 2)] 
For the following problems, state whether the given statements are the same or different. 
Exercise 2.36 (Solution on p. 106.) 


z>y and «>y 
Exercise 2.37 
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x<poand xz} 


Exercise 2.38 (Solution on p. 106.) 
z=y and y=2 
Exercise 2.39 
Represent the product of 3 and z five different ways. 
Exercise 2.40 (Solution on p. 106.) 
Represent the sum of a and b two different ways. 
For the following problems, rewrite each phrase using algebraic notation. 
Exercise 2.41 
Ten minus three 
Exercise 2.42 (Solution on p. 107.) 
x plus sixteen 
Exercise 2.43 
51 divided by a 
Exercise 2.44 (Solution on p. 107.) 
81 times x 
Exercise 2.45 
3 times (x + y) 
Exercise 2.46 (Solution on p. 107.) 
(a + b) times (a + 7) 
Exercise 2.47 
3 times x times y 
Exercise 2.48 (Solution on p. 107.) 
x divided by (7 times b) 


Exercise 2.49 
(a + b) divided by (a+ 4) 


For the following problems, introduce a variable (any letter will do) and use appropriate algebraic symbols 


to write the given statement. 
Exercise 2.50 (Solution on p. 107.) 
A number minus eight equals seventeen. 
Exercise 2.51 
Five times a number, minus one, equals zero. 
Exercise 2.52 (Solution on p. 107.) 
A number divided by six is greater than or equal to forty-four. 
Exercise 2.53 
Sixteen minus twice a number equals five. 
Determine whether the statements for the following problems are true or false. 
Exercise 2.54 (Solution on p. 107.) 
6—4(4) (1) < 10 
Exercise 2.55 
5(4+ 2-10) > 110 
Exercise 2.56 (Solution on p. 107.) 
8-6—48 <0 
Exercise 2.57 


2044.3 
ig <5 
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Exercise 2.58 (Solution on p. 107.) 
2([6(1+ 4) — 8] > 3(11 +6) 

Exercise 2.59 

6[4+8+3(26 — 15)] # 3[7(10 — 4)] 


Exercise 2.60 (Solution on p. 107.) 
The number of different ways 5 people can be arranged in a row is 5-4-3-2-1. How many ways 
is this? 


Exercise 2.61 
A box contains 10 computer chips. Three chips are to be chosen at random. The number of ways 
this can be done is 


How many ways is this? 
Exercise 2.62 (Solution on p. 107.) 
The probability of obtaining four of a kind in a five-card poker hand is 


13-48 
(52-51-50-49-48)+(5-4-3-2-1) 


What is this probability? 

Exercise 2.63 

Three people are on an elevator in a five story building. If each person randomly selects a floor 
on which to get off, the probability that at least two people get off on the same floor is 


What is this probability? 


2.3 The Real Number Line and the Real Numbers °* 


2.3.1 Overview 


e The Real Number Line 
e The Real Numbers 
e Ordering the Real Numbers 


2.3.2 The Real Number Line 


Real Number Line 
In our study of algebra, we will use several collections of numbers. The real number line allows us to 
visually display the numbers in which we are interested. 
A line is composed of infinitely many points. To each point we can associate a unique number, and with 
each number we can associate a particular point. 
Coordinate 
The number associated with a point on the number line is called the coordinate of the point. 
Graph 
The point on a line that is associated with a particular number is called the graph of that number. 


’This content is available online at <http://cnx.org/content /m21895/1.3/>. 
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We construct the real number line as follows: 


Construction of the Real Number Line 


1. Draw a horizontal line. 


HHS 


2. Choose any point on the line and label it 0. This point is called the origin. 


-.—.,. ee 
0 


3. Choose a convenient length. This length is called "1 unit." Starting at 0, mark this length off in both 
directions, being careful to have the lengths look like they are about the same. 


Se 
0 


We now define a real number. 


Real Number 

A real number is any number that is the coordinate of a point on the real number line. 

Positive and Negative Real Numbers 

The collection of these infinitely many numbers is called the collection of real numbers. The real numbers 
whose graphs are to the right of 0 are called the positive real numbers. The real numbers whose graphs 
appear to the left of 0 are called the negative real numbers. 

— en?” 


rR et 
Negative Positive 
numbers numbers 


The number 0 is neither positive nor negative. 


2.3.3 The Real Numbers 


The collection of real numbers has many subcollections. The subcollections that are of most interest to us 
are listed below along with their notations and graphs. 

Natural Numbers 

The natural numbers (N): {1, 2,3, ...} 


Whole Numbers 
The whole numbers (W): {0, 1, 2,3, ...} 


Notice that every natural number is a whole number. 
Integers 
The integers (Z): {..., —3,—2,—1,0,1, 2,3, ...} 

5 -4 3-2-1 0 1 2 83 4 #5 


Notice that every whole number is an integer. 
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Rational Numbers 
The rational numbers (Q): Rational numbers are real numbers that can be written in the form a/b, where 
a and 0 are integers, and b 4 0. 
Fractions 
Rational numbers are commonly called fractions. 
Division by 1 
Since b can equal 1, every integer is a rational number: $ = a. 
Division by 0 
Recall that 10/2 = 5 since 2-5 = 10. However, if 10/0 = x, then 0-2 = 10. But 0-2 = 0, not 10. This 
suggests that no quotient exists. 
Now consider 0/0 = x. If 0/0 = 2, then 0-2 = 0. But this means that «x could be any number, that is, 
0/0 = 4 since 0-4 = 0, or 0/0 = 28 since 0-28 = 0. This suggests that the quotient is indeterminant. 
x«/0 Is Undefined or Indeterminant 
Division by 0 is undefined or indeterminant. 


Do not divide by 0. 
Rational numbers have decimal representations that either terminate or do not terminate but contain a 
repeating block of digits. Some examples are: 


3 15 
c= 0.75 a 1.36363636... 


—— oe 
Terminating Nonterminating, but repeating 
Some rational numbers are graphed below. 


_9 _5 0 2 1 
2 3 2 


1 
8 
Irrational Numbers 
The irrational numbers (Jr): Irrational numbers are numbers that cannot be written as the quotient of 
two integers. They are numbers whose decimal representations are nonterminating and nonrepeating. Some 
examples are 
4.01001000100001... ma =3.1415927... 

Notice that the collections of rational numbers and irrational numbers have no numbers in common. 

When graphed on the number line, the rational and irrational numbers account for every point on the 
number line. Thus each point on the number line has a coordinate that is either a rational or an irrational 
number. 

In summary, we have 


2.3.4 Sample Set A 


The summaray chart illustrates that 
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Real numbers 
Rational numbers _| Irrational numbers 
Integers 
Whole numbers 


Example 2.28 
Every natural number is a real number. 


Example 2.29 
Every whole number is a real number. 


Example 2.30 
No integer is an irrational number. 


2.3.5 Practice Set A 


Exercise 2.64 (Solution on p. 107.) 
Is every natural number a whole number? 

Exercise 2.65 (Solution on p. 107.) 
Is every whole number an integer? 

Exercise 2.66 (Solution on p. 107.) 
Is every integer a rational number? 

Exercise 2.67 (Solution on p. 107.) 
Is every rational number a real number? 

Exercise 2.68 (Solution on p. 107.) 
Is every integer a natural number? 

Exercise 2.69 (Solution on p. 107.) 


Is there an integer that is a natural number? 


2.3.6 Ordering the Real Numbers 


Ordering the Real Numbers 
A real number b is said to be greater than a real number a, denoted b > a, if the graph of 6 is to the right 
of the graph of a on the number line. 


2.3.7 Sample Set B 


As we would expect, 5 > 2 since 5 is to the right of 2 on the number line 
the right of —5 on the number line. 


-2> -5 5>2 
-~§ -4 -3 -2 -1 0 12 3 4 § 


2.3.8 Practice Set B 


Exercise 2.70 

Are all positive numbers greater than 0? 

Exercise 2.71 

Are all positive numbers greater than all negative numbers? 
Exercise 2.72 

Is O greater than all negative numbers? 

Exercise 2.73 
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. Also, —2 > — 5 since —2 is to 


(Solution on p. 


(Solution on p. 


(Solution on p. 


(Solution on p. 


Is there a largest positive number? Is there a smallest negative number? 


Exercise 2.74 


(Solution on p. 


How many real numbers are there? How many real numbers are there between 0 and 1? 


2.3.9 Sample Set C 


Example 2.31 
What integers can replace « so that the following statement is true? 


-4<24<2 


107.) 


107.) 


107.) 


107.) 


107.) 


This statement indicates that the number represented by x is between —4 and 2. Specifically, 
—4 is less than or equal to x, and at the same time, z is strictly less than 2. This statement is an 


example of a compound inequality. 
—>—_>—_ > —_ > —_ >_> —_ 1H 
-§ -4 -3 -2 -1 0 1 2 3 4 65 
The integers are —4, —3, —2, —1, 0,1. 


Example 2.32 


Draw a number line that extends from —3 to 7. Place points at all whole numbers between and 


including —2 and 6. 
Example 2.33 


Draw a number line that extends from —4 to 6 and place points at all real numbers greater than 


or equal to 3 but strictly less than 5. 


a, SS Ss Se Ss Se es ae conn ane a al 
-3 -2 -1 0412 3 4 5 6 7 


These are not whole numbers 


It is customary to use a closed circle to indicate that a point is included in the graph and an 


open circle to indicate that a point is not included. 
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ttt et 
-4 -38 -2 -1 012 3 4 5 6 
Closed Open 
circle circle 


2.3.10 Practice Set C 


Exercise 2.75 (Solution on p. 107.) 
What whole numbers can replace x so that the following statement is true? 


—-3<24<3 

Exercise 2.76 (Solution on p. 107.) 
Draw a number line that extends from —5 to 3 and place points at all numbers greater than or 
equal to —4 but strictly less than 2. 


2.3.11 Exercises 


For the following problems, next to each real number, note all collections to which it belongs by writing NV 
for natural numbers, W for whole numbers, Z for integers, Q for rational numbers, Jr for irrational numbers, 
and R for real numbers. Some numbers may require more than one letter. 


Exercise 2.77 (Solution on p. 107.) 
1 


2 
Exercise 2.78 
—12 
Exercise 2.79 (Solution on p. 108.) 
0 
Exercise 2.80 
—24% 
Exercise 2.81 (Solution on p. 108.) 
86.3333... 
Exercise 2.82 
49.125125125... 
Exercise 2.83 (Solution on p. 108.) 
—15.07 
For the following problems, draw a number line that extends from —3 to 3. Locate each real number on the 
number line by placing a point (closed circle) at its approximate location. 
Exercise 2.84 
ji 
2 
Exercise 2.85 (Solution on p. 108.) 
—2 
Exercise 2.86 
1 


8 
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Exercise 2.87 (Solution on p. 108.) 
Is 0 a positive number, negative number, neither, or both? 
Exercise 2.88 
An integer is an even integer if it can be divided by 2 without a remainder; otherwise the number 
is odd. Draw a number line that extends from —5 to 5 and place points at all negative even integers 
and at all positive odd integers. 
Exercise 2.89 (Solution on p. 108.) 
Draw a number line that extends from —5 to 5. Place points at all integers strictly greater than 
—3 but strictly less than 4. 
For the following problems, draw a number line that extends from —5 to 5. Place points at all real numbers 
between and including each pair of numbers. 
Exercise 2.90 
—5 and —2 
Exercise 2.91 (Solution on p. 108.) 
—3 and 4 
Exercise 2.92 
—4 and 0 
Exercise 2.93 (Solution on p. 108.) 
Draw a number line that extends from —5 to 5. Is it possible to locate any numbers that are 
strictly greater than 3 but also strictly less than —2? 
For the pairs of real numbers shown in the following problems, write the appropriate relation symbol 
(<, >, =) in place of the x. 
Exercise 2.94 
—5*—-1 
Exercise 2.95 (Solution on p. 108.) 
—3*0 
Exercise 2.96 
—4*7 
Exercise 2.97 (Solution on p. 108.) 
6*—-1 
Exercise 2.98 
1 3 
BE 
Exercise 2.99 (Solution on p. 108.) 
Is there a largest real number? If so, what is it? 
Exercise 2.100 
Is there a largest integer? If so, what is it? 
Exercise 2.101 (Solution on p. 108.) 
Is there a largest two-digit integer? If so, what is it? 
Exercise 2.102 
Is there a smallest integer? If so, what is it? 
Exercise 2.103 (Solution on p. 108.) 
Is there a smallest whole number? If so, what is it? 


For the following problems, what numbers can replace x so that the following statements are true? 


Exercise 2.104 
-l<a<5 saninteger 
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Exercise 2.105 (Solution on p. 108.) 
—7<a< —1, waninteger 

Exercise 2.106 
—3 <a <2, gxanatural number 

Exercise 2.107 (Solution on p. 108.) 
-15<a<-1, ganatural number 

Exercise 2.108 
—5 <a <5, «xawholenumber 

Exercise 2.109 (Solution on p. 108.) 


The temperature in the desert today was ninety-five degrees. Represent this temperature by a 
rational number. 


Exercise 2.110 

The temperature today in Colorado Springs was eight degrees below zero. Represent this temper- 
ature with a real number. 

Exercise 2.111 (Solution on p. 108.) 
Is every integer a rational number? 

Exercise 2.112 

Is every rational number an integer? 

Exercise 2.113 (Solution on p. 108.) 
Can two rational numbers be added together to yield an integer? If so, give an example. 


For the following problems, on the number line, how many units (intervals) are there between? 


Exercise 2.114 
0 and 2? 
Exercise 2.115 (Solution on p. 108.) 
—5 and 0? 
Exercise 2.116 
0 and 6? 
Exercise 2.117 (Solution on p. 108.) 
—8 and 0? 
Exercise 2.118 
—3 and 4? 
Exercise 2.119 (Solution on p. 108.) 
mand n,m>n? 
Exercise 2.120 
aand —b, -b> —-a? 


2.3.12 Exercises for Review 


Exercise 2.121 (Solution on p. 108.) 
(Section 2.2) Find the value of 6 + 3 (15 — 8) — 4. 


Exercise 2.122 
(Section 2.2) Find the value of 5(8 — 6) + 3(5+ 2-3). 


Exercise 2.123 (Solution on p. 108.) 
(Section 2.2) Are the statements y < 4 and y > 4 the same or different? 
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Exercise 2.124 
(Section 2.2) Use algebraic notation to write the statement "six times a number is less than or 
equal to eleven." 


Exercise 2.125 (Solution on p. 109.) 
(Section 2.2) Is the statement 8(15 — 3-4) —3-7 > 3 true or false? 


2.4 Properties of the Real Numbers * 


2.4.1 Overview 


The Closure Properties 

The Commutative Properties 
The Associative Properties 
The Distributive Properties 
The Identity Properties 

The Inverse Properties 


Property 

A property of a collection of objects is a characteristic that describes the collection. We shall now examine 
some of the properties of the collection of real numbers. The properties we will examine are expressed in 
terms of addition and multiplication. 


2.4.2 The Closure Properties 


The Closure Properties 
If a and 0 are real numbers, then a+ b is a unique real number, and a- 6 is a unique real number. 

For example, 3 and 11 are real numbers; 3+ 11 = 14 and 3-11 = 33, and both 14 and 33 are real 
numbers. Although this property seems obvious, some collections are not closed under certain operations. 
For example, 


Example 2.34 

The real numbers are not closed under division since, although 5 and 0 are real numbers, 5/0 and 
0/0 are not real numbers. 

Example 2.35 

The natural numbers are not closed under subtraction since, although 8 is a natural number, 8 — 8 
is not. (8 — 8 = 0 and 0 is not a natural number.) 


2.4.3 The Commutative Properties 


Let a and b represent real numbers. 
The Commutative Properties 


COMMUTATIVE PROPERTY COMMUTATIVE PROPERTY 
OF ADDITION OF MULTIPLICATION 
a+b=b+a a:-b=b-a 
The commutative properties tell us that two numbers can be added or multiplied in any order without 
affecting the result. 


“This content is available online at <http://cnx.org/content/m21894/1.3/>. 
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2.4.4 Sample Set A 
The following are examples of the commutative properties. 
Example 2.36 
3+4=4+3  Bothequal 7. 
Example 2.37 
5+2=2+5 Bothrepresent thesamesum. 
Example 2.38 
4-8=8-4 Bothequal 32. 
Example 2.39 
y7 = 7y Bothrepresent the same product. 


Example 2.40 
5(a+1)=(a+1)5 Bothrepresent thesame product. 


Example 2.41 
(a + 4) (y+ 2) = (y+2)(a+4) Bothrepresent the same product. 


2.4.5 Practice Set A 


Fill in the ( ) with the proper number or letter so as to make the statement true. Use the commutative 
properties. 
Exercise 2.126 (Solution on p. 109.) 
6+5=( )+6 
Exercise 2.127 (Solution on p. 109.) 
m+12=12+(  ) 
Exercise 2.128 (Solution on p. 109.) 
9-7=( )-9 
Exercise 2.129 (Solution on p. 109.) 
6a=a ( ) 
Exercise 2.130 (Solution on p. 109.) 
4(k—5) = ( ) 4 
Exercise 2.131 (Solution on p. 109.) 


(9a — 1) ( ) = (2 +7) (94-1) 
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2.4.6 The Associative Properties 


Let a,b, and c represent real numbers. 
The Associative Properties 


ASSOCIATIVE PROPERTY ASSOCIATIVE PROPERTY 
OF ADDITION OF MULTIPLICATION 


(a+b) +c=a+(b+c) (ab) c = a(bc) 
The associative properties tell us that we may group together the quantities as we please without affecting 
the result. 


2.4.7 Sample Set B 
The following examples show how the associative properties can be used. 


Example 2.42 


(2+6)+1 = 2+4+(6+1) 
8+1 = 247 
9 = 9 Both equal 9. 


Example 2.43 
(3+ 2)+17=3+(#+17) Bothrepresent thesamesum. 


Example 2.44 


(2-3)-5 = 2-(3-5) 
6-5 = 2-15 
30 = 30 Both equal 30. 


Example 2.45 
(9y)4=9(y4) Bothrepresent the same product. 


2.4.8 Practice Set B 


Fill in the ( ) to make each statement true. Use the associative properties. 

Exercise 2.132 (Solution on p. 109.) 
(9+2)+5=9+(  ) 

Exercise 2.133 (Solution on p. 109.) 
e+(5+y)= ( ) +y 

Exercise 2.134 (Solution on p. 109.) 
(11a)6=11 ( ) 

Exercise 2.135 (Solution on p. 109.) 


(7m 2) (m +3)] (m+ 4) = (7m —2) |( 1A )| 
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2.4.9 Sample Set C 


Example 2.46 
Simplify (rearrange into a simpler form): 526b8ac4. 

According to the commutative property of multiplication, we can make a series of consecutive 
switches and get all the numbers together and all the letters together. 


5:6-8-4-a-b-a-c 
960xbac Multiply the numbers. 


960abca By convention, we will, when possible, write all letters in alphabetical order. 


2.4.10 Practice Set C 


Simplify each of the following quantities. 


Exercise 2.136 (Solution on p. 109.) 
3a7y9d 

Exercise 2.137 (Solution on p. 109.) 
6b8acz4 - 5 

Exercise 2.138 (Solution on p. 109.) 
Ap6gr3 (a + b) 


2.4.11 The Distributive Properties 


When we were first introduced to multiplication we saw that it was developed as a description for repeated 
addition. 
4+4+4=3.-4 
Notice that there are three 4’s, that is, 4 appears 3 times. Hence, 3 times 4. 
We know that algebra is generalized arithmetic. We can now make an important generalization. 
When a number a is added repeatedly n times, we have 
atarat-::+4 


a appears n times 
Then, using multiplication as a description for repeated addition, we can replace 


atat+a+::-+a with na 
eS 


n times 
For example: 


Example 2.47 
x+x£+a2+-2 can be written as 4x since x is repeatedly added 4 times. 
ett+e+a+u=4er 
Example 2.48 
r +r can be written as 2r since r is repeatedly added 2 times. 
r+r=2r 
The distributive property involves both multiplication and addition. Let’s rewrite 4 (a+b). We proceed by 
reading 4(a+ 6) as a multiplication: 4 times the quantity (a + 6). This directs us to write 
4(a+b) = (a+6)+(a+b)+(a4+b)+ (a+b) 


= at+b+at+b+at+b+at+b 
Now we use the commutative property of addition to collect all the a’s together and all the b’s together. 


4(a+b) = ata+ata+b+b+b+b 
ee eee 
4da’s Ab’s 
Now, using multiplication as a description for repeated addition, we have 
4(a+b) = 4a+4b 


We have distributed the 4 over the sum to both a and b. 
4(a + b) = 4a + 4b 
td 


The Distributive Property 
a(b+c)=a-b+a-c (b+c) a=a-b+a-c 
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The distributive property is useful when we cannot or do not wish to perform operations inside paren- 


theses. 


2.4.12 Sample Set D 


Use the distributive property to rewrite each of the following quantities. 
Example 2.49 
2(5+7)=2-5+2-7 Both equal 24. 
eV 


Example 2.50 


6(x +3) =—6-x+6°3 Both represent the same number. 
~ 6x +18 


Example 2.51 
i a al a a 


2.4.13 Practice Set D 


Exercise 2.139 
What property of real numbers justifies 
a(b+c) =(b+c)a? 
Use the distributive property to rewrite each of the following quantities. 
Exercise 2.140 
3(24 1) 
Exercise 2.141 
(x +6)7 
Exercise 2.142 
A(at+y) 
Exercise 2.143 
(9+2)a 
Exercise 2.144 
a(x+5) 
Exercise 2.145 
1 (x+y) 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


109.) 


109.) 


109.) 


109.) 


109.) 


109.) 
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2.4.14 The Identity Properties 


Additive Identity 
The number 0 is called the additive identity since when it is added to any real number, it preserves the 
identity of that number. Zero is the only additive identity. 
For example, 6 + 0 = 6. 
Multiplicative Identity 
The number 1 is called the multiplicative identity since when it multiplies any real number, it preserves 
the identity of that number. One is the only multiplicative identity. 
For example 6-1 = 6. 
We summarize the identity properties as follows. 


ADDITIVE IDENTITY MULTIPLICATIVE IDENTITY 


PROPERTY PROPERTY 
If ais areal number, then If ais areal number, then 
a+0=a and O0+a=a a-l=a and 1l-a=a 


2.4.15 The Inverse Properties 


Additive Inverses 

When two numbers are added together and the result is the additive identity, 0, the numbers are called 

additive inverses of each other. For example, when 3 is added to —3 the result is 0, that is, 3+ (—3) = 0. 

The numbers 3 and —3 are additive inverses of each other. 

Multiplicative Inverses 

When two numbers are multiplied together and the result is the multiplicative identity, 1, the numbers are 

called multiplicative inverses of each other. For example, when 6 and é are multiplied together, the result 
1 


is 1, that is, 6- ; = 1. The numbers 6 and é are multiplicative inverses of each other. 


We summarize the inverse properties as follows. 


The Inverse Properties 


1. If a is any real number, then there is a unique real number —a, such that 
a+(-a)=0 and -a+a=0 
The numbers a and —a are called additive inverses of each other. 
2. If a is any nonzero real number, then there is a unique real number 4 such that 


a-+=1 and 4 -a=1 


The numbers a and 4 are called multiplicative inverses of each other. 


Expanding Quantities 
When we perform operations such as 6 (a + 3) = 6a + 18, we say we are expanding the quantity 6 (a+ 3). 


2.4.16 Exercises 


Use the commutative property of addition and multiplication to write expressions for an equal number for 
the following problems. You need not perform any calculations. 


Exercise 2.146 (Solution on p. 109.) 
£+3 

Exercise 2.147 

5+y 

Exercise 2.148 (Solution on p. 109.) 


10x 


Exercise 2.149 
18z 

Exercise 2.150 
r6 

Exercise 2.151 
ax 

Exercise 2.152 
xC 

Exercise 2.153 
7(2+0) 
Exercise 2.154 
6(s+1) 
Exercise 2.155 
(8+ a)(x+6) 
Exercise 2.156 
(a + 16) (a +7) 
Exercise 2.157 
(c+ y)(x—y) 
Exercise 2.158 
0.06m 
Exercise 2.159 
8x 

Exercise 2.160 
5 (6h + 1) 
Exercise 2.161 
m (a+ 2b) 
Exercise 2.162 
k (10a — b) 
Exercise 2.163 
(21c) (0.008) 
Exercise 2.164 
(—16) (4) 
Exercise 2.165 
(5) (b — 6) 
Exercise 2.166 
- [U+25CB] 


Exercise 2.167 
*- 


Exercise 2.168 
9x2y 

Exercise 2.169 
5a6b 

Exercise 2.170 
2a3b4c 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


on p. 109.) 


on p. 109.) 


on p. 110.) 


on p. 110.) 


on p. 110.) 


on p. 110.) 


on p. 110.) 


on p. 110.) 


on p. 110.) 


on p. 110.) 


on p. 110.) 
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Simplify using the commutative property of multiplication for the following problems. You need not use the 
distributive property. 
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Exercise 2.171 
5x l0ydz 
Exercise 2.172 (Solution on p. 110.) 
Llu3sr2z5m1n 
Exercise 2.173 
6d4e1 f2 (g + 2h) 
Exercise 2.174 (Solution on p. 110.) 
(a) 4(a)eGa)e@ 
Exercise 2.175 
3(a+6)2(a—9) 6b 
Exercise 2.176 (Solution on p. 110.) 
1 (a + 2y) (6 + z) 9 (3a + 5y) 
For the following problems, use the distributive property to expand the quantities. 
Exercise 2.177 
2(y+9) 
Exercise 2.178 (Solution on p. 110.) 
b(r +5) 
Exercise 2.179 
m(u+a) 
Exercise 2.180 (Solution on p. 110.) 
k(j +1) 
Exercise 2.181 
x (2y +5) 
Exercise 2.182 (Solution on p. 110.) 
z(x+ 9w) 
Exercise 2.183 
(1+ dje 
Exercise 2.184 (Solution on p. 110.) 
(8+ 2f)9 
Exercise 2.185 
c(2a+ 10d) 
Exercise 2.186 (Solution on p. 110.) 
15a (2y + 3z) 
Exercise 2.187 
8y (12a + b) 
Exercise 2.188 (Solution on p. 110.) 
z(a+y+m) 
Exercise 2.189 
(a+6) (x+y) 
Exercise 2.190 (Solution on p. 110.) 
(a +10) (a+b+c) 
Exercise 2.191 


I(x+y) 
Exercise 2.192 (Solution on p. 110.) 
1(a+ 16) 
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Exercise 2.193 


Hy 0.48 (0.34a + 0.61) 
Exercise 2.194 (Solution on p. 110.) 


| 21.5 (16.2a + 3.8b + 0.7c) 
Exercise 2.195 
5% (20 + 30) 


Exercise 2.196 (Solution on p. 110.) 
224 (Lin + 8k) 


2.4.17 Exercises for Review 


Exercise 2.197 

(Section 2.2) Find the value of 4-2+5(2-4-—6+3)-2-5. 

Exercise 2.198 (Solution on p. 110.) 
(Section 2.2) Is the statement 3(5-3—3-5)+6-2—3-4 <0 true or false? 

Exercise 2.199 

(Section 2.3) Draw a number line that extends from —2 to 2 and place points at all integers 
between and including —2 and 3. 

Exercise 2.200 (Solution on p. 110.) 
(Section 2.3) Replace the * with the appropriate relation symbol (< ,>).—7* —3. 

Exercise 2.201 

(Section 2.3) What whole numbers can replace x so that the statement —2 < x < 2 is true? 


2.5 Exponents ° 


2.5.1 Overview 


e Exponential Notation 
e Reading Exponential Notation 
e The Order of Operations 


2.5.2 Exponential Notation 


In Section Section 2.4 we were reminded that multiplication is a description for repeated addition. A natural 
question is “Is there a description for repeated multiplication?” The answer is yes. The notation that 
describes repeated multiplication is exponential notation. 

Factors 

In multiplication, the numbers being multiplied together are called factors. In repeated multiplication, all 
the factors are the same. In nonrepeated multiplication, none of the factors are the same. For example, 


>This content is available online at <http://cnx.org/content/m21883/1.3/>. 
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Example 2.52 
18-18-18-18 Repeated multiplication of 18. All four factors, 18, arethe same. 


“u:-x-a-x-x Repeated multiplication of x. All five factors, x, are the same. 
3°7-a Nonrepeated multiplication. None of the factors are the same. 


Exponential notation is used to show repeated multiplication of the same factor. The notation consists of 
using a superscript on the factor that is repeated. The superscript is called an exponent. 
Exponential Notation 

If x is any real number and n is a natural number, then 


n factors of x 
An exponent records the number of identical factors in a multiplication. 
Note that the definition for exponential notation only has meaning for natural number exponents. We 
will extend this notation to include other numbers as exponents later. 


2.5.3 Sample Set A 


Example 2.53 
Ts Tee ets 1 Ts 

The repeated factor is 7. The exponent 6 records the fact that 7 appears 6 times in the 
multiplication. 
Example 2.54 
Lene c= xt. 

The repeated factor is «. The exponent 4 records the fact that « appears 4 times in the 
multiplication. 


Example 2.55 
3 
(2y) (2y) (2y) = (2y)”- 
The repeated factor is 2y. The exponent 3 records the fact that the factor 2y appears 3 times 
in the multiplication. 


Example 2.56 
2yyy = 2y?%. 

The repeated factor is y. The exponent 3 records the fact that the factor y appears 3 times in 
the multiplication. 


Example 2.57 
(a +b) (a+b) (a—b) (a — b) (a— b) = (a+b) (a— b)°. 

The repeated factors are (a + b) and (a — b), (a+ 6) appearing 2 times and (a — b) appearing 3 
times. 


2.5.4 Practice Set A 


Write each of the following using exponents. 


Exercise 2.202 (Solution on p. 110.) 
a:a-a-a 
Exercise 2.203 (Solution on p. 111.) 


(3d) (38) (5c) (5c) (5c) (5c) 
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Exercise 2.204 (Solution on p. 111.) 
2-2-7-7-7-(a—4) (a—4) 
Exercise 2.205 (Solution on p. 111.) 
SLLLYZZZZZ 

CAUTION 


It is extremely important to realize and remember that an exponent applies only to the factor to which it is 
directly connected. 


2.5.5 Sample Set B 


Example 2.58 
8a> means 8-xarx and not 828x282. The exponent 3 applies only to the factor x since it is only to 
the factor x that the 3 is connected. 


Example 2.59 

(8)* means (82) (8a) (87) since the parentheses indicate that the exponent 3 is directly connected 
to the factor 8a. Remember that the grouping symbols (_) indicate that the quantities inside are 
to be considered as one single number. 


Example 2.60 
34(a + 1)? means 34: (a+1)(a+1) since the exponent 2 applies only to the factor (a + 1). 


2.5.6 Practice Set B 


Write each of the following without exponents. 


Exercise 2.206 (Solution on p. 111.) 
4a3 

Exercise 2.207 (Solution on p. 111.) 
(4a)” 


2.5.7 Sample Set C 


Example 2.61 
Select a number to show that (2«)” is not always equal to 2°. 
Suppose we choose x to be 5. Consider both (22) and 22”. 


(2x)? Qn? 

(25) 2.5? 

(10)? 2-25 ey 
100 #£ 50 


Notice that (22)? = 2a? only when « = 0. 
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2.5.8 Practice Set C 


Exercise 2.208 (Solution on p. 111.) 
Select a number to show that (5) is not always equal to 52”. 


2.5.9 Reading Exponential Notation 


In x”, 

Base 

x is the base 

Exponent 

n is the exponent 

Power 

The number represented by x” is called a power. 

xz to the nth Power 

The term x” is read as "x to the n th power, 

zx Squared and x Cubed 

The symbol z? is often read as "x squared," and ° is often read as "x cubed." A natural question is "Why 

are geometric terms appearing in the exponent expression?" The answer for ° is this: 2? means x: 2 - a. 

In geometry, the volume of a rectangular box is found by multiplying the length by the width by the depth. 

A cube has the same length on each side. If we represent this length by the letter x then the volume of the 

cube is x- a - x, which, of course, is described by x°. (Can you think of why 2? is read as x squared?) 
Cube with 


" or more simply as "a to the nth." 


length = x 
width = x 
depth = x 


Volume = raz = x° 


2.5.10 The Order of Operations 


In Section Section 2.2 we were introduced to the order of operations. It was noted that we would insert 
another operation before multiplication and division. We can do that now. 


The Order of Operations 


. Perform all operations inside grouping symbols beginning with the innermost set. 
. Perform all exponential operations as you come to them, moving left-to-right. 
. Perform all multiplications and divisions as you come to them, moving left-to-right. 
. Perform all additions and subtractions as you come to them, moving left-to-right. 


BwWNw re 


2.5.11 Sample Set D 


Use the order of operations to simplify each of the following. 


Example 2.62 
2?4+5=44+5=9 


Example 2.63 


57+ 37+ 10 =25+9+10= 44 


Example 2.64 


2? 4 (5)(8)-1 =4+(5)(8)—1 


= 43 
Example 2.65 


44+ 40-1 


7-6-474+15 =7-6—-16+1 
=42-16+1 


= 27 
Example 2.66 


(243)? +77-3(441)? = (5)? +7? —3(5) 


= 125 + 49 — 3(25) 


= 125+ 49-75 
= 99 
Example 2.67 
[4(6 ee 2)°] : = [4(8)°] ° 
= [4 (512)? 
= [2048]? 
= 4,194,304 
Example 2.68 
6 (3242?) +42 =6(9+4)+4? 
= 6 (13) +4? 
= 6 (13) +16 
= 78+ 16 
= 94 


Example 2.69 
6°42? 1348? 


46-22 + 102—(i9j6) 


— _36+4 af 1+64 
~~ 16+6-4 100—95 


— 3644 Big 1464 
~~ 16424 100—95 


— 40 65 
= 29 t 5 
=1413 
=14 
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2.5.12 Practice Set D 


Use the order of operations to simplify the following. 


Exercise 2.209 (Solution on p. 111.) 

3744-5 

Exercise 2.210 (Solution on p. 111.) 

234+ 338-4 

Exercise 2.211 (Solution on p. 111.) 

if (0? 4a) 208 

Exercise 2.212 (Solution on p. 111.) 
2 

[6 (10 — 2%)]" — 10? — 6? 

Exercise 2.213 (Solution on p. 111.) 


57+67—10 2 0*—0° 
1442 726-23 


2.5.13 Exercises 


For the following problems, write each of the quantities using exponential notation. 
Exercise 2.214 (Solution on p. 111.) 
b to the fourth 
Exercise 2.215 
a squared 
Exercise 2.216 (Solution on p. 111.) 
x to the eighth 
Exercise 2.217 
(—3) cubed 
Exercise 2.218 (Solution on p. 111.) 
5 times s squared 
Exercise 2.219 
3 squared times y to the fifth 
Exercise 2.220 (Solution on p. 111.) 
a cubed minus (b + 7) squared 
Exercise 2.221 
(21 — x) cubed plus (a# + 5) to the seventh 
Exercise 2.222 (Solution on p. 111.) 
LLLLE 
Exercise 2.223 
(8) (8) vaxaa 
Exercise 2.224 (Solution on p. 111.) 
2-°3-3-3-3xxryyyyy 
Exercise 2.225 
2:2-5-6-6: 6xyyzzzwwww 
Exercise 2.226 (Solution on p. 111.) 
7xa (a+8)(a+8) 
Exercise 2.227 
l0xyy (c +5) (e+ 5) (ce +5) 


Exercise 2.228 
4v4r4c4c4a 
Exercise 2.229 
(9a) (9a) (9a) (9a) 
Exercise 2.230 
(—7) (—7) (—7) aabbba (—7) baab 
Exercise 2.231 
(a — 10) (a — 10) (a + 10) 
Exercise 2.232 
(z+w)(z+w)(z+w) (z-w)(z-w) 
Exercise 2.233 
(2y) (2y) 2y2y 
Exercise 2.234 
3xyrry — («© +1) (a+ 1) (a +1) 
For the following problems, expand the quantities so that no exponents appear. 
Exercise 2.235 
43 
Exercise 2.236 
62 
Exercise 2.237 
Ty? 
Exercise 2.238 
8x3 y? 
Exercise 2.239 
(18a:2y*)? 
Exercise 2.240 
(9a3b?)* 
Exercise 2.241 
5a? (2y3)° 
Exercise 2.242 
10a?b?(3c)? 
Exercise 2.243 
(a + 10)? (a? + 10)” 
Exercise 2.244 
(a _ y’) (ae ei a) 
For the following problems, select a number (or numbers) to show that 
Exercise 2.245 
(5x)” is not generally equal to 5. 
Exercise 2.246 
(7x)” is not generally equal to 7. 
Exercise 2.247 
(a +b)” is not generally equal to a2 + b?. 


Exercise 2.248 
For what real number is (6a)” equal to 6a2? 
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on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 
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111.) 


111.) 


111.) 


111.) 


111.) 


112.) 


112.) 


112.) 


112.) 
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Exercise 2.249 
For what real numbers, a and 6, is (a + 6)” equal to a2 + b?? 


Use the order of operations to simplify the quantities for the following problems. 
Exercise 2.250 (Solution on p. 112.) 
3747 
Exercise 2.251 
43 — 18 
Exercise 2.252 (Solution on p. 112.) 
5? + 2 (40) 
Exercise 2.253 
8° +345(2+7) 
Exercise 2.254 (Solution on p. 112.) 
2°+3(8+1) 
Exercise 2.255 
Sige we Oe e 
Exercise 2.256 (Solution on p. 112.) 
(6? — 4?) +5 
Exercise 2.257 
2? (10 — 23) 
Exercise 2.258 (Solution on p. 112.) 
(34 — 43) +17 
Exercise 2.259 
(443)? +1+ (2-5) 
Exercise 2.260 (Solution on p. 112.) 
(Gt) S08 5) ew? 
Exercise 2.261 
16 + 08 + 52(2+.8)° 
Exercise 2.262 (Solution on p. 112.) 
(7) (16) —97 +4 ee + 37) 
Exercise 2.263 
23-7 
52 
Exercise 2.264 (Solution on p. 112.) 


(1+6)?+2 
19 
Exercise 2.265 
67-1 , 4°4+(2)(3) 
5 10 


Exercise 2.266 (Solution on p. 112.) 
5[8°-9(6)] | 7242 
25-7 24-5 


Exercise 2.267 
(24+1)3 +23 +18 157 —[2(5)]? 
62 5-52 
Exercise 2.268 (Solution on p. 112.) 
63—2-102 _, 18(2°+77) 
2 T 3(19)—33 


2.5.14 Exercises for Review 


Exercise 2.269 

(Section 2.2) Use algebraic notation to write the statement "a number divided by eight, plus 
five, is equal to ten." 

Exercise 2.270 (Solution on p. 112.) 
(Section 2.3) Draw a number line that extends from —5 to 5 and place points at all real numbers 
that are strictly greater than —3 but less than or equal to 2. 

Exercise 2.271 

(Section 2.3) Is every integer a whole number? 

Exercise 2.272 (Solution on p. 112.) 
(Section 2.4) Use the commutative property of multiplication to write a number equal to the 
number yz. 

Exercise 2.273 

(Section 2.4) Use the distributive property to expand 3 (x + 6). 


2.6 Rules of Exponents ° 


2.6.1 Overview 


e The Product Rule for Exponents 
e The Quotient Rule for Exponents 
e Zero as an Exponent 


We will begin our study of the rules of exponents by recalling the definition of exponents. 
Definition of Exponents 
If x is any real number and n is a natural number, then 


x 


nm 


Sa 


n factors of x 


An exponent records the number of identical factors in a multiplication. 
Base Exponent Power 
In x”, 


x is the base 
n is the exponent 
The number represented by x” is called a power. 


The term x” is read as "x to the n th." 


2.6.2 The Product Rule for Exponents 
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The first rule we wish to develop is the rule for multiplying two exponential quantities having the same 
base and natural number exponents. The following examples suggest this rule: 


®This content is available online at <http://cnx.org/content /m21900/1.4/>. 
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Example 2.70 


x? c= «we Leen = axexrre = x 
YY QH~ VSS, 
2 + 4 = 6 
factors factors 
Example 2.71 
Os = Ea ed 
a a= a aa = aaa = a 
~wY YY er 
1 + 2 = 3 
factors factors 


PRODUCT RULE FOR EXPONENTS 


If x is a real number and n and m are natural numbers, 


gram = grrm 


To multiply two exponential quantities having the same base, add the exponents. Keep in mind 
that the exponential quantities being multiplied must have the same base for this rule to apply. 


2.6.3 Sample Set A 
Find the following products. All exponents are natural numbers. 


Example 2.72 


poicg a pOt5 ao 8 


Example 2.73 
a® - gi4 — gStl4 — 920 
Example 2.74 

Bi ete eB cn 1 
yYoyu=V-y=y 
Example 2.75 
(a —2y)*(a — 2y)” = (@— 2y)°"? = (@ — ay)” 
Example 2.76 

gyt A (xy)?** Since the bases are not the same, the 


5+1 _ 6 
=Y 


product rule does not apply. 


2.6.4 Practice Set A 
Find each product. 


Exercise 2.274 
gee ge 
Exercise 2.275 
pox 
Exercise 2.276 


y>-y4 


(Solution on p. 112.) 
(Solution on p. 112.) 


(Solution on p. 112.) 
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Exercise 2.277 (Solution on p. 112.) 
12 8 

GE 

Exercise 2.278 (Solution on p. 112.) 


(a + 2)° - (a +2)" 


2.6.5 Sample Set B 


We can use the first rule of exponents (and the others that we will develop) along with the properties of real 
numbers. 

Example 2.77 

Qa°- 725 =| 2.7. 7345 | = 1428 

We used the commutative and associative properties of multiplication. In practice, we use these 

properties “mentally” (as signified by the drawing of the box). We don’t actually write the second 

step. 

Example 2.78 

dy? - By? =| 4-6 + y3+? |= 24y? 


Example 2.79 
9ab° (8ab*2b?) =|] 9-8-2q2+1p6+4+3 | = 1440308 


Example 2.80 
5(a +6)" - 3(a+6)° =| 5. 3(a+6)7*8 |= 15(a +6)" 


Example 2.81 
Ax? -12- y? = 4823 y 


Example 2.82 


4a® -5a* = 20a°t* 


The bases are the same, so we add the exponents. Although we don’t know exactly what number 
At+* is, the notation 4+ ® indicates the addition. 


2.6.6 Practice Set B 


Perform each multiplication in one step. 


Exercise 2.279 (Solution on p. 112.) 
3a? - 207 

Exercise 2.280 (Solution on p. 112.) 
6y? : 3y4 

Exercise 2.281 (Solution on p. 112.) 
4a3b? - 9a7b 

Exercise 2.282 (Solution on p. 112.) 
x* . Ay? . 2a? . Ty® 

Exercise 2.283 (Solution on p. 113.) 


(x —y)* -4(a — y)* 
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Exercise 2.284 (Solution on p. 113.) 
824y2xa3y° 

Exercise 2.285 (Solution on p. 113.) 
2aaa® (ab?a?) b6ab? 

Exercise 2.286 (Solution on p. 113.) 
a”-a™- a" 


2.6.7 The Quotient Rule for Exponents 


The second rule we wish to develop is the rule for dividing two exponential quantities having the same base 
and natural number exponents. 

The following examples suggest a rule for dividing two exponential quantities having the same base and 
natural number exponents. 


Example 2.83 


ee eee Gee =axx = 2x3. Noticethat 5 —2=3. 


Example 2.84 | 
a = a vee = aaaaa =a’. Noticethat 8 —3=5. 


QUOTIENT RULE FOR EXPONENTS 


If x is a real number and n and m are natural numbers, 


oa —s nm—m 
a= , cA. 


To divide two exponential quantities having the same nonzero base, subtract the exponent of the de- 
nominator from the exponent of the numerator. Keep in mind that the exponential quantities being divided 
must have the same base for this rule to apply. 


2.6.8 Sample Set C 


Find the following quotients. All exponents are natural numbers. 


Example 2.85 
5 
3 


“=| x? |=a° The part in the box is usally done mentally. 


Example 2.86 


270° bc? 


aaah =| 9q3-2p6-1-2-1 | = 9ab®c 
Example 2.87 
15a 2 
355 = 52x 


The bases are the same, so we subtract the exponents. Although we don’t know exactly what 
— Ais, the notation LJ — A indicates the subtraction. 
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2.6.9 Practice Set C 


Find each quotient 


Exercise 2.287 (Solution on p. 113.) 


yw 


y 

Exercise 2.288 (Solution on p. 113.) 
ih 

a 


a 


Exercise 2.289 (Solution on p. 113.) 
(+6)° 
(«+6)* 

Exercise 2.290 (Solution on p. 113.) 
26aty> 2? 
1302 y?z 


ah 


When we make the subtraction, n — m, in the division +;,, there are three possibilities for the values of the 
exponents: 


1. The exponent of the numerator is greater than the exponent of the denominator, that is, n > m . 
Thus, the exponent, n —_m , is a natural number. 

2. The exponents are the same, that is, n = m. Thus, the exponent, n — m, is zero, a whole number. 

3. The exponent of the denominator is greater than the exponent of the numerator, that is, n < m. Thus, 
the exponent, n — m, is an integer. 


2.6.10 Zero as an Exponent 


In Sample Set C, the exponents of the numerators were greater than the exponents of the denominators. 
Let’s study the case when the exponents are the same. 


When the exponents are the same, say n , the subtraction n — n produces 0. 


Thus, by the second rule of exponents, = a2"~" = 2". 


But what real number, if any, does x° represent? Let’s think for a moment about our experience 


with division in arithmetic. We know that any nonzero number divided by itself is one. 


8 _ 43 _ 258 
8 1, 43 1, 258 1 
Since the letter x represents some nonzero real number, so does «”. Thus, =, 


gr 


represents some nonzero real number divided by itself. Then = = 1. 


en 


But we have also established that if « 40, = = x°. We now have that 2 = 2° 


and * = 1. This implies that 2° = 1,2 40. 


Exponents can now be natural numbers and zero. We have enlarged our collection of numbers that 
can be used as exponents from the collection of natural numbers to the collection of whole numbers. 
ZERO AS AN EXPONENT 
If «40, 2° = 

Any number, other than 0, raised to the power of 0, is 1. 0° has no meaning (it does not represent a 
number). 


2.6.11 Sample Set D 


Find each value. Assume the base is not zero. 


Example 2.88 


Example 2.89 


247° =1 
Example 2.90 
(2a+5)°=1 


Example 2.91 


Example 2.92 


Example 2.93 


Example 2.94 


2.6.12 Practice Set D 


Find each value. Assume the base is not zero. 


Exercise 2.291 
ye 

ye 
Exercise 2.292 
6a* 

223 
Exercise 2.293 
14a” 

Ta2 
Exercise 2.294 
26a7y? 

Axy? 
Exercise 2.295 
36a*b? 8 

8ab3 cS 
Exercise 2.296 
51(a—4)? 

17(a—4) 
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eS 
A4y® =4-1=4 
6 
y 
gov at 
2 2 
“~~ = 22° =2-1=2 
x 


5(a+4)8(a—1)° 
5(a+4)3(a—1)® 


(Solution on p. 113.) 


(Solution on p. 113.) 


(Solution on p. 113.) 


(Solution on p. 113.) 


(Solution on p. 113.) 


(Solution on p. 113.) 
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Exercise 2.297 (Solution on p. 113.) 
52a™b?(a+b)® 
26a2b(a+b)® 


Exercise 2.298 (Solution on p. 113.) 
as 
Exercise 2.299 (Solution on p. 113.) 
142" y? 24 
Qaryrz 
We will study the case where the exponent of the denominator is greater than the exponent of the numerator 
in Section Section 3.7. 


2.6.13 Exercises 


Use the product rule and quotient rule of exponents to simplify the following problems. Assume that all 
bases are nonzero and that all exponents are whole numbers. 
Exercise 2.300 (Solution on p. 113.) 
32 . 33 
Exercise 2.301 
Bene 
Exercise 2.302 (Solution on p. 113.) 
g° . 9? 
Exercise 2.303 
Ps 
Exercise 2.304 (Solution on p. 113.) 
24.2 
Exercise 2.305 
oat 
Exercise 2.306 (Solution on p. 113.) 
xx? 
Exercise 2.307 
ara" 
Exercise 2.308 (Solution on p. 113.) 
yrye 
Exercise 2.309 
mn? 
Exercise 2.310 (Solution on p. 113.) 
kSk3 
Exercise 2.311 
yryty® 
Exercise 2.312 (Solution on p. 113.) 
3a? - 22° 
Exercise 2.313 
azara® 
Exercise 2.314 (Solution on p. 113.) 
Ay* - 5y® 
Exercise 2.315 
2a3b? - 3ab 
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Exercise 2.316 (Solution on p. 114.) 

l2ny?z? - Ag y*z - 3a 

Exercise 2.317 

(3ab) (2a?) 

Exercise 2.318 (Solution on p. 114.) 
(427) (8xy?) 

Exercise 2.319 

(2ay) (3y) (427y") 

Exercise 2.320 (Solution on p. 114.) 
(7%) (50%) 

Exercise 2.321 
3 16 ,,2,,3 3,2 

(3) (ate*y*) (wy?) 

Exercise 2.322 (Solution on p. 114.) 
3 

Exercise 2.323 

eg? 

6s 

Exercise 2.324 (Solution on p. 114.) 
9 

3 

Exercise 2.325 

4i6 

qs 

Exercise 2.326 (Solution on p. 114.) 


Ps 


a 
Exercise 2.327 
y 


aa 
Exercise 2.328 (Solution on p. 114.) 
9 


6 
13 


Exercise 2.330 (Solution on p. 114.) 


y 
Exercise 2.332 (Solution on p. 114.) 


Exercise 2.333 


ab? 


Exercise 2.334 (Solution on p. 114.) 


Exercise 2.335 
m'7n12 
mionio 


Exercise 2.336 (Solution on p. 114.) 


Exercise 2.337 
15270 y?4 24 
5al 9 yz 


Exercise 2.338 
eit 
eit 
Exercise 2.339 
6r4 
6r4 
Exercise 2.340 
rau 
x0 
Exercise 2.341 
ab? 
co 
Exercise 2.342 
8a*b® 
4a3 
Exercise 2.343 
2x4 yt 2? w® 
Inywr 
Exercise 2.344 
? (y*) 
Exercise 2.345 


s(a° 
x ) 


Exercise 2.346 
10,16 

apo (Ss ) 

Exercise 2.347 


275 
3q2b2 14a“b 


26 
Exercise 2.348 
(a+3y)" (2a—1)* 
(a+3y)3 (22-1) 
Exercise 2.349 


402° 210(z—2*)'? (e+z)? 


1027 (z—a4)° 
Exercise 2.350 
agt 
Exercise 2.351 
a® bY ce 
Exercise 2.352 
gn. nts 


Exercise 2.353 


x 


ar 
Exercise 2.354 


grt? a3 
4a 


erat 


Exercise 2.355 
a*q° 
Exercise 2.356 
m°? m* m* 
Exercise 2.357 
wen 
Exercise 2.358 
aXa¥ bbe 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


114.) 


114.) 


114.) 


114.) 


114.) 


114.) 


114.) 


114.) 


114.) 


114.) 


114.) 
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2.6.14 Exercises for Review 


Exercise 2.359 

(Section 2.3) What natural numbers can replace x so that the statement —5 < x < 3 is true? 
Exercise 2.360 (Solution on p. 114.) 
(Section 2.4) Use the distributive property to expand 42 (2a + 3b). 

Exercise 2.361 

(Section 2.5) Express raxyyyy (a+ b) (a + b) using exponents. 


Exercise 2.362 (Solution on p. 114.) 
(Section 2.5) Find the value of 4? + 37-2? — 10-8. 
Exercise 2.363 


4(92_ 53 
(Section 2.5) Find the value of een le ae ( Z ). 


2.7 The Power Rules for Exponents ‘ 


2.7.1 Overview 


e The Power Rule for Powers 
e The Power Rule for Products 
e The Power Rule for quotients 


2.7.2 The Power Rule for Powers 


The following examples suggest a rule for raising a power to a power: 


Example 2.95 
(a2)° =a? a? - @ 
Using the product rule we get 
(a?)° — q2t2+2 


(a)" = 08 
Example 2.96 
(x°)* = g?-29.29-27? 
(x°)* — 79+9+9+9 
(x°)* — gt9 
(x°)* Ee jg36 


POWER RULE FOR POWERS 
If x is a real number and n and m are natural numbers, 


To raise a power to a power, multiply the exponents. 


“This content is available online at <http://cnx.org/content /m21897/1.3/>. 


2.7.3 Sample Set A 


Simplify each expression using the power rule for powers. All exponents are natural numbers. 


Example 2.97 


4 
(23) =| 23-4 |2!2 The box represents a step done mentally. 


Example 2.98 


Example 2.99 


(a?°)° = 20-6 | = 20 


Example 2.100 
(25)° = 


Although we don’t know exactly what number is, the notation indicates the multiplication. 


2.7.4 Practice Set A 


Simplify each expression using the power rule for powers. 
Exercise 2.364 
(a)" 
Exercise 2.365 


(y")" 


2.7.5 The Power Rule for Products 


The following examples suggest a rule for raising a product to a power: 
Example 2.101 
(ab)* = ab-ab-ab Usethe commutative property of multiplication. 
= aaabbb 
373 


Example 2.102 
(vy)? = xy-xy-ay-xy ay 
= LLLIX - yyyyyY 
= xy5 
Example 2.103 
(4ryz)? = 4ayz-dryz 
= 4:4-xu-yy- zz 
= 1627y?z? 
POWER RULE FOR PRODUCTS 
If x and y are real numbers and n is a natural number, 
(wy)" = ary” 


To raise a product to a power, apply the exponent to each and every factor. 


(Solution on p. 114.) 


(Solution on p. 115.) 
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2.7.6 Sample Set B 


Make use of either or both the power rule for products and power rule for powers to simplify each expression. 


Example 2.104 
(ab)’ = a7? 


Example 2.105 


(axy)* = a*aty* 


Example 2.106 
(3ab)” = 32a2b? = 9a2b2 Don’t forget to apply the exponent to the 3! 
Example 2.107 
(2st)? = 255545 = 32545 
Example 2.108 
(ab)? = a?(b3)” =a’b® Weusedtwo rules here. First, the power rule for 
products. Second, the power rule for powers. 
Example 2.109 
(ratte)? = 7%(0t)?(0)?(2)? 
= 49a®b*c!6 
Example 2.110 
If 6aec" ¥ 0, then (6a3c7)° =1 Recallthat x° = 1forx 40. 
Example 2.111 
4)® 24 
[2+ 1) = 26(x +1) 
= 64(x + 1)** 


2.7.7 Practice Set B 


Make use of either or both the power rule for products and the power rule for powers to simplify each 
expression. 


Exercise 2.366 (Solution on p. 115.) 
(ax) 

Exercise 2.367 (Solution on p. 115.) 
(bay)? 

Exercise 2.368 (Solution on p. 115.) 
[4t (s — 5)]° 

Exercise 2.369 (Solution on p. 115.) 
(9.05 y?)” 

Exercise 2.370 (Solution on p. 115.) 
(1a5b8c3d)° 

Exercise 2.371 (Solution on p. 115.) 
[(a + 8) (a+5)]* 

Exercise 2.372 (Solution on p. 115.) 


(12a _ 3)" : 


Exercise 2.373 
4 
[1otty" av ntg® (2— x)" | 
Exercise 2.374 
(x32 y2y%)° 
Exercise 2.375 
(10° - 1012 . 105)" 


2.7.8 The Power Rule for Quotients 


The following example suggests a rule for raising a quotient to a power. 


Example 2.112 
3 


(2)° = aaa _aaa i _a 


~b°b°b bbb — Bb 
POWER RULE FOR QUOTIENTS 


If x and y are real numbers and n is a natural number, 


(7) =i v#0 


(Solution on p. 115.) 


(Solution on p. 115.) 


(Solution on p. 115.) 


To raise a quotient to a power, distribute the exponent to both the numerator and denominator. 


2.7.9 Sample Set C 
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Make use of the power rule for quotients, the power rule for products, the power rule for powers, or a 
combination of these rules to simplify each expression. All exponents are natural numbers. 


Example 2.113 


a 2 amet a2 
Goes 
Example 2.115 


(22)* (2z)4 _ atet 1624 
b bf bf bf 


Example 2.116 
a 7 + (an)? 2. gai 
b> — (b5)* —_ 635 
Example 2.117 


3 
3ctr? — 38ct?r& 271? r® 27c1 
23° as 29g15 > 29g1 512g! 


Example 2.118 


Eh te ays 
(a+7) | ~ (a+7)4 


Example 2.119 


6a(4—x)* 2 _ 67x?(4—a2)® _ 36a7(4—2)® _ 9a?(4—2)8 
~ 22a? (y—4)'? ~~ da? (y—4)"* a? (y—4)? 


2a(y—4)° 
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Example 2.120 
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5\3 
325 3 
a®b = 3-2)5-1 
(Se) = (a2?) 
3 
= (ab*) 
= a®bp!? 
3 
ab? — ab! _ 9-6 715-3 _ 3712 
( ap ‘Spy = a b =ar’b 


Example 2.121 
(ce a = an bse 


ct ctw 


2.7.10 Practice Set C 


Make use of the power rule for quotients, the power rule for products, the power rule 
combination of these rules to simplify each expression. 


Exercise 2.376 
(2)° 
as 
Exercise 2.377 
22 S 
(35) 
Exercise 2.378 
grytgt 9 
a°b 
Exercise 2.379 


2a*(b—1) 4 
3b8 (c+6) 


Exercise 2.380 
8a? b?c& 2 
(Sie) 
Exercise 2.381 
(9+w)? 10 


(3+w)° 
Exercise 2.382 


ae ° 
Batt) 


Exercise 2.383 


0 
16a3u4c" 
12x2uc® 


We can simplify within the parentheses. We 


have arule that tells us to proceed this way. 


We could have actually used the power rule for 


quotients first. Distribute the exponent, then 


simplify using the other rules. 


It is probably better, for the sake of consistency, 


to work inside the parentheses first. 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


for powers, or a 


on p. 115.) 


on p. 115.) 


on p. 115.) 
on p. 


115.) 


on p. 115.) 


on p. 115.) 
115.) 


on p. 


on p. 115.) 
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2.7.11 Exercises 


Use the power rules for exponents to simplify the following problems. Assume that all bases are nonzero and 
that all variable exponents are natural numbers. 

Exercise 2.384 (Solution on p. 115.) 
(ac)” 

Exercise 2.385 

(nm) 

Exercise 2.386 (Solution on p. 115.) 
(2a)* 

Exercise 2.387 

(2a)’ 

Exercise 2.388 (Solution on p. 115.) 
(3xy)" 

Exercise 2.389 

(2xy)” 

Exercise 2.390 (Solution on p. 115.) 
(3ab)* 

Exercise 2.391 

(6mn)” 

Exercise 2.392 (Solution on p. 115.) 
7y3)” 

(7y") 

Exercise 2.393 

(3m*) 

Exercise 2.394 (Solution on p. 116.) 
(52°)° 

Exercise 2.395 

(52?) 

Exercise 2.396 (Solution on p. 116.) 
(10a7b)° 

Exercise 2.397 

(82?y’) 

Exercise 2.398 (Solution on p. 116.) 


(a2y3z5)* 


Exercise 2.399 
(2a5b!)° 
Exercise 2.400 (Solution on p. 116.) 


(xy? 24)? 
Exercise 2.401 

(m&n2p?)” 

Exercise 2.402 (Solution on p. 116.) 
(a7 8a8)° 

Exercise 2.403 

(x?y?z9w") 

Exercise 2.404 (Solution on p. 116.) 


(9ny?)” 
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Exercise 2.405 
(4ir°s8)' 
Exercise 2.406 
(dc!d8e4 £9)? 
Exercise 2.407 
(2a3b%c10)° 
Exercise 2.408 
(xy)* (x?y*) 
Exercise 2.409 
(2a2)*(3a°)? 
Exercise 2.410 
(ab?) (a3b3)* 
Exercise 2.411 
(h3k®)? (n2k4)° 
Exercise 2.412 


(atyz)* (xyz?) 


Exercise 2.413 | 
(ab?c?) (abc) 
Exercise 2.414 
(6a7b8)” 

(3ab5)? 
Exercise 2.415 

a*b*)° 

(a4b4)3 
Exercise 2.416 
(tv) 
Exercise 2.417 
(a®p)° 

(a7b>)3 
Exercise 2.418 
(m°nSp*)* 

(m4n5p)* 
Exercise 2.419 
(x8 y3z?)° 

(a6 yz)® 
Exercise 2.420 
(10a4y% 211)? 

(wy) 

Exercise 2.421 
(9a4b®) (2b?) 

(3a%b) (6bc) 
Exercise 2.422 
(22808) (52tv) 

(4x y3) 

Exercise 2.423 
&) 

Sy 


Exercise 2.424 


3 
3ab 
Any 
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(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


116.) 


116.) 


116.) 


116.) 


116.) 


116.) 


116.) 


116.) 


116.) 


116.) 


Exercise 2.425 


Exercise 2.426 (Solution on p. 116.) 
ees 
cf 
Exercise 2.427 
42a%b7 \* 
(45) 
Exercise 2.428 (Solution on p. 116.) 
2?(y-1)°] 4 
(x+6) 
Exercise 2.429 
(art2m)? 
Exercise 2.430 (Solution on p. 116.) 


n+2\3 
=o 


Exercise 2.431 

(xy) 

Exercise 2.432 (Solution on p. 116.) 
(2ab)* 

Exercise 2.433 
(3a4bV)O 
(5xy°)* 

Exercise 2.434 (Solution on p. 116.) 
10m* 
5m* 


Exercise 2.435 
Bara 
4aV 


Exercise 2.436 (Solution on p. 116.) 


Aa 
2yV 


Exercise 2.437 


16a°b* 0 
(saa) 


2.7.12 Exercises for Review 


Exercise 2.438 (Solution on p. 116.) 
(Section 2.3) Is there a smallest integer? If so, what is it? 


Exercise 2.439 

(Section 2.4) Use the distributive property to expand 5a (2x + 8). 

Exercise 2.440 (Solution on p. 117.) 
2 3 

(Section 2.5) Find the value of ea 

Exercise 2.441 

(Section 2.6) Assuming the bases are not zero, find the value of (4a?b*) (5ab*). 
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Exercise 2.442 (Solution on p. 117.) 


10,,8,3,,0 
(Section 2.6) Assuming the bases are not zero, find the value of eats 


2.8 Summary of Key Concepts * 


2.8.1 Summary of Key Concepts 


Variables and Constants (Section 2.2) 

A variable is a letter or symbol that represents any member of a collection of two or more numbers. A 
constant is a letter or symbol that represents a specific number. 

Binary Operation (Section 2.2) 

A binary operation is a process that assigns two numbers to a single number. +, —, x, + are binary 
operations. 

Grouping Symbols (Section 2.2) 

Grouping symbols are used to indicate that a particular collection of numbers and meaningful operations 
is to be considered as a single number (5 + 0 is not meaningful). Grouping symbols can also direct us in 
operations when more than two operations are to be performed. Common algebraic grouping symbols are 


Parentheses : ( ) 


Brackets : | 
Braces : { } 
Bar : 


wv 
Order of Operations (Section 2.2, Section 2.5) 
When two or more operations are to be performed on a collection of numbers, the correct value can be 
obtained only by using the correct order of operations. 
The Real Number Line (Section 2.3) 
The real number line allows us to visually display some of the numbers in which we are interested. 


-4 -3 -2 -1 0412 8 4 


Coordinate and Graph (Section 2.3) 

The number associated with a point on the number line is called the coordinate of the point. The point 
associated with a number is called the graph of the number. 

Real Number (Section 2.3) 

A real number is any number that is the coordinate of a point on the real number line. 

Types of Real Numbers (Section 2.3) 

The collection of real numbers has many subcollections. The ones of most interest to us are 


the natural numbers : {1,2,3,...} 

the whole numbers : {0,1,2,3,...} 

the integers: {...,—3,—2,—1,0,1,2,3,...} 

the rational numbers : {all numbers that can be expressed as the quotient of two integers} 

the irrational numbers : {all numbers that have nonending and nonrepeating decimal representations} 


Properties of Real Numbers (Section 2.4) 


Closure : If a and 6} are real numbers, then a+ 6 and a- 6 are unique real numbers. 
Commutative: a+b=b+aanda-b=b-a 
Associative : a+ (b+ c) =(a+b)+cand a: (b-c) =(a-b)-c 


®This content is available online at <http://cnx.org/content /m21887/1.3/>. 
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Distributive : a(b+c)=a-b+a-c 

Additive identity : 0 is the additive identity. a+0=aand0+a=<a. 

Multiplicative identity : 1 is the multiplicative identity. a-1=aand1l-a=a. 

Additive inverse : For each real number a there is exactly one number —a such that a + (—a) = Oand 
(—a) +a= 0. 

Multiplicative inverse : For each nonzero real number a there is exactly one nonzero real number 4 such 
that a-+=landi-a=1. 


Exponents (Section 2.5) 
Exponents record the number of identical factors that appear in a multiplication. 
n—@J—{>——"—"““’ 


n factors of x 


Rules of Exponents (Section 2.6, Section 2.7) 
If x is a real number and n and m are natural numbers, then 


gm = grrm 


nm 
_ 

Se a! ee 0) 
0 


2.9 Exercise Supplement °” 


2.9.1 Exercise Supplement 
2.9.1.1 Symbols and Notations (Section 2.2) 


For the following problems, simplify the expressions. 
Exercise 2.443 (Solution on p. 117.) 
12+7(44+ 3) 
Exercise 2.444 
9(4— 2) +6(8+2) —3(14+4) 
Exercise 2.445 (Solution on p. 117.) 
6[14+8(74+2)] 
Exercise 2.446 
26 + 2-10 
Exercise 2.447 (Solution on p. 117.) 


(4417+1)+4 
14-1 


Exercise 2.448 

51+3+7 

Exercise 2.449 (Solution on p. 117.) 
(4+ 5) (44+ 6) —(4+7) 

Exercise 2.450 

8(2-12+13)4+2-5-11—[1+4(14 2)] 

Exercise 2.451 (Solution on p. 117.) 
84 1(3_1) 

4 12 \4 2 


®This content is available online at <http://cnx.org/content /m21891/1.4/>. 
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Exercise 2.452 
48 a 3 [4] 


Exercise 2.453 
29411 


Exercise 2.455 
8:6 | 9:9 _ 10-4 
2 3 5 


(Solution on p. 


(Solution on p. 


For the following problems, write the appropriate relation symbol (=, < ,> ) in place of the x. 


Exercise 2.456 

22 *6 

Exercise 2.457 

9 [4 + 3(8)] *6[1 +8 (5)] 
Exercise 2.458 

3 (1.06 + 2.11) * 4 (11.01 — 9.06) 
Exercise 2.459 

2*0 


(Solution on p. 


(Solution on p. 


For the following problems, state whether the letters or symbols are the same or different. 


Exercise 2.460 

<and # 

Exercise 2.461 

>and ¢ 

Exercise 2.462 

a=bandb=a 

Exercise 2.463 

Represent the sum of c and d two different ways. 
For the following problems, use algebraic notataion. 

Exercise 2.464 

8 plus 9 

Exercise 2.465 

62 divided by f 

Exercise 2.466 

8 times (x + 4) 

Exercise 2.467 

6 times x, minus 2 

Exercise 2.468 

x+1 divided by x—3 

Exercise 2.469 

y+ 11 divided by y+ 10, minus 12 


Exercise 2.470 
zero minus a times b 


(Solution on p. 


(Solution on p. 


(Solution on p. 


(Solution on p. 


(Solution on p. 


117.) 


117.) 


117.) 


117.) 


117.) 


117.) 


117.) 


117.) 


117.) 
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2.9.1.2 The Real Number Line and the Real Numbers (Section 2.3) 


Exercise 2.471 (Solution on p. 117.) 

Is every natural number a whole number? 

Exercise 2.472 

Is every rational number a real number? 

For the following problems, locate the numbers on a number line by placing a point at their (approximate) 
position. 

Exercise 2.473 (Solution on p. 117.) 

2 

Exercise 2.474 

3.6 

Exercise 2.475 (Solution on p. 117.) 
3 

-12 

Exercise 2.476 

0 

Exercise 2.477 (Solution on p. 117.) 
1 

—4t 

Exercise 2.478 

Draw a number line that extends from 10 to 20. Place a point at all odd integers. 


Exercise 2.479 (Solution on p. 117.) 
Draw a number line that extends from —10 to 10. Place a point at all negative odd integers and 
at all even positive integers. 


Exercise 2.480 
Draw a number line that extends from —5 to 10. Place a point at all integers that are greater then 
or equal to —2 but strictly less than 5. 


Exercise 2.481 (Solution on p. 117.) 
Draw a number line that extends from —10 to 10. Place a point at all real numbers that are strictly 
greater than —8 but less than or equal to 7. 


Exercise 2.482 
Draw a number line that extends from —10 to 10. Place a point at all real numbers between and 
including —6 and 4. 


For the following problems, write the appropriate relation symbol (=, < ,> ). 

Exercise 2.483 (Solution on p. 118.) 
-3 0 

Exercise 2.484 
-1 1 

Exercise 2.485 (Solution on p. 118.) 
-8 —5 

Exercise 2.486 
—5 -55 

Exercise 2.487 (Solution on p. 118.) 

Is there a smallest two digit integer? If so, what is it? 


Exercise 2.488 
Is there a smallest two digit real number? If so, what is it? 


For the following problems, what integers can replace x so that the statements are true? 
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Exercise 2.489 (Solution on p. 118.) 
4<a2<7 

Exercise 2.490 

—-3<a2<1 

Exercise 2.491 (Solution on p. 118.) 
-—3<24<2 

Exercise 2.492 

The temperature today in Los Angeles was eighty-two degrees. Represent this temperature by real 
number. 

Exercise 2.493 (Solution on p. 118.) 
The temperature today in Marbelhead was six degrees below zero. Represent this temperature by 
real number. 

Exercise 2.494 

On the number line, how many units between —3 and 2? 

Exercise 2.495 (Solution on p. 118.) 
On the number line, how many units between —4 and 0? 


2.9.1.3 Properties of the Real Numbers (Section 2.4) 


Exercise 2.496 


a+6b=b+<ais an illustration of the property of addition. 
Exercise 2.497 (Solution on p. 118.) 
st = ts is an illustration of the property of 


Use the commutative properties of addition and multiplication to write equivalent expressions for the fol- 
lowing problems. 


Exercise 2.498 
y+ 12 


Exercise 2.499 (Solution on p. 118.) 
a+4b 

Exercise 2.500 

6x 

Exercise 2.501 (Solution on p. 118.) 
2(a—1) 

Exercise 2.502 

(—8) (4) 

Exercise 2.503 (Solution on p. 118.) 
(6) (—9) (—2) 


Exercise 2.504 


(e+ y)(@—y) 
Exercise 2.505 (Solution on p. 118.) 
A+ 


Simplify the following problems using the commutative property of multiplication. You need not use the 
distributive property. 


Exercise 2.506 
8x3y 


Exercise 2.507 (Solution on p. 118.) 
16ab2c 


Exercise 2.508 
AaxycAd4e 
Exercise 2.509 (Solution on p. 118.) 
3 (a + 2)5(a— 1) 0(a+ 6) 
Exercise 2.510 
8b (a — 6) 9a (a — 4) 
For the following problems, use the distributive property to expand the expressions. 
Exercise 2.511 (Solution on p. 118.) 
3(a+4) 
Exercise 2.512 
a(b+ 3c) 
Exercise 2.513 (Solution on p. 118.) 
2g (4h + 2k) 
Exercise 2.514 
(8m + 5n) 6p 
Exercise 2.515 (Solution on p. 118.) 
3y (2x + 4z + 5w) 
Exercise 2.516 
(a + 2) (b+ 2c) 
Exercise 2.517 (Solution on p. 118.) 
(a + y) (4a + 3b) 
Exercise 2.518 
10a, (bz +c) 


2.9.1.4 Exponents (Section 2.5) 


For the following problems, write the expressions using exponential notation. 


Exercise 2.519 (Solution on p. 118.) 
x to the fifth. 


Exercise 2.520 


(y + 2) cubed. 
Exercise 2.521 (Solution on p. 118.) 
(a + 2b) squared minus (a + 3b) to the fourth. 


Exercise 2.522 
x cubed plus 2 times (y — x) to the seventh. 


Exercise 2.523 (Solution on p. 118.) 
aaaaaaa 

Exercise 2.524 

2-2-2-2 

Exercise 2.525 (Solution on p. 118.) 


(—8) (—8) (-8) (—8) cxxyyyyy 
Exercise 2.526 
(a — 9) (a — 9) + (8a +1) (8a + 1) (3a 4+ 1) 
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Exercise 2.527 (Solution on p. 118.) 
Qezyzyyy + Tzzyz(a — 6) (a —6) 

For the following problems, expand the terms so that no exponents appear. 
Exercise 2.528 


Exercise 2.529 (Solution on p. 118.) 
323 

Exercise 2.530 

73 7-2 

Exercise 2.531 (Solution on p. 118.) 
(4)? 

Exercise 2.532 

(6a?)" (Se — 4)* 

Exercise 2.533 (Solution on p. 119.) 
(02 +7)? —3)°(2+10) 

Exercise 2.534 

Choose values for a and b to show that 


a. (a +b)” is not always equal to a? + b?. 
b. (a +b)” may be equal to a2 + 62. 


Exercise 2.535 (Solution on p. 119.) 
Choose value for x to show that 


a. (4a)” is not always equal to 42”. 
b. (4x)? may be equal to 4:r?. 


2.9.1.5 Rules of Exponents (Section 2.6) - The Power Rules for Exponents (Section 2.7) 


Simplify the following problems. 
Exercise 2.536 


47 +8 
Exercise 2.537 (Solution on p. 119.) 
63 + 5 (30) 


Exercise 2.538 

18 + 01° + 3? (4? + 23) 

Exercise 2.539 (Solution on p. 119.) 
12? + 0.3(11)? 

Exercise 2.540 


3°41 
92442 +32 


Exercise 2.541 (Solution on p. 119.) 
62432 (14+4)2—23—14 

a i a eV 
Exercise 2.542 

a‘a? 
Exercise 2.543 (Solution on p. 119.) 
2b°2b? 


Exercise 2.544 
4a3b2c8 - 3ab2c° 
Exercise 2.545 
(624410) (xy?) 
Exercise 2.546 


(3xyz?) (2279) (427y?24) 


Exercise 2.547 
(3a)* 
Exercise 2.548 
(102y)” 
Exercise 2.549 
6 
(2?y"*) 
Exercise 2.550 
(atb7c7 212)” 
Exercise 2.551 
(328 y82%q10pt5)? 
Exercise 2.552 
= 
Exercise 2.553 
14a*b% ce? 
2ab3 c? 
Exercise 2.554 


lia‘ 
1la4 


Exercise 2.555 
4 gi? 

os 
Exercise 2-556 
a®b’ . sae 
Exercise 2.557 
(a4y®z19)* 
Exercise 2.558 


(2a—1)'8 (2245)? 
(22—1)™ (2a+5) 


Exercise 2.559 


32? 7 
(3) 
Exercise 2.560 
(a+y)° (a—y)* 
(a+y)* 
Exercise 2.561 


gr. g™ 


Exercise 2.562 
q”?t2 qrt4 


x 


Exercise 2.563 
6b2"+7 ; Qpert2 


Exercise 2.564 


Lgq4n+9 
Qy2n+1 


Exercise 2.565 
(xty*”) 7 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


119.) 


119.) 


119.) 


119.) 


119.) 


119.) 


119.) 


119.) 


119.) 


119.) 


119.) 
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Exercise 2.566 
(a* Pe) 6r 


Exercise 2.567 (Solution on p. 119.) 


2.10 Proficiency Exam " 


2.10.1 Proficiency Exam 


For the following problems, simplify each of the expressions. 


Exercise 2.568 (Solution on p. 119.) 
(Section 2.2) 8(6— 3) —5-4+3(8) (2)+4-3 

Exercise 2.569 (Solution on p. 119.) 
(Section 2.2) {2(1+ Wy 

Exercise 2.570 (Solution on p. 119.) 
(Section 2.2) ee ee] 

Exercise 2.571 (Solution on p. 119.) 
(Section 2.2) — oe) 

Exercise 2.572 (Solution on p. 119.) 


(Section 2.2) Write the appropriate relation symbol (> ,< ) in place of the x. 
5(2+11) *2(8—3)—2 


For the following problems, use algebraic notation. 


Exercise 2.573 (Solution on p. 119.) 
(Section 2.2) (« — 1) times (32 plus 2). 

Exercise 2.574 (Solution on p. 120.) 
(Section 2.2) A number divided by twelve is less than or equal to the same number plus four. 
Exercise 2.575 (Solution on p. 120.) 


(Section 2.3) Locate the approximate position of —1.6 on the number line. 


-3 -2 -1 0 1 2 8 


Exercise 2.576 (Solution on p. 120.) 
(Section 2.3) Is 0 a positive number, a negative number, neither, or both? 
Exercise 2.577 (Solution on p. 120.) 


(Section 2.3) Draw a portion of the number line and place points at all even integers strictly 
between 14 and 20. 


Exercise 2.578 (Solution on p. 120.) 
(Section 2.3) Draw a portion of the number line and place points at all real numbers strictly 
greater than —1 but less than or equal to 4. 


Exercise 2.579 (Solution on p. 120.) 
(Section 2.3) What whole numbers can replace x so that the following statement is true? —4 < 
TS 0: 

Exercise 2.580 (Solution on p. 120.) 


(Section 2.3) Is there a largest real number between and including 6 and 10? If so, what is it? 


10This content is available online at <http://cnx.org/content /m21892/1.3/>. 
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Exercise 2.581 (Solution on p. 120.) 
(Section 2.4) Use the commutative property of multiplication to write m (a+ 3) in an equivalent 
form. 

Exercise 2.582 (Solution on p. 120.) 
(Section 2.4) Use the commutative properties to simplify 3a4b8cd. 

Exercise 2.583 (Solution on p. 120.) 
(Section 2.4) Use the commutative properties to simplify 4 (a — 9) 2y (# — 9) 3y. 

Exercise 2.584 (Solution on p. 120.) 
(Section 2.5) Simplify 4 squared times x cubed times y to the fifth. 

Exercise 2.585 (Solution on p. 120.) 


(Section 2.5) Simplify (3) (3) (3) aabbbbabba (3) a. 


For the following problems, use the rules of exponents to simplify each of the expressions. 


Exercise 2.586 (Solution on p. 120.) 
(Section 2.6, Section 2.7) (3ab?)” (2a%b)* 

Exercise 2.587 (Solution on p. 120.) 
(Section 2.6, Section 2.7) roe 

Exercise 2.588 (Solution on p. 120.) 


j ‘ 5207 y!°(y—art)? (yar)? 
(Section 2.6, Section 2.7) y=) +a) 


Exercise 2.589 (Solution on p. 120.) 
(Section 2.6, Section 2.7) (xr yom 22”)? 
Exercise 2.590 (Solution on p. 120.) 


(5"+4)° 
(3”2—1)° 


Exercise 2.591 (Solution on p. 120.) 


avery 


“ghyV 

Exercise 2.592 (Solution on p. 120.) 
(Section 2.6, Section 2.7) What word is used to describe the letter or symbol that represents 
an unspecified member of a particular collection of two or more numbers that are clearly defined? 


106 CHAPTER 2. BASIC PROPERTIES OF REAL NUMBERS 


Solutions to Exercises in Chapter 2 


Solution to Exercise 2.1 (p. 49) 
29-x, 29%, (29)(x), 29(x), (29)a 
Solution to Exercise 2.2 (p. 50) 


27 

Solution to Exercise 2.3 (p. 50) 
48 

Solution to Exercise 2.4 (p. 50) 
24 

Solution to Exercise 2.5 (p. 50) 
4 

Solution to Exercise 2.6 (p. 52) 
49 

Solution to Exercise 2.7 (p. 52) 
26 

Solution to Exercise 2.8 (p. 52) 
37 

Solution to Exercise 2.9 (p. 52) 
17 

Solution to Exercise 2.10 (p. 52) 
20 

Solution to Exercise 2.12 (p. 52) 
7 

Solution to Exercise 2.14 (p. 52) 
8 

Solution to Exercise 2.16 (p. 53) 
78 

Solution to Exercise 2.18 (p. 53) 
203 

Solution to Exercise 2.20 (p. 53) 
29 

Solution to Exercise 2.22 (p. 53) 
1 

Solution to Exercise 2.24 (p. 53) 
912 

Solution to Exercise 2.26 (p. 53) 
508 

Solution to Exercise 2.28 (p. 53) 
24.4 

Solution to Exercise 2.30 (p. 53) 
55 

Solution to Exercise 2.32 (p. 53) 
1 

Solution to Exercise 2.34 (p. 53) 
0 

Solution to Exercise 2.36 (p. 53) 
different 


Solution to Exercise 2.38 (p. 54) 
same 


Solution to Exercise 2.40 (p. 


a+b,b+a 


Solution to Exercise 2.42 (p. 


x+16 


Solution to Exercise 2.44 (p. 


81x 


Solution to Exercise 2.46 (p. 


(x +b) (2 +7) 


Solution to Exercise 2.48 (p. 


ae 


75 
Solution to Exercise 2.50 (p. 


xzr—-8=17 


Solution to Exercise 2.52 (p. 


z > 44 


Solution to Exercise 2.54 (p. 


true 


Solution to Exercise 2.56 (p. 


true 


Solution to Exercise 2.58 (p. 


false 


Solution to Exercise 2.60 (p. 


120 


Solution to Exercise 2.62 (p. 


0.00024, or 55 


Solution to Exercise 2.64 (p. 


yes 


Solution to Exercise 2.65 (p. 


yes 


Solution to Exercise 2.66 (p. 


yes 


Solution to Exercise 2.67 (p. 


yes 


Solution to Exercise 2.68 (p. 


no 


Solution to Exercise 2.69 (p. 


yes 


Solution to Exercise 2.70 (p. 


yes 


Solution to Exercise 2.71 (p. 


yes 


Solution to Exercise 2.72 (p. 


yes 


Solution to Exercise 2.73 (p. 


no, no 


Solution to Exercise 2.74 (p. 


infinitely many, infinitely many 


Solution to Exercise 2.75 (p. 


0, 1, 2 


Solution to Exercise 2.76 (p. 


-§ ~4 -3 -2 -1 O 


54) 
54) 
54) 
54) 
54) 
54) 
54) 
54) 
54) 
55) 
5B) 
55) 
58) 
58) 
58) 
58) 
58) 
58) 
59) 
59) 
59) 
59) 
59) 
60) 


60) 


1 
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108 


Solution to Exercise 2.77 (p. 60) 


Q,R 

Solution to Exercise 2.79 (p. 60) 
W,Z,Q,R 

Solution to Exercise 2.81 (p. 60) 


Q,R 
Solution to Exercise 2.83 (p. 60) 


Q,R 
Solution to Exercise 2.85 (p. 60) 


-3 -—2=-1 0 1 3 
Solution to Exercise 2.87 (p. 60) 


neither 
Solution to Exercise 2.89 (p. 61) 


-§ -4 -3 -2 -1 0 1 2 8 
Solution to Exercise 2.91 (p. 61) 


-§ -4 -3 -2 -1 0 1 2 8 
Solution to Exercise 2.93 (p. 61) 


-5 -4 -3 -2 -1 0 1 2 8 
Solution to Exercise 2.95 (p. 61) 
< 
Solution to Exercise 2.97 (p. 61) 
> 
Solution to Exercise 2.99 (p. 61) 
no 


Solution to Exercise 2.101 (p. 61) 


99 


Solution to Exercise 2.103 (p. 61) 


yes, 0 


Solution to Exercise 2.105 (p. 61) 


er en 


Solution to Exercise 2.107 (p. 62) 


4 


4 


5 


CHAPTER 2. BASIC PROPERTIES OF REAL NUMBERS 


; no 


There are no natural numbers between —15 and —1. 


Solution to Exercise 2.109 (p. 62) 


(28 7 


oe, 
Solution to Exercise 2.111 (p. 62) 
Yes, every integer is a rational number. 
Solution to Exercise 2.113 (p. 62) 


Te a xl 
Yes. 5 +5 =lorl+1=2 


Solution to Exercise 2.115 (p. 62) 


5 units 


Solution to Exercise 2.117 (p. 62) 


8 units 


Solution to Exercise 2.119 (p. 62) 


m— nunits 


Solution to Exercise 2.121 (p. 62) 


23 


Solution to Exercise 2.123 (p. 


different 


Solution to Exercise 2.125 (p. 


true 


Solution to Exercise 2.126 (p. 


5 


Solution to Exercise 2.127 (p. 


m 


Solution to Exercise 2.128 (p. 


7 


Solution to Exercise 2.129 (p. 


6 


Solution to Exercise 2.130 (p. 


(k — 5) 


Solution to Exercise 2.131 (p. 


(2b +7) 


Solution to Exercise 2.132 (p. 


2+5 


Solution to Exercise 2.133 (p. 


r+5 


Solution to Exercise 2.134 (p. 


a-6 


Solution to Exercise 2.135 (p. 


(m + 3) (m+ 4) 


Solution to Exercise 2.136 (p. 


189ady 


Solution to Exercise 2.137 (p. 


960abcz 


Solution to Exercise 2.138 (p. 


72pqr (a + b) 


Solution to Exercise 2.139 (p. 
the commutative property of multiplication 
Solution to Exercise 2.140 (p. 


6+3 


Solution to Exercise 2.141 (p. 


7x + 42 


Solution to Exercise 2.142 (p. 


4da+ 4y 


Solution to Exercise 2.143 (p. 


9a+ 2a 


Solution to Exercise 2.144 (p. 


ax + 5a 


Solution to Exercise 2.145 (p. 


c+y 


Solution to Exercise 2.146 (p. 


342 


Solution to Exercise 2.148 (p. 


10x 


Solution to Exercise 2.150 (p. 


6r 


62) 
63) 
64) 
64) 
64) 
64) 
64) 
64) 
65) 
65) 
65) 
65) 
66) 
66) 
66) 
67) 
67) 
67) 
67) 
67) 
67) 
67) 
68) 
68) 


69) 
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110 


Solution to Exercise 2.152 (p. 


Cx 


Solution to Exercise 2.154 (p. 


(s+ 1)6 


Solution to Exercise 2.156 (p. 


(a +7) (x + 16) 


Solution to Exercise 2.158 (p. 


m (0.06) 


Solution to Exercise 2.160 (p. 


(6h +1)5 


Solution to Exercise 2.162 (p. 


(10a — b)k 


Solution to Exercise 2.164 (p. 


(4) (—16) 


Solution to Exercise 2.166 (p. 


[U+25CB] - 


Solution to Exercise 2.168 (p. 


18xry 


Solution to Exercise 2.170 (p. 


24abc 


Solution to Exercise 2.172 (p. 


30mnruz 


Solution to Exercise 2.174 (p. 


1 
16 ade 


Solution to Exercise 2.176 (p. 


9 (a + 2y) (64+ z) (3a + 5y) 


Solution to Exercise 2.178 (p. 


br + 5b 


Solution to Exercise 2.180 (p. 


jktk 


Solution to Exercise 2.182 (p. 


wz+9wz 


Solution to Exercise 2.184 (p. 


89+ 2f9 


Solution to Exercise 2.186 (p. 


30ry + 45xz 


Solution to Exercise 2.188 (p. 


wz + yz+ mz 


Solution to Exercise 2.190 (p. 


ax + bx +cx+10a+ 106+ 10c 


Solution to Exercise 2.192 (p. 


a+16 


Solution to Exercise 2.194 (p. 


348.3a + 81.7b + 15.05c 


Solution to Exercise 2.196 (p. 


2b Zt Tr 16kz 


Solution to Exercise 2.198 (p. 


false 


Solution to Exercise 2.200 (p. 


< 


69) 
69) 
69) 
69) 
69) 
69) 
69) 
69) 
69) 
69) 
70) 
70) 
70) 
70) 
70) 
70) 
70) 
70) 
70) 
70) 
70) 
71) 
71) 
71) 


71) 
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Solution to Exercise 2.202 (p. 
at 

Solution to Exercise 2.203 (p. 
(3b)"(5c)" 

Solution to Exercise 2.204 (p. 
PO (ey 

Solution to Exercise 2.205 (p. 
8x yz° 

Solution to Exercise 2.206 (p. 
4aaa 

Solution to Exercise 2.207 (p. 
(4a) (4a) (4a) 

Solution to Exercise 2.208 (p. 


Select x = 3. Then (5 -3)” = (15)? = 225, but 5-32 =5-9 = 45. 


Solution to Exercise 2.209 (p. 
29 

Solution to Exercise 2.210 (p. 
3 

Solution to Exercise 2.211 (p. 
9 

Solution to Exercise 2.212 (p. 
8 

Solution to Exercise 2.213 (p. 
3 

Solution to Exercise 2.214 (p. 

pt 

Solution to Exercise 2.216 (p. 
8 

x 

Solution to Exercise 2.218 (p. 

5s 

Solution to Exercise 2.220 (p. 

oe (b4+7)7 

Solution to Exercise 2.222 (p. 
5 

x 

Solution to Exercise 2.224 (p. 

>) (3°) xy? 

Solution to Exercise 2.226 (p. 

7x2 (a +8)? 

Solution to Exercise 2.228 (p. 

(4a)? or 452° 

Solution to Exercise 2.230 (p. 

(—7)*05b5 

Solution to Exercise 2.232 (p. 

(2+ w)%(2—w)? 

Solution to Exercise 2.234 (p. 

323 y? — (x +1)° 

Solution to Exercise 2.236 (p. 

6-6 

Solution to Exercise 2.238 (p. 

8 . ay . 4 bs . xv . Yy . y 


72) 
72) 
72) 
73) 
73) 
73) 
74) 
76) 
76) 
76) 
76) 
76) 
76) 
76) 
76) 
76) 
76) 
76) 
76) 
76) 
77) 
77) 
77) 
77) 


77) 
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Solution to Exercise 2.240 (p. 77) 
(Q9aaabb) (Qaaabb) (Qaaabb) or 9 - 9 - Yaaaaaaaaabbbbbb 
Solution to Exercise 2.242 (p. 77) 
10aaabb (3c) (3c) or 10 - 3 - 3aaabbcc 
Solution to Exercise 2.244 (p. 77) 
(xx — yy) (wx + yy) 

Solution to Exercise 2.246 (p. 77) 
Select. z = 2. Then, 196 F 28. 
Solution to Exercise 2.248 (p. 77) 
ZrO 

Solution to Exercise 2.250 (p. 78) 
16 

Solution to Exercise 2.252 (p. 78) 
105 

Solution to Exercise 2.254 (p. 78) 
59 

Solution to Exercise 2.256 (p. 78) 
4 

Solution to Exercise 2.258 (p. 78) 
1 

Solution to Exercise 2.260 (p. 78) 
4 

Solution to Exercise 2.262 (p. 78) 
71 

Solution to Exercise 2.264 (p. 78) 
51 

19 

Solution to Exercise 2.266 (p. 78) 
5 

Solution to Exercise 2.268 (p. 78) 
1070 or 97.27 

Solution to Exercise 2.270 (p. 79) 


-§ -4 -3 -2 -1 0 1 2 3 4 5 
Solution to Exercise 2.272 (p. 79) 


ty 
Solution to Exercise 2.274 (p. 80) 
oe cs ae 


Solution to Exercise 2.275 (p. 80) 
tt = 78 


Solution to Exercise 2.276 (p. 80) 
6+4 _ 4/10 


y =Y 

Solution to Exercise 2.277 (p. 80) 
cl2t+8 — 620 

Solution to Exercise 2.278 (p. 81) 
(a +2)°*° = (2 + 2)° 

Solution to Exercise 2.279 (p. 81) 
6x7 

Solution to Exercise 2.280 (p. 81) 
18y" 

Solution to Exercise 2.281 (p. 81) 
36a°b? 


Solution to Exercise 2.282 (p. 


56x5y® 


Solution to Exercise 2.283 (p. 


A(x —y)° 


Solution to Exercise 2.284 (p. 


88x" 


Solution to Exercise 2.285 (p. 


12a 0b? 


Solution to Exercise 2.286 (p. 


qrtmtr 


Solution to Exercise 2.287 (p. 


yt 


Solution to Exercise 2.288 (p. 


a® 


Solution to Exercise 2.289 (p. 


(a+ 6)? 


Solution to Exercise 2.290 (p. 


227 y*2 


Solution to Exercise 2.291 (p. 


y73 = yt 


Solution to Exercise 2.292 (p. 


324-3 = 3x 


Solution to Exercise 2.293 (p. 


20° = De? 


Solution to Exercise 2.294 (p. 


13 3 
ty 


Solution to Exercise 2.295 (p. 


93,2 
go Cc 


Solution to Exercise 2.296 (p. 


S(a=—.4)" 


Solution to Exercise 2.297 (p. 


2a°b? 


Solution to Exercise 2.298 (p. 


q”™—3 


Solution to Exercise 2.299 (p. 


TyPh 29-5 


Solution to Exercise 2.300 (p. 


39243 


Solution to Exercise 2.302 (p. 


9? = 81 


Solution to Exercise 2.304 (p. 


2° = 512 


Solution to Exercise 2.306 (p. 


? 


Solution to Exercise 2.308 (p. 


yi? 


Solution to Exercise 2.310 (p. 


kil 


Solution to Exercise 2.312 (p. 


6x" 


81) 
81) 
81) 
82) 
82) 
83) 
83) 
83) 
83) 
84) 
84) 
84) 
84) 
84) 
84) 
84) 
85) 
85) 
85) 
85) 
85) 
85) 
85) 
85) 


85) 


113 


114 


Solution to Exercise 2.314 (p. 


20y1° 


Solution to Exercise 2.316 (p. 


14424y° 23 


Solution to Exercise 2.318 (p. 


3223 y3 


Solution to Exercise 2.320 (p. 


1228 
garb 


Solution to Exercise 2.322 (p. 


8? = 64 


Solution to Exercise 2.324 (p. 


2 = 32 


Solution to Exercise 2.326 (p. 


fr 


Solution to Exercise 2.328 (p. 


y? 


Solution to Exercise 2.330 (p. 


fr 


Solution to Exercise 2.332 (p. 


m7 


Solution to Exercise 2.334 (p. 


Solution to Exercise 2.336 (p. 


xy? 


Solution to Exercise 2.338 (p. 


ef =1 


Solution to Exercise 2.340 (p. 


2 =1 


Solution to Exercise 2.342 (p. 


2a 


Solution to Exercise 2.344 (p. 


try 


Solution to Exercise 2.346 (p. 


a2b15 


Solution to Exercise 2.348 (p. 


(x + 3y)8(2¢ — 1)° 


Solution to Exercise 2.350 (p. 


grrr 


Solution to Exercise 2.352 (p. 


g2nt3 


Solution to Exercise 2.354 (p. 


x 


Solution to Exercise 2.356 (p. 


motetd 


Solution to Exercise 2.358 (p. 


atv +o 


Solution to Exercise 2.360 (p. 


8ax + 12bx 


Solution to Exercise 2.362 (p. 


8 


85) 
85) 
86) 
86) 
86) 
86) 
86) 
86) 
86) 
86) 
86) 
86) 
86) 
87) 
87) 
87) 
87) 
87) 
87) 
87) 
87) 


87) 


87) 
88) 


88) 
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Solution to Exercise 2.364 (p. 


29 


Solution to Exercise 2.365 (p. 


y?? 


Solution to Exercise 2.366 (p. 


a*a4 


Solution to Exercise 2.367 (p. 


9b? x7y? 


Solution to Exercise 2.368 (p. 


64t?(s —5)° 


Solution to Exercise 2.369 (p. 


81rSyl? 


Solution to Exercise 2.370 (p. 


q?9 p48 18 d® 


Solution to Exercise 2.371 (p. 


(a+8)*(a+5)* 


Solution to Exercise 2.372 (p. 


12520415 (w — 3)"° 


Solution to Exercise 2.373 (p. 


104£16y28 712 824716 932 (2 os k)® 


Solution to Exercise 2.374 (p. 


(x8y8)° = gy? 


Solution to Exercise 2.375 (p. 


19230 


Solution to Exercise 2.376 (p. 


a® 


3: 
Solution to Exercise 2.377 (p. 


8a 
27y3 


Solution to Exercise 2.378 (p. 


pt8y36 268 
qteb9 


Solution to Exercise 2.379 (p. 


16a‘°(b—1)* 
81b12(c+6)4 


Solution to Exercise 2.380 (p. 


8a3p3cl8 


Solution to Exercise 2.381 (p. 


(9+w)?° 
(3+)? 


Solution to Exercise 2.382 (p. 


1, ifa*(y+1) 40 


Solution to Exercise 2.383 (p. 


1, ifx7uc® £0 


Solution to Exercise 2.384 (p. 


ace 


Solution to Exercise 2.386 (p. 


8a3 


Solution to Exercise 2.388 (p. 


8laty4 


Solution to Exercise 2.390 (p. 


81a*b4 


89) 
89) 
90) 
90) 
90) 
90) 
90) 
90) 
90) 
91) 
91) 
91) 
92) 
92) 
92) 


92) 


92) 


92) 


92) 
92) 
93) 
93) 
93) 


93) 


115 


116 


Solution to Exercise 2.392 (p. 


A9y® 


Solution to Exercise 2.394 (p. 


125218 


Solution to Exercise 2.396 (p. 


100a*b? 


Solution to Exercise 2.398 (p. 


eyes? 


Solution to Exercise 2.400 (p. 


gd yl0 220 


Solution to Exercise 2.402 (p. 


a>2 b?® 48 q64 


Solution to Exercise 2.404 (p. 


1 


Solution to Exercise 2.406 (p. 


1 20,7168 £18 
eat a ee 


Solution to Exercise 2.408 (p. 


oy 


Solution to Exercise 2.410 (p. 


a8 p21 


Solution to Exercise 2.412 (p. 


grey ieee 


Solution to Exercise 2.414 (p. 


4a?p® 


Solution to Exercise 2.416 (p. 


78 


Solution to Exercise 2.418 (p. 


mntp 


Solution to Exercise 2.420 (p. 


100028 y? 238 


Solution to Exercise 2.422 (p. 


QWalty?? 


Solution to Exercise 2.424 (p. 


27a3b? 
6423 y3 


Solution to Exercise 2.426 (p. 


27a%b® 


cla 


Solution to Exercise 2.428 (p. 


x8 (y—1)'? 
(a+6)4 


Solution to Exercise 2.430 (p. 


gnrt6 


Solution to Exercise 2.432 (p. 


2*a*b* 


Solution to Exercise 2.434 (p. 


Solution to Exercise 2.436 (p. 


20,40 
yo 


93) 
93) 
93) 
93) 
93) 
93) 
93) 
94) 
94) 
94) 
94) 
94) 
94) 
94) 
94) 
94) 


94) 
95) 


95) 


95) 


95) 


95) 


95) 
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Solution to Exercise 2.438 (p. 


no 


Solution to Exercise 2.440 (p. 


147 


Solution to Exercise 2.442 (p. 


Ax y® 22 


Solution to Exercise 2.443 (p. 


61 


Solution to Exercise 2.445 (p. 


438 


Solution to Exercise 2.447 (p. 


2 


Solution to Exercise 2.449 (p. 


79 


Solution to Exercise 2.451 (p. 


37 


48 
Solution to Exercise 2.453 (p. 


8 


Solution to Exercise 2.455 (p. 


43 


Solution to Exercise 2.457 (p. 


252 > 246 


Solution to Exercise 2.459 (p. 


2>0 


Solution to Exercise 2.461 (p. 


different 


Solution to Exercise 2.463 (p. 


c+d;d+c 


Solution to Exercise 2.465 (p. 


F or 62 + f 


Solution to Exercise 2.467 (p. 


6x — 2 


Solution to Exercise 2.469 (p. 


: , +11 
(y+ 11) + (y+ 10) — 120r 4H 


Solution to Exercise 2.471 (p. 


yes 


Solution to Exercise 2.473 (p. 


-3 -2 -1 0 1 2 


Solution to Exercise 2.475 (p. 


-§ -2 -1 O 1 


Solution to Exercise 2.477 (p. 


-6 -5 -4 -3 -2 -l 


Solution to Exercise 2.479 (p. 


-10 -8 -6 -4 -2 0 


95) 
95) 
96) 
97) 
97) 
97) 
97) 
97) 
98) 
98) 
98) 
98) 
98) 
98) 
98) 
98) 
98) 
12 
99) 


99) 


3 
99) 


2 


99) 


0 
99) 


4 


1 


10 
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Solution to Exercise 2.481 (p. 99) 


-10 -8 -6 -4 -2 0 2 4 6 8 10 
Solution to Exercise 2.483 (p. 99) 
—3 <0 
Solution to Exercise 2.485 (p. 99) 
—8< —5 
Solution to Exercise 2.487 (p. 99) 
yes, — 99 
Solution to Exercise 2.489 (p. 100) 
4, 5, 6, or7 
Solution to Exercise 2.491 (p. 100) 
2, —1,0, 1, or2 
Solution to Exercise 2.493 (p. 100) 
6° 
Solution to Exercise 2.495 (p. 100) 
4 
Solution to Exercise 2.497 (p. 100) 
commutative, multiplication 
Solution to Exercise 2.499 (p. 100) 
4b+ a 
Solution to Exercise 2.501 (p. 100) 
(a—1)2 
Solution to Exercise 2.503 (p. 100) 
(—9) (6) (~2) or (-9) (~2) (6) or (6) (—2) (-9) or (—2) (-9) (6) 
Solution to Exercise 2.505 (p. 100) 
o-A 
Solution to Exercise 2.507 (p. 100) 
32abe 
Solution to Exercise 2.509 (p. 101) 
0 
Solution to Exercise 2.511 (p. 101) 
3a + 12 
Solution to Exercise 2.513 (p. 101) 
8gh + 4gk 
Solution to Exercise 2.515 (p. 101) 
6ay + 12yz+ l5wy 
Solution to Exercise 2.517 (p. 101) 
4ax + 3bx + day + 3by 
Solution to Exercise 2.519 (p. 101) 
x? 

Solution to Exercise 2.521 (p. 101) 
(a + 2b)? — (a + 3b)* 

Solution to Exercise 2.523 (p. 101) 
a’ 

Solution to Exercise 2.525 (p. 101) 
(—8)'28y° 

Solution to Exercise 2.527 (p. 101) 
2ytz3 + Tyz3(a — 6)? 

Solution to Exercise 2.529 (p. 102) 
3LLX 


Solution to Exercise 2.531 (p 
4b - 4b 
Solution to Exercise 2.533 (p 


. 102) 


. 102) 


(ware + 7) (sare + 7) (yy — 3) (yy 
Solution to Exercise 2.535 (p 
(a) any value except zero 


(b) only zero 


Solution to Exercise 2.537 (p. 


366 


Solution to Exercise 2.539 (p. 


180.3 


Solution to Exercise 2.541 (p. 


10 


Solution to Exercise 2.543 (p. 


4b 


Solution to Exercise 2.545 (p. 


6x°y'3 


Solution to Exercise 2.547 (p. 


81a4 


Solution to Exercise 2.549 (p. 


gheays 


Solution to Exercise 2.551 (p. 


9 416,12 ,,20130 
ige ya" 


Solution to Exercise 2.553 (p. 


7a>b?° 


Solution to Exercise 2.555 (p. 


gil 


Solution to Exercise 2.557 (p. 


ey? 719 


Solution to Exercise 2.559 (p. 


9x4 
16y° 


Solution to Exercise 2.561 (p. 


gntm 


Solution to Exercise 2.563 (p. 


A8pirt+9 


Solution to Exercise 2.565 (p. 


gt yr 


Solution to Exercise 2.567 (p. 


york 


Solution to Exercise 2.568 (p. 


40 


Solution to Exercise 2.569 (p. 


1 


Solution to Exercise 2.570 (p. 


137 


68 
Solution to Exercise 2.571 (p. 


75 


Solution to Exercise 2.572 (p. 


= 


3) (yy 
. 102) 


102) 
102) 
102) 
102) 
103) 
103) 
103) 
103) 
103) 
103) 
103) 


103) 


103) 
103) 
103) 
104) 
104) 
104) 
104) 
104) 


104) 


3) (z +10) 


119 


120 


Solution to Exercise 2.573 (p. 104) 

(a — 1) (3a + 2) 

Solution to Exercise 2.574 (p. 104) 

ig = (@+4) 

Solution to Exercise 2.575 (p. 104) 
-1.6 


-5 -4 -3 -2 -1 0 1 2 3 4 


Solution to Exercise 2.576 (p. 104) 
Zero is neither positive nor negative. 
Solution to Exercise 2.577 (p. 104) 


14 15 16 17 18 19 20 
Solution to Exercise 2.578 (p. 104) 


-4-3 -2 -1 0 12 8 4 
Solution to Exercise 2.579 (p. 104) 
0, 1, 2, 3, 4,5 
Solution to Exercise 2.580 (p. 104) 
yes; 10 
Solution to Exercise 2.581 (p. 105) 
(a+3)m 
Solution to Exercise 2.582 (p. 105) 
96abcd 
Solution to Exercise 2.583 (p. 105) 
24y?(a — 9)? 

Solution to Exercise 2.584 (p. 105) 
162° 

Solution to Exercise 2.585 (p. 105) 
81a°b® 

Solution to Exercise 2.586 (p. 105) 
72a) *b* 

Solution to Exercise 2.587 (p. 105) 
a8y" 

Solution to Exercise 2.588 (p. 105) 
13274 (y - x)*(y + x)* 

Solution to Exercise 2.589 (p. 105) 
giryl2m xSP 

Solution to Exercise 2.590 (p. 105) 
1 

Solution to Exercise 2.591 (p. 105) 


xV+0-AyA-V 


Solution to Exercise 2.592 (p. 105) 
a variable 


5 


5 
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Chapter 3 


Basic Operations with Real Numbers 


3.1 Objectives’ 


After completing this chapter, you should 
Signed Numbers (Section 3.2) 


e be familiar with positive and negative numbers and with the concept of opposites 


Absolute Value (Section 3.3) 


e understand the geometric and algebraic definitions of absolute value 


Addition of Signed Numbers (Section 3.4) 


e be able to add numbers with like signs and unlike signs 
e understand addition with zero 


Subtraction of Signed Numbers (Section 3.5) 


e understand the definition of subtraction 
e be able to subtract signed numbers 


Multiplication and Division of Signed Numbers (Section 3.6) 


e be able to multiply and divide signed numbers 


Negative Exponents (Section 3.7) 


e understand the concepts of reciprocals and negative exponents 
e be able to work with negative exponents 


Scientific Notation (Section 3.8) 


e beable to convert a number from standard form to scientific form and from scientific form to standard 
form 
e be able to work with numbers in scientific notation 


'This content is available online at <http://cnx.org/content /m22786/1.4/>. 
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3.2 Signed Numbers ”* 


3.2.1 Overview 


e Positive and Negative Numbers 
e Opposites 


3.2.2 Positive and Negative Numbers 


When we studied the number line in Section Section 2.3 we noted that 
Each point on the number line corresponds to a real number, and each real number is located at a 
unique point on the number line. 


-_—_+- + HO He 
-6 -5 -4-3-2-1 012 3 4 5 6 

Positive and Negative Numbers 
Each real number has a sign inherently associated with it. A real number is said to be a positive number 
if it is located to the right of 0 on the number line. It is a negative number if it is located to the left of 0 
on the number line. 
THE NOTATION OF SIGNED NUMBERS 
A number is denoted as positive if it is directly preceded by a” +” sign or no sign at all. 
A number is denoted as negative if it is directly preceded by a” —” sign. 

The” +” and” —” signs now have two meanings: 

+ can denote the operation of addition or a positive number. 
— can denote the operation of subtraction or a negative number. 
Read the ” —”Sign as "Negative" 
To avoid any confusion between "sign" and "operation, 
"positive" or "negative." 


" it is preferable to read the sign of a number as 


3.2.3 Sample Set A 


Example 3.1 
—8 should be read as "negative eight" rather than "minus eight." 


Example 3.2 
4+ (—2) should be read as "four plus negative two" rather than "four plus minus two." 


Example 3.3 
—6 + (—3) should be read as "negative six plus negative three" rather than "minus six plusminus 
three." 


Example 3.4 
—15—(-—6) should be read as "negative fifteen minus negative six" rather than "minus fifteenminus 
minus six." 


Example 3.5 
—5-+7 should be read as "negative five plus seven" rather than "minus five plus seven." 


Example 3.6 
0 — 2 should be read as "zero minus two." 


?This content is available online at <http://cnx.org/content/m18874/1.4/>. 
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3.2.4 Practice Set A 


Write each expression in words. 


Exercise 3.1 (Solution on p. 179.) 
4+ 10 

Exercise 3.2 (Solution on p. 179.) 
7+ (-4) 

Exercise 3.3 (Solution on p. 179.) 
—9+2 

Exercise 3.4 (Solution on p. 179.) 
—16 — (+8) 

Exercise 3.5 (Solution on p. 179.) 
-1-(-9) 

Exercise 3.6 (Solution on p. 179.) 
0+ (—7) 


3.2.5 Opposites 


Opposites 

On the number line, each real number has an image on the opposite side of 0. For this reason we say that 

each real number has an opposite. Opposites are the same distance from zero but have opposite signs. 
The opposite of a real number is denoted by placing a negative sign directly in front of the number. Thus, 

if a is any real number, then —a is its opposite. Notice that the letter a is a variable. Thus, ”a” need not 

be positive, and ” — a” need not be negative. 


If a is a real number, —a is opposite a on the number line and a is opposite —a on the number line. 


—a 0 a 


a 0 —a 


— (=a) is opposite —a on the number line. This implies that — (—a) = a. 

This property of opposites suggests the double-negative property for real numbers. 
THE DOUBLE-NEGATIVE PROPERTY 
If a is a real number, then 
—(-a)=a 


3.2.6 Sample Set B 


Example 3.7 
If a = 3, then —a = —3 and — (—a) = — (—3) =3. 


-3 0 3 
=¢ a 
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Example 3.8 
If a = —4, then —a = — (—4) = 4 and — (—a) =a= —4. 


3.2.7 Practice Set B 


Find the opposite of each real number. 


Exercise 3.7 (Solution on p. 179.) 
8 

Exercise 3.8 (Solution on p. 179.) 
17 

Exercise 3.9 (Solution on p. 179.) 
—6 

Exercise 3.10 (Solution on p. 179.) 
—15 

Exercise 3.11 (Solution on p. 179.) 
—{=1) 

Exercise 3.12 (Solution on p. 179.) 
a ad ta 

Exercise 3.13 (Solution on p. 179.) 
Suppose that a is a positive number. What type of number is —a ? 

Exercise 3.14 (Solution on p. 179.) 
Suppose that a is a negative number. What type of number is —a ? 

Exercise 3.15 (Solution on p. 179.) 


Suppose we do not know the sign of the number m. Can we say that —m is positive, negative, or 
that we do notknow ? 


3.2.8 Exercises 


Exercise 3.16 (Solution on p. 179.) 
A number is denoted as positive if it is directly preceded by 
Exercise 3.17 

A number is denoted as negative if it is directly preceded by 


For the following problems, how should the real numbers be read ? (Write in words.) 


Exercise 3.18 (Solution on p. 179.) 
—5 

Exercise 3.19 
—3 

Exercise 3.20 (Solution on p. 179.) 


12 


Exercise 3.21 
10 
Exercise 3.22 
=(=4) 
Exercise 3.23 
—(=1) 
For the following problems, write the expressions in words. 
Exercise 3.24 
5+7 
Exercise 3.25 
2+6 
Exercise 3.26 
11 + (-2) 
Exercise 3.27 
1+ (—5) 
Exercise 3.28 
6—(—8) 
Exercise 3.29 
0 — (-15) 
Rewrite the following problems in a simpler form. 
Exercise 3.30 
m8) 
Exercise 3.31 
—(-5) 
Exercise 3.32 
— (2) 
Exercise 3.33 
—(-9) 
Exercise 3.34 
oh ce 
Exercise 3.35 
a4) 
Exercise 3.36 
=[ado3)] 
Exercise 3.37 
=[=(=10)] 
Exercise 3.38 
=| 6) 
Exercise 3.39 
== 15) 
Exercise 3.40 
ae 20) 
Exercise 3.41 
sr mea eae! 8 
Exercise 3.42 


=i lta) 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


179.) 


179.) 


179.) 


179.) 


179.) 


179.) 


179.) 


179.) 


180.) 


180.) 


180.) 
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Exercise 3.43 
ce came ash atl 

Exercise 3.44 (Solution on p. 180.) 
—[- (2)] 

Exercise 3.45 
-[-@)] 

Exercise 3.46 (Solution on p. 180.) 
=) 

Exercise 3.47 
—[- (42)] 

Exercise 3.48 (Solution on p. 180.) 
5 — (—2) 

Exercise 3.49 
6 — (-14) 

Exercise 3.50 (Solution on p. 180.) 
10 — (-6) 

Exercise 3.51 
18 — (—12) 

Exercise 3.52 (Solution on p. 180.) 
31 — (-1) 

Exercise 3.53 
54 — (—18) 

Exercise 3.54 (Solution on p. 180.) 
6 — (—3) — (—4) 

Exercise 3.55 
2—(-1) — (-8) 

Exercise 3.56 (Solution on p. 180.) 
15 — (—6) — (—5) 

Exercise 3.57 
24 — (—8) — (—13) 


3.2.9 Exercises for Review 

Exercise 3.58 (Solution on p. 180.) 
(Section 2.5) There is only one real number for which (5a)* = 5a2. What is the number? 

Exercise 3.59 
(Section 2.6) Simplify (3xy) (2x?y?) (4a7y*). 

Exercise 3.60 (Solution on p. 180.) 
(Section 2.6) Simplify 2”*? - x°. 

Exercise 3.61 7 
(Section 2.7) Simplify (a?b?c*)”. 

Exercise 3.62 (Solution on p. 180.) 
(Section 2.7) Simplify E59 


3xry2 
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3.3 Absolute Value ” 


3.3.1 Overview 


e Geometric Definition of Absolute Value 
e Algebraic Definition of Absolute Value 


3.3.2 Geometric Definition of Absolute Value 


Absolute Value—Geometric Approach 
The absolute value of a number a, denoted |a|, is the distance from a to 0 on the number line. 

Absolute value speaks to the question of "how far," and not "which way." The phrase how far implies 
length, and length is always a nonnegative (zero or positive) quantity. Thus, the absolute value of a number 
is a nonnegative number. This is shown in the following examples: 


Example 3.9 
4) 
4 units in length 


Example 3.10 
|—4|=4 
4 units in length 


-6 -5§ -4 -3 -2 -1 0O 


Example 3.11 

|0| = 0 

Example 3.12 

—|5]) = —5. 

The quantity on the left side of the equal sign is read as "negative the absolute value of 5." The 
absolute value of 5 is 5. Hence, negative the absolute value of 5 is —5. 


Example 3.13 


—| — 3] = -3. 
The quantity on the left side of the equal sign is read as "negative the absolute value of —3." The 
absolute value of —3 is 3. Hence, negative the absolute value of —3 is — (3) = —3. 


3.3.3 Algebraic Definition of Absolute Value 


The problems in the first example may help to suggest the following algebraic definition of absolute value. 
The definition is interpreted below. Examples follow the interpretation. 

Absolute Value—Algebraic Approach 

The absolute value of a number a is 


a if a>0O 
lal = { ; 
-—a if a<0 
The algebraic definition takes into account the fact that the number a could be either positive or zero 


(> 0) or negative (< 0). 


’This content is available online at <http://cnx.org/content /m21876/1.3/>. 
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1. If the number a is positive or zero (> 0), the first part of the definition applies. The first part of 
the definition tells us that if the number enclosed in the absolute bars is a nonnegative number, the 
absolute value of the number is the number itself. 

2. If the number a is negative (< 0), the second part of the definition applies. The second part of the 
definition tells us that if the number enclosed within the absolute value bars is a negative number, the 
absolute value of the number is the opposite of the number. The opposite of a negative number is a 
positive number. 


3.3.4 Sample Set A 
Use the algebraic definition of absolute value to find the following values. 


Example 3.14 

|8|. 

The number enclosed within the absolute value bars is a nonnegative number so the first part of 
the definition applies. This part says that the absolute value of 8 is 8 itself. 


|8| = 8 
Example 3.15 
| — 3]. 


The number enclosed within absolute value bars is a negative number so the second part of the 
definition applies. This part says that the absolute value of —3 is the opposite of —3, which is 
—(—3). By the double-negative property, — (—3) = 3. 

|—3|=3 


3.3.5 Practice Set A 


Use the algebraic definition of absolute value to find the following values. 


Exercise 3.63 (Solution on p. 180.) 
7| 

Exercise 3.64 (Solution on p. 180.) 
9| 

Exercise 3.65 (Solution on p. 180.) 
—12| 

Exercise 3.66 (Solution on p. 180.) 

Exercise 3.67 (Solution on p. 180.) 

Exercise 3.68 (Solution on p. 180.) 

Exercise 3.69 (Solution on p. 180.) 
—|—52| 

Exercise 3.70 (Solution on p. 180.) 
—|- 31 
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3.3.6 Exercises 


For the following problems, determine each of the values. 

Exercise 3.71 (Solution on p. 180.) 
5| 
Exercise 3.72 
3| 
Exercise 3.73 (Solution on p. 180.) 
6| 
Exercise 3.74 
14| 
Exercise 3.75 (Solution on p. 180.) 
— 8| 
Exercise 3.76 
— 10] 

Exercise 3.77 (Solution on p. 180.) 
— 16| 

Exercise 3.78 

= 8| 
Exercise 3.79 (Solution on p. 181.) 
—|12| 

Exercise 3.80 

—|47| 

Exercise 3.81 (Solution on p. 181.) 
= 9| 
Exercise 3.82 

|— 9 

Exercise 3.83 (Solution on p. 181.) 
oes 

Exercise 3.84 

|—4| 

Exercise 3.85 (Solution on p. 181.) 
a 3| 
Exercise 3.86 
= 7| 
Exercise 3.87 (Solution on p. 181.) 
—|-—14 


Exercise 3.88 
—|-—19 
Exercise 3.89 (Solution on p. 181.) 
—|— 28 
Exercise 3.90 
—|- 31 
Exercise 3.91 (Solution on p. 181.) 
—|— 68 
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Exercise 3.92 

[0| 

Exercise 3.93 (Solution on p. 181.) 
| — 26| 

Exercise 3.94 

—| — 26| 

Exercise 3.95 (Solution on p. 181.) 
=| (8) 
Exercise 3.96 
-|- (4) 
Exercise 3.97 (Solution on p. 181.) 
-|-(-1) 
Exercise 3.98 
-|-(-7) 
Exercise 3.99 (Solution on p. 181.) 
— (-I4)) 

Exercise 3.100 

— (-I2|) 

Exercise 3.101 (Solution on p. 181.) 
—(-|- 6) 

Exercise 3.102 

a os he 

Exercise 3.103 (Solution on p. 181.) 
—|-3]| 

Exercise 3.104 

—|-15 
Exercise 3.105 (Solution on p. 181.) 
—|-—12 
Exercise 3.106 
—|-29 
Exercise 3.107 (Solution on p. 181.) 
6—|-2 
Exercise 3.108 

18 —|-—11]| 

Exercise 3.109 (Solution on p. 181.) 
od ae || 

Exercise 3.110 

10 —|—3]| 

Exercise 3.111 (Solution on p. 181.) 
— (17—|—12)/)| 

Exercise 3.112 

— (46 —|— 24)) | 

Exercise 3.113 (Solution on p. 181.) 
5|—| — 2| 

Exercise 3.114 

~19/8 
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Exercise 3.115 (Solution on p. 181.) 
| — (2-3)| 
Exercise 3.116 
|- 2|+|-9| 
Exercise 3.117 (Solution on p. 181.) 
(| — 6| + |4l)” 
Exercise 3.118 
(|— 1) -|1))° 
Exercise 3.119 (Solution on p. 181.) 
(l4| + | — 6|)” — (| 21)" 
Exercise 3.120 
=[l=10| 6)" 
Exercise 3.121 : (Solution on p. 181.) 
|-(-|-41+1-31)° 

Exercise 3.122 

A Mission Control Officer at Cape Canaveral makes the statement "lift-off, T minus 50 seconds." 
How long before lift-off? 
Exercise 3.123 (Solution on p. 181.) 
Due to a slowdown in the industry, a Silicon Valley computer company finds itself in debt 
$2, 400, 000. Use absolute value notation to describe this company’s debt. 
Exercise 3.124 


A particular machine is set correctly if upon action its meter reads 0 units. One particular machine 
has a meter reading of —1.6 upon action. How far is this machine off its correct setting? 


3.3.7 Exercises for Review 


Exercise 3.125 (Solution on p. 181.) 
(Section 2.2) Write the following phrase using algebraic notation: "four times (a+ b)." 
Exercise 3.126 

(Section 2.3) Is there a smallest natural number? If so, what is it? 

Exercise 3.127 (Solution on p. 181.) 
(Section 2.4) Name the property of real numbers that makes 5+ a = a+ 5 a true statement. 
Exercise 3.128 ae 

(Section 2.6) Find the quotient of ir. 

Exercise 3.129 (Solution on p. 182.) 
(Section 3.2) Simplify — (—4). 
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3.4 Addition of Signed Numbers * 


3.4.1 Overview 


e Addition of Numbers with Like Signs 
e Addition with Zero 
e Addition of Numbers with Unlike Signs 


3.4.2 Addition of Numbers with Like Signs 


Let us add the two positive numbers 2 and 3. We perform this addition on the number line as follows. 
We begin at 0, the origin. 
Since 2 is positive, we move 2 units to the right. 
Since 3 is positive, we move 3 more units to the right. 
We are now located at 5. 
Thus, 2+3= 5. 
‘> ca. 


—2-1 012 3 4 56 6 7 8 


Summarizing, we have 

(2 positive units) + (3 positive units) = (5 positive units) 

Now let us add the two negative numbers —2 and —3. We perform this addition on the number line as 
follows. 

We begin at 0, the origin. 
Since —2 is negative, we move 2 units to the left. 
Since —3 is negative, we move 3 more units to the left. 
We are now located at —5. 

Thus, (—2) + (—3) = —5. 

’ See: 


a a an 
-7 -6 -5 -4 -3 -2-1 041 2 83 

Summarizing, we have 

(2 negative units) + (3 negative units) = (5 negative units) 

These two examples suggest that 
(positivenumber) + (positivenumber) = (positivenumber) 
(negative number) + (negativenumber) = (negative number) 

Adding Numbers with the Same Sign 


To add two real numbers that have the same sign, add the absolute values of the numbers and associate the 
common sign with the sum. 


3.4.3 Sample Set A 
Find the sums. 


Example 3.16 
3+7 


4This content is available online at <http://cnx.org/content /m21991/1.3/>. 


Add these absolute values. 
3/ = 3 
3 } 3+7=10 
|7| =7 
The common sign is "+." 
3+7=+10 or 3+7=10 


Example 3.17 


(=4)-+ (=9) 
Add these absolute values. 
|—4,=4 
} 44+9=13 
|—9|=9 


Thecommon sign is" — ." 


(—4) + (-9) = —18 


3.4.4 Practice Set A 


Find the sums. 
Exercise 3.130 
8+6 
Exercise 3.131 
41411 
Exercise 3.132 
(4) t=8) 
Exercise 3.133 
(86) srl =9) 
Exercise 3.134 
—14 + (—20) 
Exercise 3.135 
~2+(-9) 
Exercise 3.136 
—2.8 + (—4.6) 


3.4.5 Addition with Zero 


Notice that 
Addition with 0 


(0) + (apositivenumber) = (that same positive number) 


(0) + (anegativenumber) = (that same negative number) 


The Additive Identity Is 0 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


182.) 


182.) 


182.) 


182.) 


182.) 


182.) 


182.) 


Since adding 0 to a real number leaves that number unchanged, 0 is called the additive identity. 
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3.4.6 Addition of Numbers with Unlike Signs 


Now let us perform the addition 2 + (—6). These two numbers have unlike signs. This type of addition can 
also be illustrated using the number line. 
We begin at 0, the origin. 
Since 2 is positive, we move 2 units to the right. 
Since —6 is negative, we move, from the 2, 6 units to the left. 
We are now located at —4. 


x ~™ 


-5 -4 -3 -2-1 0123 4 & 


A rule for adding two numbers that have unlike signs is suggested by noting that if the signs are disre- 
garded, 4 can be obtained from 2 and 6 by subtracting 2 from 6. But 2 and 6 are precisely the absolute 
values of 2 and —6. Also, notice that the sign of the number with the larger absolute value is negative and 
that the sign of the resulting sum is negative. 

Adding Numbers with Unlike Signs 
To add two real numbers that have unlike signs, subtract the smaller absolute value from the larger absolute 
value and associate the sign of the number with the larger absolute value with this difference. 


3.4.7 Sample Set B 


Find the following sums. 


Example 3.18 
7+ (—2) 


7] =7 fore, 
—— —_~— 


Larger absolute value. anne anes 
Sign is” +”. 
Subtract absolute values: 7—2= 5. 
Attach the proper sign: ee 
7+(-2)=+5 or 7+(-2)=5 


Example 3.19 
3+ (-11) 
|3| =3 |—11}=11 
eS 


Smaller absolute value. 
Larger absolute value. 


Signis” —”. 
Subtract absolute values: 11—3=8. 
Attach the proper sign: aaa 
34+(-11) = -8 


Example 3.20 
The morning temperature on a winter’s day in Lake Tahoe was —12 degrees. The afternoon 
temperature was 25 degrees warmer. What was the afternoon temperature? 
We need to find —12 + 25. 


| — 12) =12 [25] = 25 
e»_s>_“—_’ ee 


Smaller absolute value. 
Larger absolute value. 


Sign is "+". 
Subtract absolute values: 25 — 12 = 13. 
Attach the proper sign: fee 
—12425= 13 


Thus, the afternoon temperature is 13 degrees. 


Example 3.21 


— 


Bi Add —147 + 84. Display Reads 
Type 147 147 
Press +/- — 147 
Press + — 147 


Type 84 84 
Press = — 63 


3.4.8 Practice Set B 


Find the sums. 


Exercise 3.137 (Solution 
4+ (—3) 

Exercise 3.138 (Solution 
—3+5 

Exercise 3.139 (Solution 
15 + (—18) 

Exercise 3.140 (Solution 
0+ (—6) 

Exercise 3.141 (Solution 
—26 + 12 

Exercise 3.142 (Solution 
35 + (—78) 

Exercise 3.143 (Solution 
15 + (—10) 

Exercise 3.144 (Solution 
1.5 + (—2) 

Exercise 3.145 (Solution 
—8+0 

Exercise 3.146 (Solution 
0 + (0.57) 

Exercise 3.147 (Solution 
—879 + 454 

Exercise 3.148 (Solution 


—1345.6 + (—6648.1) 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


182.) 


182.) 


182.) 


182.) 


182.) 


182.) 


182.) 


182.) 


182.) 


182.) 


182.) 


182.) 
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3.4.9 Exercises 


Find the sums for the the following problems. 
Exercise 3.149 (Solution on p. 182.) 
4+12 
Exercise 3.150 
8+6 
Exercise 3.151 (Solution on p. 182.) 
6+2 
Exercise 3.152 
7+9 
Exercise 3.153 (Solution on p. 182.) 
(—3) + (—12) 
Exercise 3.154 
(—6) + (—20) 
Exercise 3.155 (Solution on p. 182.) 
(oo) 8) 
Exercise 3.156 
(—11) + (8) 
Exercise 3.157 (Solution on p. 182.) 
(—16) + (—8) 
Exercise 3.158 
(—2) + (—15) 
Exercise 3.159 (Solution on p. 183.) 
14 + (—3) 
Exercise 3.160 
21+ (—4) 
Exercise 3.161 (Solution on p. 183.) 
14 + (-6) 
Exercise 3.162 
18 + (—2) 
Exercise 3.163 (Solution on p. 183.) 
10 + (—8) 
Exercise 3.164 
40 + (—31) 
Exercise 3.165 (Solution on p. 183.) 
(—3) + (—12) 
Exercise 3.166 
(—6) + (—20) 
Exercise 3.167 (Solution on p. 183.) 
10 + (—2) 
Exercise 3.168 
8 + (—15) 


Exercise 3.169 
—2+ (-6) 
Exercise 3.170 
—11 + (-14) 
Exercise 3.171 
-9 + (—6) 
Exercise 3.172 
=1+(-1) 
Exercise 3.173 
—16 + (—9) 
Exercise 3.174 
—22 + (-1) 
Exercise 3.175 
0+ (-12) 
Exercise 3.176 
0+ (—4) 
Exercise 3.177 
0+ (24) 
Exercise 3.178 
—64+1+4 (-7) 
Exercise 3.179 


5 + (—12) + ( 
Exercise 3.180 
—54+5 
Exercise 3.181 
—-74+7 
Exercise 3.182 
—14+414 
Exercise 3.183 
4+ (—4) 
Exercise 3.184 
9+ (-9) 
Exercise 3.185 
84+ (—61) 
Exercise 3.186 
13 + (—56) 
Exercise 3.187 
452 + (—124) 
Exercise 3.188 
636 + (—989) 
Exercise 3.189 
1811 + (—935) 
Exercise 3.190 
—373 + (-14) 
Exercise 3.191 
—1221 + (—44) 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 
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183.) 


183.) 


183.) 


183.) 


183.) 


183.) 
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Exercise 3.192 

—47.03 + (—22.71) 

Exercise 3.193 (Solution on p. 183.) 
—1.998 + (—4.086) 

Exercise 3.194 

(—3) + (—4)] + [(-6) + (-1)] 

Exercise 3.195 (Solution on p. 183.) 
(—2) + (-8)] + [(-3) + (-7)] 

Exercise 3.196 
(—3) + (—8)] + [(-6) + (-12)] 

Exercise 3.197 (Solution on p. 183.) 
(—8) + (—6)] + [(-2) + (-1)] 

Exercise 3.198 

4+ (—12)] + [12 + (-3) 
Exercise 3.199 (Solution on p. 183.) 
5 + (—16)] + [4+ (-11) 
Exercise 3.200 
2+ (—4)] + [17 + (-19) 
Exercise 3.201 (Solution on p. 183.) 
10 + (—6)] + [12 + (—2) 
Exercise 3.202 

9+ [(—4) +7] 

Exercise 3.203 (Solution on p. 183.) 
14 + [(—8) + 5] 

Exercise 3.204 

[2+ (—7)] + (-11) 

Exercise 3.205 (Solution on p. 183.) 
[14 + (—8)] + (—2) 

Exercise 3.206 

In order for a small business to break even on a project, it must have sales of $21,000. If the 
amount of sales was $15,000, how much money did this company fall short? 

Exercise 3.207 (Solution on p. 183.) 
Suppose a person has $56.00 in his checking account. He deposits $100.00 into his checking account 
by using the automatic teller machine. He then writes a check for $84.50. If an error causes the 
deposit not to be listed into this person’s account, what is this person’s checking balance? 
Exercise 3.208 

A person borrows $7.00 on Monday and then $12.00 on Tuesday. How much has this person 
borrowed? 

Exercise 3.209 (Solution on p. 184.) 
A person borrows $11.00 on Monday and then pays back $8.00 on Tuesday. How much does this 
person owe? 


139 


3.4.10 Exercises for Review 


Exercise 3.210 ee 
(Section 2.5) Simplify ae ee ) 

Exercise 3.211 (Solution on p. 184.) 
(Section 2.6) Simplify Soa 

Exercise 3.212 

(Section 2.7) Simplify (2250 ) ‘ 

Exercise 3.213 (Solution on p. 184.) 
(Section 3.3) Determine the value of | — 8]. 


Exercise 3.214 
(Section 3.3) Determine the value of ((2I + \47) +|—5)7. 


3.5 Subtraction of Signed Numbers’ 


3.5.1 Overview 


e Definition of Subtraction 
e Subtraction of Signed Numbers 


3.5.2 Definition of Subtraction 


We know from our experience with arithmetic that the subtraction 5 — 2 produces 3, that is, 5 — 2 = 3. 
Illustrating this process on the number line suggests a rule for subtracting signed numbers. 


We begin at 0, the origin. 

Since 5 is positive, we move 5 units to the right. 

Then, we move 2 units to the left to get to 3. (This reminds us of addition with a negative number.) 
This illustration suggests that 5 — 2 is the same as 5 + (—2). 

This leads us directly to the definition of subtraction. 

Definition of Subtraction 

If a and b are real numbers, a — b is the same as a + (—b), where —b is the opposite of b. 


3.5.3 Subtraction of Signed Numbers 


The preceding definition suggests the rule for subtracting signed numbers. 
Subtraction of Signed Numbers 
To perform the subtraction a — b, add the opposite of b to a, that is, change the sign of b and add. 


>This content is available online at <http://cnx.org/content /m21877/1.3/>. 
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3.5.4 Sample Set A 
Perform the subtractions. 


Example 3.22 
5-3=5+4+(-3)=2 


<p tt 
-3 -2-1 0 12 3 4 56 6 


Example 3.23 
4—9=4+(-9)=-5 


-6 -5 -4 -3 -2-1 012 3 4 5 6 


Example 3.24 
4—6=-—4+(-6) = -10 


-12-11-10 -9 -8 -7 -6 -5 -4 -3 -2-1 0 1 2 3 


Example 3.25 
3—(-12) = -34+12=9 


~§ -4 -3-2-1 0412 3 4 5 6 7 8 9 W 11 12 


Example 3.26 
0-—(-15) =04+15=15 


[ime eh. tS te se 


-2-1 012 3 4 5 6 7 8&8 9 10 I} 12 13 14 15 16 17 18 


Example 3.27 
The high temperature today in Lake Tahoe was 26°F. The low temperature tonight is expected 
to be —7°F. How many degrees is the temperature expected to drop? 
We need to find the difference between 26 and —7. 
26 — (—7) = 264+. 7 = 33 
Thus, the expected temperature drop is 33°F. 


Example 3.28 


—6—(-5)-10 = -6+5+(-10) 
= (-6+5)+(-10) 
—1+ (-10) 


3.5.5 Practice Set A 


Perform the subtractions. 
Exercise 3.215 
9-6 
Exercise 3.216 
6-9 
Exercise 3.217 
0-7 
Exercise 3.218 
1-14 
Exercise 3.219 
—8-12 
Exercise 3.220 
—21-6 
Exercise 3.221 
-6 — (-4) 
Exercise 3.222 
8 — (-10) 
Exercise 3.223 
1 — (—12) 
Exercise 3.224 
86 — (—32) 
Exercise 3.225 
0-16 
Exercise 3.226 
0 — (-16) 
Exercise 3.227 
0 — (8) 
Exercise 3.228 
5-75) 
Exercise 3.229 
24 — (— (—24)) 


3.5.6 Exercises 


For the following exercises, perform the indicated operations. 

Exercise 3.230 

8-3 

Exercise 3.231 

12-7 

Exercise 3.232 

5-6 

Exercise 3.233 

14 — 30 
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(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 
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(Solution 


(Solution 
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Exercise 3.234 
2-15 
Exercise 3.235 
5-18 
Exercise 3.236 
1-7 

Exercise 3.237 
4—11 
Exercise 3.238 
—6-—5 
Exercise 3.239 
—8-—14 
Exercise 3.240 
—-1-12 
Exercise 3.241 
—-4-4 
Exercise 3.242 
—6-8 
Exercise 3.243 
—-1-12 
Exercise 3.244 
—5 — (3) 
Exercise 3.245 
—11-(-8) 
Exercise 3.246 
—7 —(-12) 
Exercise 3.247 
—2—(-10) 
Exercise 3.248 
—4—(-15) 
Exercise 3.249 
—11 — (—16) 
Exercise 3.250 
—1-—(-6) 
Exercise 3.251 
—8 —(-14) 
Exercise 3.252 
—15 — (—10) 
Exercise 3.253 
—11 — (-4) 
Exercise 3.254 
—16 — (—8) 
Exercise 3.255 
—12 — (-11) 
Exercise 3.256 
0-6 
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(Solution on p. 184.) 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


184.) 


184.) 


184.) 


184.) 


185.) 


185.) 


185.) 


185.) 


185.) 


185.) 


185.) 


Exercise 3.257 
0-15 
Exercise 3.258 


0 — (-7) 
Exercise 3.259 
0 — (-10) 


Exercise 3.260 
67 — 38 
Exercise 3.261 
142 — 85 


Exercise 3.262 
816 — 1140 


Exercise 3.263 
105 — 421 

Exercise 3.264 
—550 — (—121) 
Exercise 3.265 


—15.016 — (4.001) 


Exercise 3.266 
—26+ 7-52 

Exercise 3.267 
—15 — 21 — (-2) 
Exercise 3.268 


104 — (—216) 
Exercise 3.269 


0.012 — (—0.111) 


Exercise 3.270 


Exercise 3.271 


5 + (—6)] — [2+ (-4)] 


Exercise 3.272 


2+ (—8)] — [5+ (-7)] 


4+ (—11)] — [2 + (-—10)] 


Exercise 3.273 


9+ (—6)] — [4+ (-12)] 


Exercise 3.274 


(11 — 8) — (1-6) 


Exercise 3.275 


(5 — 12) — (4-10) 


Exercise 3.276 


(L210) 15) 


Exercise 3.277 


(0 =8) 5419) 


Exercise 3.278 


(-44+7)- (2-5) 


Exercise 3.279 


(-6 +2) — (5-11) 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 
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on p. 
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Exercise 3.280 (Solution on p. 185.) 
8 + (—5 + 3)] — [9 — (-3- 5)] 

Exercise 3.281 

4 (-10)| (t= (-6=4)] 

Exercise 3.282 (Solution on p. 185.) 
2—(-6+10)] —[1-(2-11)] 

Exercise 3.283 

5 — (—2—5)] — [2—(-1-4)] 

Exercise 3.284 (Solution on p. 185.) 
When a particular machine is operating properly, its meter will read 34. If a broken bearing in the 
machine causes the meter reading to drop by 45 units, what is the meter reading? 

Exercise 3.285 

The low temperature today in Denver was —4°F and the high was 42°F. What is the temperature 
difference? 


3.5.7 Exercises for Review 


Exercise 3.286 (Solution on p. 185.) 
(Section 2.4) Use the distributive property to expand 4 (5y + 11). 

Exercise 3.287 . ; 

(Section 2.7) Simplify ee ONCE Assume z #0,y £4 0. 

Exercise 3.288 (Solution on p. 185.) 
(Section 3.3) Simplify | — (4? + 2? — 3) |. 

Exercise 3.289 

(Section 3.4) Find the sum. —8 + (—14). 


Exercise 3.290 (Solution on p. 185.) 
(Section 3.4) Find the sum. 3+ (-—6). 


3.6 Multiplication and Division of Signed Numbers ° 


3.6.1 Overview 


e Multiplication of Signed Numbers 
e Division of Signed Numbers 


3.6.2 Multiplication of Signed Numbers 


Let us consider first the product of two positive numbers. 
Multiply: 3-5. 
3-5 means 5+5+5= 15. 
This suggests that 
(positive number) - (positive number) = positive number. 
More briefly, (+) (+) = +. 
Now consider the product of a positive number and a negative number. 


®This content is available online at <http://cnx.org/content /m21872/1.3/>. 
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Multiply: (3) (—5). 
(3) (—5) means (—5) + (—5) + (—5) = —15. 

This suggests that 

(positive number) - (negative number) = negative number 

More briefly, (+) (—) = —. 

By the commutative property of multiplication, we get 

(negative number) - (positive number) = negative number 

More briefly, (—) (+) = -. 

The sign of the product of two negative numbers can be determined using the following illustration: 
Multiply —2 by, respectively, 4, 3, 2, 1,0, —1, —2, —3, —4. Notice that when the multiplier decreases by 
1, the product increases by 2. 


4(—2) =—8 
3(—-2) =—6 7 
2(-2) = —4 }— Asweknow, (+)(—) =-. 
1(—2) = —2 
0(-2)=0 —  Asweknow,0-(any number) = 0. 
—1(-2) =2 
—2(-2)=4 : 
—3(-2) =6 \}— This pattern suggests (—)(—) =+. 
(ey 


We have the following rules for multiplying signed numbers. 
Rules for Multiplying Signed Numbers 
To multiply two real numbers that have 


1. the same sign, multiply their absolute values. The product is positive. 


a 
= 
] 


(-)(-)=+ 


2. opposite signs, multiply their absolute values. The product is negative. 


3.6.3 Sample Set A 
Find the following products. 


Example 3.29 
8-6 
Multiply these absolute values. 
8| =8 
S| } 8-6 = 48 
|6| =6 
Since the numbers have the same sign, the product is positive. 
8-6=+4+48 or 8-6=48 
Example 3.30 


(—8) (-6) 
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Multiply these absolute values. 
} 8-6 = 48 


Since the numbers have the same sign, the product is positive. 
(—8) (—6) =+48 or (-—8) (—6) = 48 
Example 3.31 


(—4) (7) 
Multiply these absolute values. 
|—-4, =4 
} 4-7=28 
(fl) st 
Since the numbers have opposite signs, the product is negative. 
(—4) (7) = —28 
Example 3.32 
6 (—3) 
Multiply these absolute values. 
6 — 
6 } 6-3=18 
|-3| =3 
Since the numbers have opposite signs, the product is negative. 
6(—3) = —-18 


3.6.4 Practice Set A 
Find the following products. 


Exercise 3.291 (Solution on p. 185.) 
3 (—8) 

Exercise 3.292 (Solution on p. 186.) 
4 (16) 

Exercise 3.293 (Solution on p. 186.) 
(—6) (—5) 

Exercise 3.294 (Solution on p. 186.) 
(—7) (—2) 

Exercise 3.295 (Solution on p. 186.) 
(—1) (4) 

Exercise 3.296 (Solution on p. 186.) 


(-7)7 


147 


3.6.5 Division of Signed Numbers 


We can determine the sign pattern for division by relating division to multiplication. Division is defined in 
terms of multiplication in the following way. 

If b-c=a, then § =c, b#0. 

For example, since 3-4 = 12, it follows that e =A4, 

Notice the pattern: 


Since 3-4 = 12, it follows that 2 =4 
“J” 3 
b-c=a “~~ 


b 
The sign pattern for division follows from the sign pattern for multiplication. 


(+) 


1. Since (+) (+) = 4, it follows that za) =+, that is, Sea eTee = positive number 
b-c=a “~~ 
gue 
2. Since (—) (—) = 4, it follows that 3 = -—, that is, 2 ee = negative number 
b-c=a “~ 
gue 
3. Since (+) (—) = —, it follows that 3 = -—, that is, ee ee = negative number 
b-c=a “~ 
gue 
4. Since (—) (+) = —, it follows that = = +, that ear aa = positive number 
b-c=a “~~ 


ie} 


a; — 
t= 


We have the following rules for dividing signed numbers. 
Rules for Dividing Signed Numbers 
To divide two real numbers that have 


1. the same sign, divide their absolute values. The quotient is positive. 
2. opposite signs, divide their absolute values. The quotient is negative. 


(=) _ (+) _ 
(+) (-) ~~ 


3.6.6 Sample Set B 
Find the following quotients. 
Example 3.33 


-10 
aor 
|-1oj= 10, 
2 } Divide these absolute values. 
2 = 
10 _ 
5 =5 
ae =-—5 Since the numbers have opposite signs, the quotient is negative. 
Example 3.34 
=35 


—7 
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|— 35) = 35 oe 
Divide these absolute values. 
Fanta. at 
35 
3 =5 
a Se Since the numbers have same signs, the quotient is positive. 


-—7 
Example 3.35 
18 


=O 


|18| = 18 a 
} Divide these absolute values. 
|-9I= 9 
18 _ 
gg =2 
18 =-2 Since the numbers have opposite signs, the quotient is negative. 


3.6.7 Practice Set B 


Find the following quotients. 


Exercise 3.297 (Solution on p. 186.) 
—24 

=6 
Exercise 3.298 (Solution on p. 186.) 
30 

=5 
Exercise 3.299 (Solution on p. 186.) 
—54 

27 
Exercise 3.300 (Solution on p. 186.) 
51 

17 


3.6.8 Sample Set C 


Example 3.36 


Find the value of —8(4-0-28=9) | 


—(441)+1 
Using the order of operations and what we know about signed numbers, we get 
—6(4—7)—2(8-9) _ —6(—3)—2(—1) 
—(441)4+1 =(5)+1 

_— 1842 

~ 541 
20 
—4 

= —-5 


Example 3.37 
Find the value of z = *—* if x = 57, u=51, ands = 2. 


Substituting these values we get 
57-51 __ Gis 3 
ota p= 


Z> 3 


3.6.9 Practice Set C 


Exercise 3.301 (Solution on p. 186.) 


Find the value of Se. 


Exercise 3.302 (Solution on p. 186.) 


Find the value of P = "@= 9) ifn = 5. 


3.6.10 Exercises 


Find the value of each of the following expressions. 
Exercise 3.303 (Solution on p. 186.) 
(—2) (-8) 
Exercise 3.304 
(—3) (-9) 
Exercise 3.305 (Solution on p. 186.) 
(—4) (-8) 
Exercise 3.306 
(—5) (—2) 
Exercise 3.307 (Solution on p. 186.) 
(—6) (-9) 
Exercise 3.308 
(—3) (-11) 
Exercise 3.309 (Solution on p. 186.) 
(—8) (-4) 
Exercise 3.310 
(—1) (6) 
Exercise 3.311 (Solution on p. 186.) 
(3) (—12) 
Exercise 3.312 
(4) (—18) 
Exercise 3.313 (Solution on p. 186.) 
8 (—4) 
Exercise 3.314 
5 (—6) 
Exercise 3.315 (Solution on p. 186.) 
9 (—2) 
Exercise 3.316 
7(—8) 
Exercise 3.317 (Solution on p. 186.) 
(—6)4 
Exercise 3.318 
(—7)6 
Exercise 3.319 (Solution on p. 186.) 
(—10) 9 
Exercise 3.320 
(—4) 12 
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Exercise 3.321 
(10) (—6) 
Exercise 3.322 
(—6) (4) 
Exercise 3.323 
(—2) (6) 
Exercise 3.324 
(—8) (7) 


Exercise 3.325 
21 
a 


Exercise 3.326 
42 
6 


Exercise 3.327 
=39 
3 


Exercise 3.328 
—20 
“10- 


Exercise 3.329 
—45 
<5 
Exercise 3.330 
—16 
8 
Exercise 3.331 


25 
—5 
Exercise 3.332 


36 
—4 


Exercise 3.333 
8 — (-3) 
Exercise 3.334 
14 — (—20) 
Exercise 3.335 
20 — (-8) 
Exercise 3.336 
—£—(=1) 
Exercise 3.337 
0-4 

Exercise 3.338 
0—(-1) 
Exercise 3.339 
—6+1-7 
Exercise 3.340 
15 — 12 — 20 
Exercise 3.341 
1—6-74+8 
Exercise 3.342 
2+7-10+2 
Exercise 3.343 
3 (4-6) 
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(Solution on p. 186.) 
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187.) 


187.) 


187.) 


187.) 


187.) 


187.) 


Exercise 3.344 
8 (5 — 12) 

Exercise 3.345 
—3(1-6) 

Exercise 3.346 
—8(4—12)4+2 
Exercise 3.347 


=A 8) 23 0 = 3) 


Exercise 3.348 


~9(0 — 2) +4(8—9) 4 


Exercise 3.349 


6(-2— 9) 6 09)4 


Exercise 3.350 
3(441)—2(5) 
=2 
Exercise 3.351 
4(8+1)—3(—2) 
42 
Exercise 3.352 
—1(38+2)4+5 
=I 
Exercise 3.353 


=3(4—2)+(—3)(-6) 


—4 
Exercise 3.354 
—1(4+2) 
Exercise 3.355 
—1(6-1) 
Exercise 3.356 
— (8+ 21) 
Exercise 3.357 
— (8 — 21) 
Exercise 3.358 
— (10 - 6) 
Exercise 3.359 
= (52) 
Exercise 3.360 
— (7-11) 
Exercise 3.361 
— (8 — 12) 
Exercise 3.362 


3[(—1 + 6) — (2-7)] 


Exercise 3.363 


2(|(4—8)—(5 
Exercise 3.364 


—5[(-1+ 5) + (6 — 8)] 


Exercise 3.365 


[(4 — 9) + (-2 — 8)] 


Exercise 3.366 


3(-2—5) 


3(—2+ 6)] 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 
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187.) 


187.) 


187.) 


187.) 


187.) 


187.) 


187.) 


187.) 


187.) 


187.) 


187.) 


151 


152 CHAPTER 3. BASIC OPERATIONS WITH REAL NUMBERS 


Exercise 3.367 (Solution on p. 187.) 
—2[-—5(—104 11) —2(5-7)] 
Exercise 3.368 
P=R-C. Find Pif R = 2000 and C = 2500. 
Exercise 3.369 (Solution on p. 187.) 
z= =. Find zifx = 23, u = 25, ands = 1. 
Exercise 3.370 
z= 74. Find zifx = 410, u = 480, and s = 2.5. 
Exercise 3.371 (Solution on p. 187.) 
m= 41. Find mifs = —8and T = 5. 
Exercise 3.372 
m= ath Find mif s = —10andT = —5. 
Exercise 3.373 (Solution on p. 187.) 


# F =(p, —p2)r*-9. Find Fifp,; = 10, pp =8,r =3. 

Exercise 3.374 

a F =(p,—p2)r*-9. Find Fifp; =12, pp =7,r = 2. 

Exercise 3.375 (Solution on p. 187.) 
P=n(n—1)(n—2). Find Pifn = —4. 

Exercise 3.376 
P=n(n—-1)(n—2)(n—38). Find Pifn = —5. 

Exercise 3.377 (Solution on p. 187.) 
p= ne De) Find Pifn = -6. 


nm 


3.6.11 Exercises for Review 

Exercise 3.378 

(Section 2.3) What natural numbers can replace x so that the statement —4 < x < 3 is true? 

Exercise 3.379 (Solution on p. 187.) 
ai 5 pag \ 

(Section 2.6) Simplify Src 

Exercise 3.380 2 

(Section 2.7) Simplify (#"y**)”. 

Exercise 3.381 (Solution on p. 188.) 

(Section 3.4) Find the sum. —6 + (—5). 


Exercise 3.382 
(Section 3.5) Find the difference. —2 — (—8). 
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3.7 Negative Exponents ' 


3.7.1 Overview 


e Reciprocals 
e Negative Exponents 
e Working with Negative Exponents 


3.7.2 Reciprocals 


Reciprocals 
Two real numbers are said to be reciprocals of each other if their product is 1. Every nonzero real number 


has exactly one reciprocal, as shown in the examples below. Zero has no reciprocal. 


Example 3.38 
4. + =1. This means that 4 and + are reciprocals. 


Example 3.39 
6- 3 =1. Hence, 6and g are reciprocals. 


Example 3.40 


—2.54=1. Hence, —2and —  arereciprocals. 
2 ) 2 


Example 3.41 


a-+=1. Hence, aand + are reciprocals if a ¢ 0. 
a a 


Example 3.42 
x + =1. Hence, xand + are reciprocals if x 4 0. 


Example 3.43 
a. 4, =1. Hence, x? and ~ are reciprocals if x 4 0. 


3.7.3 Negative Exponents 


We can use the idea of reciprocals to find a meaning for negative exponents. 


Consider the product of x? and 2~%. Assume x # 0. 

Apogee Sng SA) csp eee 

Thus, since the product of x? and «~° is 1, x? and x~? must be reciprocals. 

We also know that x? - + = 1. (See problem 6 above.) Thus, x? and + are also reciprocals. 

Then, since 2~? and + are both reciprocals of 2° and a real number can have only one reciprocal, it 
must be that 2-3 = 4. 

We have used —3 as the exponent, but the process works as well for all other negative integers. We make 
the following definition. 

If n is any natural number and z is any nonzero real number, then 


—n 1 


av = pr 


‘This content is available online at <http://cnx.org/content /m21882/1.3/>. 
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3.7.4 Sample Set A 
Write each of the following so that only positive exponents appear. 


Example 3.44 


—-6_ 1 
c= 7 


Example 3.45 


de = ol 
a” >a >a 
Example 3.46 
7-2 — S aeeoree B 


~ 72 ~~ 49 
Example 3.47 
—6 1 
(3a)? = Gaye 
Example 3.48 
-2 
(6c —-1) "= Genay* 


Example 3.49 
(k +22) ~® = (k 4+ 2z)8 


3.7.5 Practice Set A 


Write each of the following using only positive exponents. 


Exercise 3.383 (Solution on p. 188.) 
y° 
Exercise 3.384 (Solution on p. 188.) 
m2 
Exercise 3.385 (Solution on p. 188.) 
3-2 
Exercise 3.386 (Solution on p. 188.) 
5-1 
Exercise 3.387 (Solution on p. 188.) 
9-4 
Exercise 3.388 (Solution on p. 188.) 
4 

(xy) 
Exercise 3.389 (Solution on p. 188.) 
(a: 2b) 7" 
Exercise 3.390 (Solution on p. 188.) 
(m— n) 9 

CAUTION 


It is important to note that a~” is not necessarily a negative number. For example, 
=) nel 1 9-2 


3.7.6 Working with Negative Exponents 


The problems of Sample Set A suggest the following rule for working with exponents: 

Moving Factors Up and Down 

In a fraction, a factor can be moved from the numerator to the denominator or from the denominator to 
the numerator by changing the sign of the exponent. 
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3.7.7 Sample Set B 
Write each of the following so that only positive exponents appear. 


Example 3.50 


a ye, The factor x~? can be moved from the numerator to the 


denominator by changing the exponent — 2to + 2. 


eye = 
Example 3.51 
el a The factor b~3 can be moved from the numerator to the 
denominator by changing the exponent — 3to + 3. 
a®b-3 — ae 
Example 3.52 
ane This fraction can be written without any negative exponents 


by moving the factor c~° into the numerator. 
We must change the — 6to + 6tomakethe move legitimate. 


4,2 
le = atb28 


Example 3.53 


ee ie This fraction can be written without negative exponents 

by moving all the factors from the denominator to 

the numerator. Change the sign of each exponent: — 3to +3, 
—2to +2, —1to +1. 

1 oar = w8y2z! = a3 y2z 


po 3y-2 


3.7.8 Practice Set B 


Write each of the following so that only positive exponents appear. 


Exercise 3.391 (Solution on p. 188.) 

g ty? 

Exercise 3.392 (Solution on p. 188.) 
2 

5-7 

Exercise 3.393 (Solution on p. 188.) 
3,4 

ra 

Exercise 3.394 (Solution on p. 188.) 

6m—3n7? 
Tk-1 

Exercise 3.395 (Solution on p. 188.) 

=2-8e=8 

Exercise 3.396 (Solution on p. 188.) 

3a(a—5b)~? 


5b(a—4b)® 
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3.7.9 Sample Set C 


Example 3.54 
7,9 
Rewrite wt in a simpler form. 


Notice that we are dividing powers with the same base. We'll proceed by using the rules of 


exponents. 
24a b® 24a7b? 7—419—(—6 
23a4b-6 =  Bat5-6 = 3a b ae 
= 339+ 
3q3pH15 


Example 3.55 
Write Bek so that no denominator appears. 
We can eliminate the denominator by moving all factors that make up the denominator to the 
numerator. 
Gaps e847 
Example 3.56 
Find the value of aw + qs. 
We can evaluate this expression by eliminating the negative exponents. 


war tps = 1-107+3-48 
= 1-100+3-64 
= 100+ 192 
= 292 


3.7.10 Practice Set C 


Exercise 3.397 (Solution on p. 188.) 
Rewrite oe, in a simpler form. 

Exercise 3.398 (Solution on p. 188.) 
Write 2 ee in a simpler form and one in which no denominator appears. 

Exercise 3.399 (Solution on p. 188.) 
Find the value of <2, + 67? - 2? - 3?. 


3.7.11 Exercises 


Write the following expressions using only positive exponents. Assume all variables are nonzero. 


Exercise 3.400 (Solution on p. 188.) 


a2 


Exercise 3.401 


a4 


Exercise 3.402 (Solution on p. 188.) 
gt 

Exercise 3.403 

a8 


Exercise 3.404 (Solution on p. 188.) 
—10 
a 


Exercise 3.405 
b- 12 


Exercise 3.406 
b- 14 


Exercise 3.407 
eI 
y 
Exercise 3.408 
—5 
y 
Exercise 3.409 
(a@+1)° 
Exercise 3.410 
(a—5)* 
Exercise 3.411 
—6 
(y=) 
Exercise 3.412 
(a+ 9)-10 
Exercise 3.413 
(r +3)* 
Exercise 3.414 
Exercise 3.415 
ay? 
Exercise 3.416 
gy > 
Exercise 3.417 
a‘b-! 
Exercise 3.418 
a’b-8 
Exercise 3.419 
a2b3e—2 
Exercise 3.420 
ay2z-6 
Exercise 3.421 
ae y—4 22h 
Exercise 3.422 
ab 9 zw? 
Exercise 3.423 
a®b—! zw? 
Exercise 3.424 
a®y 52-2 
Exercise 3.425 
aty 823 w-4 
Exercise 3.426 
a *b-®c-1d4 
Exercise 3.427 
6 


er oes a es = 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


188.) 


188.) 


188.) 


188.) 


189.) 


189.) 


189.) 


189.) 


189.) 


189.) 


189.) 
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Exercise 3.428 (Solution on p. 


Ag %y? 
Exercise 3.429 
5arytz 


Exercise 3.430 (Solution on p. 


Ta 2b? 
Exercise 3.431 
4x3 (x +1)?y~427} 


Exercise 3.432 (Solution on p. 


7a2(a —4)*b-Sc-7 
Exercise 3.433 
18b-8(b? — 3) °c-4dBe7! 


Exercise 3.434 (Solution on p. 


7(w +2) *(w + 1)° 
Exercise 3.435 
2(a — 8) 3(a —2)° 


Exercise 3.436 (Solution on p. 


(@ + 3)° (a? _— ea 
Exercise 3.437 
(a4 + 2a — 1) °(x +5)4 


Exercise 3.438 (Solution on p. 


(3a? — 4x — 8)? (2a +11) 
Exercise 3.439 ‘ 
(5y? + 8y — 6)“ (6y—1) 


Exercise 3.440 (Solution on p. 


7a(a — 4) "(b2 1)” 
Exercise 3.441 
(c — 5)~*3b?c4(a + 6)8 


Exercise 3.442 (Solution on p. 


(y? + 1) "By32-4w-2 (y? a 1)? 
Exercise 3.443 
523 QOg>") 


Exercise 3.444 (Solution on p. 


3y—* (9x) 
Exercise 3.445 
6a~4 (2a~®) 


Exercise 3.446 (Solution on p. 


4a2b2a-°b-? 
Exercise 3.447 
5-1q-2b-86- 16-39 


Exercise 3.448 (Solution on p. 


23.7723 4-? 
Exercise 3.449 
7a~3b-9 - 5a®bc 24 


189.) 


189.) 


189.) 


189.) 


189.) 


189.) 


189.) 


189.) 


189.) 


189.) 


189.) 


Exercise 3.450 


(x +5)?(a@+5)7° 


Exercise 3.451 


(a—4)*(a—4)-" 


Exercise 3.452 


SCD) 0b ny (2) 


Exercise 3.453 


3a°b-7 (a? + 4) °6a~4b(a? + 4)" (a? + 4) 


Exercise 3.454 


—4a3p-5 (2a2b"c~?) 


Exercise 3.455 


—Qe-2y-+z4 (—6a3y~3z) 


Exercise 3.456 
(—5)°(—5) 
Exercise 3.457 
(—9) "(9)" 
Exercise 3.458 
(-1)"'(-1)* 
Exercise 3.459 
(4)°(2)~* 


Exercise 3.460 


ps 
a-4 


Exercise 3.461 


a7 


Exercise 3.462 


eZ 8 


Exercise 3.463 


es 
Exercise 3.464 
23 
at 
Exercise 3.465 
wot 


Exercise 3.466 
3c° 
aip=3 
Exercise 3.467 
16a~7b~*%e 
Qyz—Fw-4 
Exercise 3.468 
Qy22—8 
6a2b-1e-9d3 
Exercise 3.469 
37 1b°(b+7) 74 
9-1a-4(a+7)" 
Exercise 3.470 
36a°b?8 
32.a3b7 C9 
Exercise 3.471 
45a4b? c& 
15a2b7c8 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


189.) 


189.) 


189.) 


189.) 


189.) 


190.) 


190.) 


190.) 


190.) 


190.) 


190.) 
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Exercise 3.472 (Solution on p. 190.) 
Batyrz 
32ary>z 
Exercise 3.473 
Way? z> wt 
Teyziewid 
Exercise 3.474 (Solution on p. 190.) 
33a—4b77 
11la3b-2 
Exercise 3.475 
Slab y~? 
3xy 
Exercise 3.476 (Solution on p. 190.) 
a> y~2a77b? 
Dale ty 258 
Exercise 3.477 
(w+3)" (y—6)* 
(x+3)? (y—6)-* 
Exercise 3.478 (Solution on p. 190.) 
3 
Exercise 3.479 
5aty? 
a? 
Exercise 3.480 (Solution on p. 190.) 
23a*b> ce? 
ea Syo 
Exercise 3.481 
236° c2q72 
4b*cx 


Exercise 3.482 (Solution on p. 190.) 


3,,-7 


Exercise 3.483 
3a7y~?(a—5) 
9-1(a+5)% 


Exercise 3.484 (Solution on p. 190.) 
14a7b6?c~1?(a?421)~* 
4-2a2b-1(a+6) 
For the following problems, evaluate each numerical expression. 
Exercise 3.485 
4-1 
Exercise 3.486 (Solution on p. 190.) 
7-1 
Exercise 3.487 
672 
Exercise 3.488 (Solution on p. 190.) 
9-5 
Exercise 3.489 
a4 
Exercise 3.490 (Solution on p. 190.) 
63°" 
Exercise 3.491 
4.97? 
Exercise 3.492 (Solution on p. 190.) 
28-1471 
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Exercise 3.493 


9-3 (3-7) 
Exercise 3.494 (Solution on p. 190.) 
ae ae 


Exercise 3.495 

10-7? + 3 (1077) 

Exercise 3.496 (Solution on p. 190.) 
(—3)* 

Exercise 3.497 

(—10)~" 

Exercise 3.498 (Solution on p. 190.) 


3 
9-3 


Exercise 3.499 

Exercise 3.500 (Solution on p. 190.) 
4 

z= 

Exercise 3.501 

=a act 

2-214-2 


Exercise 3.502 (Solution on p. 190.) 
21° 2° 
2-6—-13 


For the following problems, write each expression so that only positive exponents appear. 

Exercise 3.503 

(a°)~ 

Exercise 3.504 (Solution on p. 190.) 

(ay 

Exercise 3.505 

Coe 

Exercise 3.506 (Solution on p. 190.) 

ee). 

Exercise 3.507 

(b-?) 

Exercise 3.508 (Solution on p. 190.) 
=4y-l 

(b-*) 

Exercise 3.509 
~3\-4 

(y~*) 

Exercise 3.510 (Solution on p. 191.) 
oy 53 

(y~*) 

Exercise 3.511 

() 

Exercise 3.512 (Solution on p. 191.) 

(Ca 

Exercise 3.513 
(a°)~*, a#0 
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Exercise 3.514 (Solution on p. 191.) 
(m)~*, m #0 

Exercise 3.515 

(a*y") 

Exercise 3.516 (Solution on p. 191.) 
6,,6,—-1)2 

(2°y°2-) 

Exercise 3.517 

(a7-2b-") 

Exercise 3.518 (Solution on p. 191.) 
y>_\° 

(25) 

Exercise 3.519 

(s55) 
poo 

Exercise 3.520 (Solution on p. 191.) 

(33)° 
B38 

Exercise 3.521 

(3)° 
a2 

Exercise 3.522 (Solution on p. 191.) 
5 1435-6 2 

(Sr) 

Exercise 3.523 
4m~*n® 3 

( 2m on ) 


Exercise 3.524 (Solution on p. 191.) 


Exercise 3.525 


an2j-8\* 
(5) 


3.7.12 Exercises for Review 


Exercise 3.526 (Solution on p. 191.) 
(Section 2.7) Simplify (42529)? 

Exercise 3.527 

(Section 3.4) Find the sum. —15 +4 3. 

Exercise 3.528 (Solution on p. 191.) 
(Section 3.5) Find the difference. 8 — (—12). 

Exercise 3.529 

(Section 3.6) Simplify (—3) (—8) + 4(—5). 

Exercise 3.530 (Solution on p. 191.) 


(Section 3.6) Find the value of m if m = et when & = 4 and t = —2. 
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3.8 Scientific Notation * 


3.8.1 Overview 


e Standard Form to Scientific Form 
e Scientific Form to Standard Form 
e Working with Numbers in Scientific Notation 


3.8.2 Standard Form to Scientific Form 


Very large numbers such as 43,000,000,000,000,000,000 (the number of different possible configurations of 
Rubik’s cube) and very small numbers such as 0.000000000000000000000340 (the mass of the amino acid 
tryptophan) are extremely inconvenient to write and read. Such numbers can be expressed more conveniently 
by writing them as part of a power of 10. 

To see how this is done, let us start with a somewhat smaller number such as 2480. Notice that 


2480 = 248.0 x 10! 
nd 
Standard form 
= 24.80 x 10? 
= 2.480 x 10° 
—— 


Scientific form 
Scientific Form 


The last form is called the scientific form of the number. There is one nonzero digit to the left of the 
decimal point and the absolute value of the exponent on 10 records the number of places the original decimal 
point was moved to the left. 


0.00059 = 20052 — ote? = 0.0059 x 107? 
= oe = oP = 0.059 x 10-7 

io = eC = «CH x 10 

= i000 = is = 59x 10~ 


There is one nonzero digit to the left of the decimal point and the absolute value of the exponent of 10 
records the number of places the original decimal point was moved to the right. 
Scientific Notation 
Numbers written in scientific form are also said to be written using scientific notation. In scientific nota- 
tion, a number is written as the product of a number between and including 1 and 10 (1 is included, 10is not) 
and some power of 10. 
Writing a Number in Scientific Notation 
To write a number in scientific notation: 


1. Move the decimal point so that there is one nonzero digit to its left. 

2. Multiply the result by a power of 10 using an exponent whose absolute value is the number of places 
the decimal point was moved. Make the exponent positive if the decimal point was moved to the left 
and negative if the decimal point was moved to the right. 


3.8.3 Sample Set A 
Write the numbers in scientific notation. 


Example 3.57 
981 


®This content is available online at <http://cnx.org/content /m21879/1.3/>. 
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The number 981 is actually 981., and it is followed by a decimal point. In integers, the decimal 
point at the end is usually omitted. 

981 = 981. = 9.81 x 10? 

The decimal point is now two places to the left of its original position, and the power of 10 is 2. 


Example 3.58 
54.066 = 5.4066 x 10' = 5.4066 x 10 
The decimal point is one place to the left of its original position, and the power of 10 is 1. 


Example 3.59 
0.000000000004632 = 4.632 x 107'* 

The decimal point is twelve places to the right of its original position, and the power of 10 is 
—12. 


Example 3.60 
0:027 = 27 x 10-7 
The decimal point is two places to the right of its original position, and the power of 10 is —2. 


3.8.4 Practice Set A 


Write the following numbers in scientific notation. 


Exercise 3.531 (Solution on p. 191.) 
346 

Exercise 3.532 (Solution on p. 191.) 
72.33 

Exercise 3.533 (Solution on p. 191.) 
5387.7965 

Exercise 3.534 (Solution on p. 191.) 
87,000,000 

Exercise 3.535 (Solution on p. 191.) 
179,000,000,000,000,000,000 

Exercise 3.536 (Solution on p. 191.) 
100,000 

Exercise 3.537 (Solution on p. 191.) 
1,000,000 

Exercise 3.538 (Solution on p. 191.) 
0.0086 

Exercise 3.539 (Solution on p. 191.) 
0.000098001 

Exercise 3.540 (Solution on p. 191.) 
0.000000000000000054 

Exercise 3.541 (Solution on p. 191.) 
0.0000001 

Exercise 3.542 (Solution on p. 191.) 


0.00000001 
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3.8.5 Scientific Form to Standard Form 


A number written in scientific notation can be converted to standard form by reversing the process shown 
in Sample Set A. 

Converting from Scientific Notation 

To convert a number written in scientific notation to a number in standard form, move the decimal point 
the number of places prescribed by the exponent on the 10. 

Positive Exponent Negative Exponent 

Move the decimal point to the right when you have a positive exponent, and move the decimal point to the 
left when you have a negative exponent. 


3.8.6 Sample Set B 


Example 3.61 
4.673 x 10*. 

The exponent of 10 is 4 so we must move the decimal point to the right 4 places (adding 0’s if 
necessary). 


4.6730 X 10* = 46730 


Example 3.62 
2.9 x 10”. 

The exponent of 10 is 7 so we must move the decimal point to the right 7 places (adding 0’s if 
necessary). 

2.9 x 107 = 29000000 


Example 3.63 
110". 

The exponent of 10 is 27 so we must move the decimal point to the right 27 places (adding 0’s 
without a doubt). 

1 x 10? = 1,000,000,000,000,000,000,000,000,000 


Example 3.64 
4.21 x 107°. 
The exponent of 10 is —5 so we must move the decimal point to the left 5 places (adding 0’s if 


necessary). 
4.21 x 107° = 0.0000421 


Example 3.65 
1.006 x 107". 
The exponent of 10 is —18 so we must move the decimal point to the left 18 places (adding 0’s 


if necessary). 
1.006 x 10~'® = 0.000000000000000001006 


3.8.7 Practice Set B 


Convert the following numbers to standard form. 


Exercise 3.543 (Solution on p. 191.) 
9.25 x 10? 
Exercise 3.544 (Solution on p. 191.) 


4.01 x 10° 
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Exercise 3.545 (Solution on p. 192.) 
1 se 10>» 

Exercise 3.546 (Solution on p. 192.) 
8.88 x 10-° 


3.8.8 Working with Numbers in Scientific Notation 


Multiplying Numbers Using Scientific Notation 
There are many occasions (particularly in the sciences) when it is necessary to find the product of two 
numbers written in scientific notation. This is accomplished by using two of the basic rules of algebra. 

Suppose we wish to find (a x 10”) (b x 10”). Since the only operation is multiplication, we can use the 
commutative property of multiplication to rearrange the numbers. 

(a x 10”) (b x 10”) = (a x b) (10” x 10") 

Then, by the rules of exponents, 10" x 10” = 10"*". Thus, 

(G0 10") (6 10") =a xb) 10 

The product of (a x b) may not be between 1 and 10, so (a x b) x 10”*™ may not be in scientific form. 
The decimal point in (a x b) may have to be moved. An example of this situation is in Sample Set C, 
problem 2. 


3.8.9 Sample Set C 
Example 3.66 
(2 x 10°) (4x 108) = (2 x 4) (10° x 10°) 
SR x10 
=8x 10" 
Example 3.67 
(Boe 10s) (Blox 0s 27): xB) 00" e102) 
=A 


=A0,5:% 10"? 
We need to move the decimal point one place to the left to put this number in scientific notation. 
Thus, we must also change the exponent of 10. 


40.5 x 10~° 

4.05 x 101 x 107° 
4.05 x (10! x 107°) 
4.05 x (10'~°) 


4.05 x 10~* 
Thus, 
(5 x 1017) (8.1 x 1077?) = 4.05 x 1074 


3.8.10 Practice Set C 


Perform each multiplication. 


Exercise 3.547 (Solution on p. 192.) 
(3 x 10°) (2 x 10"7) 


Exercise 3.548 (Solution on p. 192.) 
(1 10°") (6x: 107") 


Exercise 3.549 (Solution on p. 192.) 
(5 x 10'*) (3 x 10°) 
Exercise 3.550 (Solution on p. 192.) 


Ax 10) 31005") 


3.8.11 Exercises 


Convert the numbers used in the following problems to scientific notation. 

Exercise 3.551 (Solution on p. 192.) 

Mount Kilimanjaro is the highest mountain in Africa. It is 5890 meters high. 

Exercise 3.552 

The planet Mars is about 222,900,000,000 meters from the sun. 

Exercise 3.553 (Solution on p. 192.) 
There is an irregularly shaped galaxy, named NGC 4449, that is about 

250,000,000,000,000,000,000,000 meters from earth. 

Exercise 3.554 

The farthest object. astronomers have been able to see (as of 1981) is a quasar named 3C427. There 

seems to be a haze beyond this quasar that appears to mark the visual boundary of the universe. 

Quasar 3C427 is at a distance of 110,000,000,000,000,000,000,000,000 meters from the earth. 

Exercise 3.555 (Solution on p. 192.) 

The smallest known insects are about the size of a typical grain of sand. They are about 0.0002 

meters in length (2 ten-thousandths of a meter). 

Exercise 3.556 

Atoms such as hydrogen, carbon, nitrogen, and oxygen are about 0.0000000001 meter across. 

Exercise 3.557 (Solution on p. 192.) 

The island of Manhattan, in New York, is about 57,000 square meters in area. 

Exercise 3.558 

The second largest moon of Saturn is Rhea. Rhea has a surface area of about 735,000 square 

meters, roughly the same surface area as Australia. 

Exercise 3.559 (Solution on p. 192.) 

A star, named Epsilon Aurigae B, has a diameter (distance across) of 2,800,000,000,000 meters. 

This diameter produces a surface area of about 24,630,000,000,000,000,000,000,000 square meters. 

This star is what astronomers call a red giant and it is the largest red giant known. If Epsilon 

Aurigae were placed at the sun’s position, its surface would extend out to the planet Uranus. 

Exercise 3.560 

The volume of the planet Venus is 927,590,000,000,000,000,000 cubic meters. 

Exercise 3.561 (Solution on p. 192.) 

The average mass of a newborn American female is about 3360 grams. 

Exercise 3.562 

The largest brain ever measured was that of a sperm whale. It had a mass of 9200 grams. 

Exercise 3.563 (Solution on p. 192.) 

The mass of the Eiffel tower in Paris, France, is 8,000,000 grams. 
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Exercise 3.564 

In 1981, a Japanese company built the largest oil tanker to date. The ship has a mass of about 
510,000,000,000 grams. This oil tanker is more than 6 times as massive as the U.S. aircraft carrier, 
U.S.S. Nimitz. 
Exercise 3.565 (Solution on p. 192.) 
In the constellation of Virgo, there is a cluster of about 2500 galaxies. The combined mass of these 
galaxies is 150,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000 
grams. 
Exercise 3.566 
The mass of an amoeba is about 0.000004 gram. 
Exercise 3.567 (Solution on p. 192.) 
Cells in the human liver have masses of about 0.000000008 gram. 
Exercise 3.568 
The human sperm cell has a mass of about. 0.000000000017 gram. 
Exercise 3.569 (Solution on p. 192.) 
The principal protein of muscle is myosin. Myosin has a mass of 0.00000000000000000103 gram. 
Exercise 3.570 
Amino acids are molecules that combine to make up protein molecules. The amino acid tryptophan 
has a mass of 0.000000000000000000000340 gram. 
Exercise 3.571 (Solution on p. 192.) 
An atom of the chemical element bromine has 35 electrons. The mass of a bromine atom is 
0.000000000000000000000000031 gram. 
Exercise 3.572 

Physicists are performing experiments that they hope will determine the mass of a 


small particle called a neutrino. It is suspected that neutrinos have masses of about 
0.0000000000000000000000000000001 gram. 
Exercise 3.573 (Solution on p. 192.) 


The approximate time it takes for a human being to die of asphyxiation is 316 seconds. 
Exercise 3.574 

On the average, the male housefly lives 1,468,800 seconds (17 days). 

Exercise 3.575 (Solution on p. 192.) 
Aluminum-26 has a half-life of 740,000 years. 


Exercise 3.576 
Manganese-53 has a half-life of 59,918,000,000,000 seconds (1,900,000 years). 


Exercise 3.577 (Solution on p. 192.) 
In its orbit around the sun, the earth moves a distance one and one half feet in about 0.0000316 
second. 


Exercise 3.578 
A pi-meson is a subatomic particle that has a half-life of about 0.0000000261 second. 


Exercise 3.579 (Solution on p. 192.) 
A subatomic particle called a neutral pion has a half-life of about 0.0000000000000001 second. 


Exercise 3.580 
Near the surface of the earth, the speed of sound is 1195 feet per second. 
For the following problems, convert the numbers from scientific notation to standard decimal form. 


Exercise 3.581 (Solution on p. 192.) 
The sun is about 1 x 10° meters from earth. 


Exercise 3.582 

The mass of the earth is about 5.98 x 10?” grams. 

Exercise 3.583 (Solution on p. 192.) 
Light travels about 5.866 x 10'* miles in one year. 

Exercise 3.584 

One year is about 3 x 10” seconds. 

Exercise 3.585 (Solution on p. 192.) 
Rubik’s cube has about 4.3 x 10'° different configurations. 

Exercise 3.586 

A photon is a particle of light. A 100-watt light bulb emits 1 x 102° photons every second. 
Exercise 3.587 (Solution on p. 192.) 
There are about 6 x 10” cells in the retina of the human eye. 

Exercise 3.588 

A car traveling at an average speed will travel a distance about equal to the length of the smallest 
fingernail in 3.16 x 10~* seconds. 

Exercise 3.589 (Solution on p. 193.) 
A ribosome of E. coli has a mass of about 4.7 x 1071/9 grams. 

Exercise 3.590 

A mitochondrion is the energy-producing element of a cell. A mitochondrion is about 1.5 x 107° 
meters in diameter. 

Exercise 3.591 (Solution on p. 193.) 
There is a species of frogs in Cuba that attain a length of at most 1.25 x 107 meters. 


Perform the following operations. 


Exercise 3.592 
(2 x 10*) (3 x 10°) 


Exercise 3.593 (Solution on p. 193.) 

(4 x 107) (8 x 10°) 

Exercise 3.594 

(6 x 10") (6 x 10~1°) 

Exercise 3.595 (Solution on p. 193.) 

(3 x 10~°) (8 x 107) 

Exercise 3.596 

(210°) (3x 10-") 

Exercise 3.597 (Solution on p. 193.) 

(9 x 107°) (1 x 107**) 

Exercise 3.598 

(3.1107 )(30% 105%) 

Exercise 3.599 (Solution on p. 193.) 

(42500-36107) 

Exercise 3.600 

(1.1 x 10°)? 

Exercise 3.601 Solution on p. 193. 
( ) 

(5.9 x 10!4)? 

Exercise 3.602 

(1.02 x 10717)? 
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Exercise 3.603 (Solution on p. 193.) 
(8.8 x 10-59)? 

Exercise 3.604 

If Mount Kilimanjaro was 1,000,000 times as high as it really is, how high would it be? (See 
problem 1.) 

Exercise 3.605 (Solution on p. 193.) 
If the planet Mars was 300,000 times as far from the sun as it really is, how far from the sun would 
it be? (See problem 2.) 

Exercise 3.606 

If 800,000,000 of the smallest insects known were lined up head to tail, how far would they stretch? 
(See problem 5.) 

Exercise 3.607 (Solution on p. 193.) 
If Rhea, the moon of Saturn, had a surface area 0.00000000002 of its real surface area, what would 
that surface area be? (See problem 8.) 

Exercise 3.608 

If the star Epsilon Aurigae B had a surface area 0.005 of its real surface area, what would that 
surface area be? (See problem 9.) 

Exercise 3.609 (Solution on p. 193.) 
If the mass of all the galaxies in the constellation Virgo was only 0.0000000000000000000000003 
of its real mass, what would that mass be? (See problem 15.) 

Exercise 3.610 

What is the mass of 15,000,000,000,000 bromine atoms? (See problem 21.) 


3.8.12 Exercises for Review 


Exercise 3.611 (Solution on p. 193.) 
(Section 2.3) What integers can replace x so that the statement —6 < x < — 2 is true? 
Exercise 3.612 

(Section 2.6) Simplify (5x?y*) (22y°) 

Exercise 3.613 (Solution on p. 193.) 
(Section 3.3) Determine the value of — [— (—| — 5])]. 

Exercise 3.614 ae 

(Section 3.7) Write —4 so that only positive exponents appear. 

Exercise 3.615 (Solution on p. 193.) 
(Section 3.7) Write (2z + 1)°(2z+1)~° so that only positive exponents appear. 


3.9 Summary of Key Concepts ° 


3.9.1 Summary of Key Concepts 


Positive and Negative Numbers (Section 3.2) 
A number is denoted as positive if it is directly preceded by a "+" sign or no sign at all. A number is 
denoted as negative if it is directly preceded by a "—" sign. 


®This content is available online at <http://cnx.org/content /m21881/1.3/>. 


171 


Opposites (Section 3.2) 
Opposites are numbers that are the same distance from zero on the number line but have opposite signs. 
Double-Negative Property (Section 3.2) 
—(-a)=a 
Absolute Value (Geometric) (Section 3.3) 
The absolute value of a number a, denoted |a|, is the distance from a to 0 on the number line. 
Absolute Value (Algebraic) (Section 3.3) 
ifa > 

ree a : a>0 

—a ifa<0 
Addition of Signed Numbers (Section 3.4) 
To add two numbers with 
like signs, add the absolute values of the numbers and associate the common sign with the sum. 
unlike signs, subtract the smaller absolute value from the larger absolute value and associate the sign of 
the larger absolute value with the difference. 
Addition with 0 (Section 3.4) 
O + any number = that particular number, that is, 0 + a = a for any real number a. 
Additive Identity (Section 3.4) 
Since adding 0 to a real number leaves that number unchanged, 0 is called the additive identity. 
Definition of Subtraction (Section 3.5) 
a—b=a+(-b) 
Subtraction of Signed Numbers (Section 3.5) 
To perform the subtraction a — b, add the opposite of b to a, that is, change the sign of b and add. 
Multiplication and Division of Signed Numbers (Section 3.6) 


)W=+ Bat Oa 


(-))=- E=+ B= 
Reciprocals (Section 3.7) 
Two numbers are reciprocals of each other if their product is 1. The numbers 4 and + are reciprocals since 
(4) (4) =1. 
Negative Exponents (Section 3.7) 
If n is any natural number and z is any nonzero real number, then 2~” = a. 
Writing a Number in Scientific Notation (Section 3.8) 
To write a number in scientific notation: 


1. Move the decimal point so that there is one nonzero digit to its left. 

2. Multiply the result by a power of 10 using an exponent whose absolute value is the number of places 
the decimal point was moved. Make the exponent positive if the decimal point was moved to the left 
and negative if the decimal point was moved to the right. 


Converting from Scientific Notation: 

positive exponent (Section 3.8) 

To convert a number written in scientific notation to a number in standard form when there is a positive 
exponent as the power of 10, move the decimal point to the right the number of places prescribed by the 
exponent on the 10. 

Negative Exponent (Section 3.8) 

To convert a number written in scientific notation to a number in standard form when there is a negative 
exponent as the power of 10, move the decimal point to the left the number of places prescribed by the 
exponent on the 10. 
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3.10 Exercise Supplement °° 


3.10.1 Exercise Supplement 
3.10.1.1 Signed Numbers (Section 3.2) 


For the following problems, find —a if a is 


Exercise 3.616 (Solution on p. 193.) 
27 

Exercise 3.617 

—15 

Exercise 3.618 (Solution on p. 193.) 


8 


9 
Exercise 3.619 


a3) 
Exercise 3.620 (Solution on p. 193.) 
k 


3.10.1.2 Absolute Value (Section 3.3) 


Simplify the following problems. 
Exercise 3.621 
[3| 
Exercise 3.622 (Solution on p. 193.) 
|— 3 
Exercise 3.623 
—|16| 
Exercise 3.624 (Solution on p. 193.) 
— (—|12I) 
Exercise 3.625 
—|o| 


3.10.1.3 AddItion of Signed Numbers (Section 3.4) - Multiplication and Division of Signed 
Numbers (Section 3.6) 
Simplify the following problems. 

Exercise 3.626 (Solution on p. 193.) 

4+ (-6) 

Exercise 3.627 

—16 + (—18) 

Exercise 3.628 (Solution on p. 193.) 

3 —(-14) 

Exercise 3.629 


(—5) (2) 


10This content is available online at <http://cnx.org/content /m21874/1.4/>. 


173 


Exercise 3.630 (Solution on p. 193.) 
(—6) (—3) 

Exercise 3.631 

E)C4 

Exercise 3.632 (Solution on p. 193.) 
(4) (—3) 


Exercise 3.633 


=25 
5 
Exercise 3.634 (Solution on p. 193.) 
—100 
—10 
Exercise 3.635 
16—18+5 
Exercise 3.636 (Solution on p. 193.) 
(—2)(=4)+10 


Exercise 3.637 
—3(—8+4)—12 
7(3-46)—2(—8) 
Exercise 3.638 (Solution on p. 194.) 
—1(—3—2)—4(—4) 
—13+10 
Exercise 3.639 
— (2-10) 
Exercise 3.640 (Solution on p. 194.) 
0 — 6 (—4) (—2) 


3.10.1.4 Multiplication and Division of Signed Numbers (Section 3.6) 


Find the value of each expression for the following problems. 
Exercise 3.641 
P=R-C. Find P if R = 3000 and C = 3800. 
Exercise 3.642 (Solution on p. 194.) 
z= 23h. Find z if = 22,u = 30, and s = 8. 
Exercise 3.643 
P=n(n-1)(n- 2). Find P if n = —3. 


3.10.1.5 Negative Exponents (Section 3.7) 


Write the expressions for the following problems using only positive exponents. 
Exercise 3.644 (Solution on p. 194.) 


qt 


Exercise 3.645 

—6 

Cc 

Exercise 3.646 (Solution on p. 194.) 
a®b~2c7® 

Exercise 3.647 

(c+ 5)? 
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Exercise 3.648 (Solution on p. 194.) 
xy*(e — 3)" 

Exercise 3.649 

4-2q-3p-4¢8 

Exercise 3.650 (Solution on p. 194.) 
opt 

Exercise 3.651 

(Qa + 9)~°7a4y-5z-2(3a — 1)?(2x + 5)7 
Exercise 3.652 (Solution on p. 194.) 
(-2)" 


Exercise 3.653 


alee 
74 


Exercise 3.654 (Solution on p. 194.) 
pS 
Exercise 3.655 


4c~? 
b-6 


Exercise 3.656 (Solution on p. 194.) 
37 2@7-5b6- 92 
eS a 


Exercise 3.657 

(z-6)~* 

(2+6)~4 

Exercise 3.658 (Solution on p. 194.) 
16a°b~? 

—2a3b-5 


Exercise 3.659 
—44a 3 y—8 2-8 
Tia=2y=72-8 
Exercise 3.660 (Solution on p. 194.) 
8-2 
Exercise 3.661 
g-t 
Exercise 3.662 (Solution on p. 194.) 
9-5 
Exercise 3.663 
(3) 
Exercise 3.664 (Solution on p. 194.) 
(ab) 
Exercise 3.665 
ey 
Exercise 3.666 (Solution on p. 194.) 
-1\—4 
("") 
Exercise 3.667 
| 
(y~") 
Exercise 3.668 (Solution on p. 194.) 
(x8y-42-2)~° 


Exercise 3.669 


(=) 


1 
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Exercise 3.670 (Solution on p. 194.) 


2b-Te-8at \ + 
pA ye Zz 


3.10.1.6 Scientific Notation (Section 3.8) 


Write the following problems using scientific notation. 


Exercise 3.671 
8739 


Exercise 3.672 (Solution on p. 194.) 
73567 


Exercise 3.673 
21,000 


Exercise 3.674 (Solution on p. 194.) 
746,000 


Exercise 3.675 
8866846 


Exercise 3.676 (Solution on p. 194.) 
0.0387 


Exercise 3.677 
0.0097 


Exercise 3.678 (Solution on p. 194.) 
0.376 


Exercise 3.679 
0.0000024 


Exercise 3.680 (Solution on p. 194.) 
0.000000000000537 


Exercise 3.681 
46,000,000,000,000,000 
Convert the following problems from scientific form to standard form. 


Exercise 3.682 (Solution on p. 194.) 
3.87 x 10° 

Exercise 3.683 

4.145 x 104 

Exercise 3.684 (Solution on p. 194.) 
6.009 x 10° 

Exercise 3.685 

1.80067 x 10° 

Exercise 3.686 (Solution on p. 194.) 
3.88 x 107° 

Exercise 3.687 

4.116 x 10-7 

Exercise 3.688 (Solution on p. 195.) 
8.002 x 107? 

Exercise 3.689 

7.36490 x 10714 
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Exercise 3.690 (Solution on p. 195.) 
2.101 x 10"° 


Exercise 3.691 
6.7202 x 107° 


Exercise 3.692 (Solution on p. 195.) 
1 x 10° 


Exercise 3.693 
1x 107 


Exercise 3.694 (Solution on p. 195.) 
1x 10° 


Find the product for the following problems. Write the result in scientific notation. 


Exercise 3.695 
(1 x 10°) (2 x 10°) 


Exercise 3.696 (Solution on p. 195.) 
(3 x 10°) (7 x 107) 


Exercise 3.697 
(2 x 10“) (8 x 10’*) 


Exercise 3.698 (Solution on p. 195.) 
(9 x 10°) (3 x 10”°) 


Exercise 3.699 
(1 x 10*) (1 x 10°) 


Exercise 3.700 (Solution on p. 195.) 
(8 x 107%) (3 x 107°) 

Exercise 3.701 

(O>¢107*). (2% 105") 

Exercise 3.702 (Solution on p. 195.) 
ie tas Oe cat Oa) 

Exercise 3.703 

(73x 10") @.1<107-*) 


Exercise 3.704 (Solution on p. 195.) 
(1.06 x 107'°) (2.815 x 1071?) 


Exercise 3.705 
(9.3806 x 10°?) (1.009 x 1078?) 


3.11 Proficiency Exam " 


3.11.1 Proficiency Exam 


Simplify the expressions for the following problems. 


Exercise 3.706 (Solution on p. 195.) 
(Section 3.2) —{— [(—6)]} 

Exercise 3.707 (Solution on p. 195.) 
(Section 3.3) —|— 15| 


11 This content is available online at <http://cnx.org/content /m21875/1.3/>. 
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Exercise 3.708 (Solution on p. 195.) 

(Section 3.5) —[| — 12| — 10] 

Exercise 3.709 (Solution on p. 195.) 

(Section 3.5) —5 (—6) + 4(—8) —|-5| 

Exercise 3.710 (Solution on p. 195.) 

(Section 3.6) Moa 

Exercise 3.711 (Solution on p. 195.) 

(Section 3.6) —|7|— (2)* + (—2)” 

Exercise 3.712 (Solution on p. 195.) 
—6(2)( 

(Section 3.6) ele 

Exercise 3.713 (Solution on p. 195.) 

(Section 3.6) ag el 

Exercise 3.714 (Solution on p. 195.) 


(Section 3.6) Ifz = =, find z if x = 14, u = 20, and s = 2. 


When simplifying the terms for the following problems, write each so that only positive exponents appear. 


Exercise 3.715 (Solution on p. 195.) 
(Section 3.7) eam 
Exercise 3.716 (Solution on p. 195.) 
-2 
(Section 3.7) a 
Exercise 3.717 (Solution on p. 195.) 
(Section 3.7) 2~2m®(n — 4)~° 
Exercise 3.718 (Solution on p. 195.) 
(Section 3.7) 4a~® (2a~°) 
Exercise 3.719 (Solution on p. 195.) 
—1,,3,,-5,,—-3 

(Section 3.7) oe 
Exercise 3.720 (Solution on p. 195.) 

4 
(Section 3.7) a ee 
Exercise 3.721 (Solution on p. 195.) 
(Section 3. 7) GHP o a 

(y+1)?(y-3)-* 

Exercise 3.722 (Solution on p. 196.) 
(Section 3.7) ee) 
Exercise 3.723 (Solution on p. 196.) 
(Section 3.7) (at)~* 
Exercise 3.724 (Solution on p. 196.) 


(Section 3.7) [ sa] 


Exercise 3.725 (Solution on p. 196.) 
(Section 3.7) (o)~?, c#0 

Exercise 3.726 (Solution on p. 196.) 
(Section 3.8) Write 0.000271 using scientific notation. 

Exercise 3.727 (Solution on p. 196.) 
(Section 3.8) Write 8.90 x 10° in standard form. 

Exercise 3.728 (Solution on p. 196.) 


(Section 3.8) Find the value of (3 x 10°) (2 x 1077). 
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Exercise 3.729 
(Section 3.8) Find the value of (4 x 19-8)", 


Exercise 3.730 (Solution on p. 196.) 
(Section 3.8) If k is a negative integer, is —k a positive or negative integer? 


(Solution on p. 196.) 
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Solutions to Exercises in Chapter 3 


Solution to Exercise 3.1 (p. 123) 
four plus ten 

Solution to Exercise 3.2 (p. 123) 
seven plus negative four 

Solution to Exercise 3.3 (p. 123) 
negative nine plus two 

Solution to Exercise 3.4 (p. 123) 
negative sixteen minus positive eight 
Solution to Exercise 3.5 (p. 123) 
negative one minus negative nine 
Solution to Exercise 3.6 (p. 123) 
zero plus negative seven 

Solution to Exercise 3.7 (p. 124) 


—8 

Solution to Exercise 3.8 (p. 124) 
-17 

Solution to Exercise 3.9 (p. 124) 
6 

Solution to Exercise 3.10 (p. 124) 
15 


Solution to Exercise 3.11 (p. 124) 
—1, since —(—1) =1 

Solution to Exercise 3.12 (p. 124) 
7 

Solution to Exercise 3.13 (p. 124) 
If a is positive, —a is negative. 
Solution to Exercise 3.14 (p. 124) 
If a is negative, —a is positive. 
Solution to Exercise 3.15 (p. 124) 
We must say that we do not know. 
Solution to Exercise 3.16 (p. 124) 
a plus sign or no sign at all 

Solution to Exercise 3.18 (p. 124) 
a negative five 

Solution to Exercise 3.20 (p. 124) 
twelve 

Solution to Exercise 3.22 (p. 125) 
negative negative four 

Solution to Exercise 3.24 (p. 125) 
five plus seven 

Solution to Exercise 3.26 (p. 125) 
eleven plus negative two 

Solution to Exercise 3.28 (p. 125) 
six minus negative eight 

Solution to Exercise 3.30 (p. 125) 
—(-8) =8 

Solution to Exercise 3.32 (p. 125) 
2 

Solution to Exercise 3.34 (p. 125) 
1 
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Solution to Exercise 3.36 (p. 


—3 


Solution to Exercise 3.38 (p. 


—6 


Solution to Exercise 3.40 (p. 


26 


Solution to Exercise 3.42 (p. 


31 


Solution to Exercise 3.44 (p. 


12 


Solution to Exercise 3.46 (p. 


17 


Solution to Exercise 3.48 (p. 


5 —(-2) =542=7 


Solution to Exercise 3.50 (p. 


16 


Solution to Exercise 3.52 (p. 


32 


Solution to Exercise 3.54 (p. 


13 


Solution to Exercise 3.56 (p. 


26 


Solution to Exercise 3.58 (p. 


0 


Solution to Exercise 3.60 (p. 


gnt8 


Solution to Exercise 3.62 (p. 


16a*b? 
9x2 y6 


Solution to Exercise 3.63 (p. 


7 


Solution to Exercise 3.64 (p. 


9 


Solution to Exercise 3.65 (p. 


12 


Solution to Exercise 3.66 (p. 


5 


Solution to Exercise 3.67 (p. 


—8 


Solution to Exercise 3.68 (p. 


—1 


Solution to Exercise 3.69 (p. 


—52 


Solution to Exercise 3.70 (p. 


—31 


Solution to Exercise 3.71 (p. 


5 


Solution to Exercise 3.73 (p. 


6 


Solution to Exercise 3.75 (p. 


8 


125) 
125) 
125) 
125) 
126) 
126) 
126) 
126) 
126) 
126) 
126) 
126) 
126) 


126) 


128) 
128) 
128) 
128) 
128) 
128) 
128) 
128) 
129) 
129) 


129) 
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Solution to Exercise 3.77 (p. 
16 

Solution to Exercise 3.79 (p. 
—12 

Solution to Exercise 3.81 (p. 
-9 

Solution to Exercise 3.83 (p. 
1 

Solution to Exercise 3.85 (p. 
—3 

Solution to Exercise 3.87 (p. 
—14 

Solution to Exercise 3.89 (p. 
—28 

Solution to Exercise 3.91 (p. 
—68 

Solution to Exercise 3.93 (p. 
26 

Solution to Exercise 3.95 (p. 
—8 

Solution to Exercise 3.97 (p. 
—1 

Solution to Exercise 3.99 (p. 
4 


Solution to Exercise 3.101 (p. 


6 


Solution to Exercise 3.103 (p. 


3 


Solution to Exercise 3.105 (p. 


12 


Solution to Exercise 3.107 (p. 


4 


Solution to Exercise 3.109 (p. 


4 


Solution to Exercise 3.111 (p. 


5 


Solution to Exercise 3.113 (p. 


3 


Solution to Exercise 3.115 (p. 


6 


Solution to Exercise 3.117 (p. 


100 


Solution to Exercise 3.119 (p. 


92 


Solution to Exercise 3.121 (p. 


—1 


Solution to Exercise 3.123 (p. 


\$ — 2, 400, 000] 


Solution to Exercise 3.125 (p. 


4(a+b) 


129) 
129) 
129) 
129) 
129) 
129) 
129) 
129) 
130) 
130) 
130) 
130) 
130) 
130) 
130) 
130) 
130) 
130) 
130) 
131) 
131) 
131) 
131) 
131) 


131) 


181 


182 


Solution to Exercise 3.127 (p. 
commutative property of addition 
Solution to Exercise 3.129 (p. 
4 

Solution to Exercise 3.130 (p. 
14 

Solution to Exercise 3.131 (p. 
52 

Solution to Exercise 3.132 (p. 
—12 

Solution to Exercise 3.133 (p. 
—45 

Solution to Exercise 3.134 (p. 
—34 


Solution to Exercise 3.135 (p. 
7 


3 
Solution to Exercise 3.136 (p. 
—7.A4 
Solution to Exercise 3.137 (p. 
1 
Solution to Exercise 3.138 (p. 
2 
Solution to Exercise 3.139 (p. 
—3 
Solution to Exercise 3.140 (p. 
—6 
Solution to Exercise 3.141 (p. 
—14 
Solution to Exercise 3.142 (p. 
—43 
Solution to Exercise 3.143 (p. 
5 
Solution to Exercise 3.144 (p. 
—0.5 
Solution to Exercise 3.145 (p. 
—8 
Solution to Exercise 3.146 (p. 
0.57 
Solution to Exercise 3.147 (p. 
—425 
Solution to Exercise 3.148 (p. 
—7993.7 
Solution to Exercise 3.149 (p. 
16 
Solution to Exercise 3.151 (p. 
8 
Solution to Exercise 3.153 (p. 
—15 
Solution to Exercise 3.155 (p. 
—12 


131) 
131) 
133) 
133) 
133) 
133) 
133) 
133) 
133) 
135) 
135) 
135) 
135) 
135) 
135) 
135) 
135) 
135) 
135) 
135) 
135) 
136) 
136) 
136) 


136) 
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Solution to Exercise 3.157 (p. 


—24 


Solution to Exercise 3.159 (p. 


11 


Solution to Exercise 3.161 (p. 


8 


Solution to Exercise 3.163 (p. 


2 


Solution to Exercise 3.165 (p. 


—15 


Solution to Exercise 3.167 (p. 


8 


Solution to Exercise 3.169 (p. 


—8 


Solution to Exercise 3.171 (p. 


—15 


Solution to Exercise 3.173 (p. 


—25 


Solution to Exercise 3.175 (p. 


—12 


Solution to Exercise 3.177 (p. 


24 


Solution to Exercise 3.179 (p. 


—21 


Solution to Exercise 3.181 (p. 


0 


Solution to Exercise 3.183 (p. 


0 


Solution to Exercise 3.185 (p. 


23 


Solution to Exercise 3.187 (p. 


328 


Solution to Exercise 3.189 (p. 


876 


Solution to Exercise 3.191 (p. 


—1265 


Solution to Exercise 3.193 (p. 


—6.084 


Solution to Exercise 3.195 (p. 


—20 


Solution to Exercise 3.197 (p. 


—17 


Solution to Exercise 3.199 (p. 


—18 


Solution to Exercise 3.201 (p. 


14 


Solution to Exercise 3.203 (p. 


16 


Solution to Exercise 3.205 (p. 


4 


136) 
136) 
136) 
136) 
136) 
136) 
136) 
137) 
137) 
137) 
137) 
137) 
137) 
137) 
137) 
137) 
137) 
137) 
138) 
138) 
138) 
138) 
138) 
138) 


138) 


183 


184 


Solution to Exercise 3.207 (p. 


—$28.50 


Solution to Exercise 3.209 (p. 


$3.00 


Solution to Exercise 3.211 (p. 


5a®c 


Solution to Exercise 3.213 (p. 


8 


Solution to Exercise 3.215 (p. 


3 


Solution to Exercise 3.216 (p. 


—3 


Solution to Exercise 3.217 (p. 


—7 


Solution to Exercise 3.218 (p. 


—13 


Solution to Exercise 3.219 (p. 


—20 


Solution to Exercise 3.220 (p. 


—27 


Solution to Exercise 3.221 (p. 


—2 


Solution to Exercise 3.222 (p. 


18 


Solution to Exercise 3.223 (p. 


13 


Solution to Exercise 3.224 (p. 


118 


Solution to Exercise 3.225 (p. 


—16 


Solution to Exercise 3.226 (p. 


16 


Solution to Exercise 3.227 (p. 


—8 


Solution to Exercise 3.228 (p. 


10 


Solution to Exercise 3.229 (p. 


0 


Solution to Exercise 3.230 (p. 


5 


Solution to Exercise 3.232 (p. 


—1 


Solution to Exercise 3.234 (p. 


—13 


Solution to Exercise 3.236 (p. 


—6 


Solution to Exercise 3.238 (p. 


—11 


Solution to Exercise 3.240 (p. 


—13 


138) 
138) 
139) 
139) 
141) 
141) 
141) 
141) 
141) 
141) 
141) 
141) 
141) 
141) 
141) 
141) 
141) 
141) 
141) 
141) 
141) 
141) 
142) 
142) 


142) 
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Solution to Exercise 3.242 (p. 


—14 


Solution to Exercise 3.244 (p. 


—2 


Solution to Exercise 3.246 (p. 


5 


Solution to Exercise 3.248 (p. 


11 


Solution to Exercise 3.250 (p. 


5 


Solution to Exercise 3.252 (p. 


—5 


Solution to Exercise 3.254 (p. 


—8 


Solution to Exercise 3.256 (p. 


—6 


Solution to Exercise 3.258 (p. 


7 


Solution to Exercise 3.260 (p. 


29 


Solution to Exercise 3.262 (p. 


—324 


Solution to Exercise 3.264 (p. 


—429 


Solution to Exercise 3.266 (p. 


—T1 


Solution to Exercise 3.268 (p. 


164 


Solution to Exercise 3.270 (p. 


1 


Solution to Exercise 3.272 (p. 


1 


Solution to Exercise 3.274 (p. 


8 


Solution to Exercise 3.276 (p. 


4 


Solution to Exercise 3.278 (p. 


6 


Solution to Exercise 3.280 (p. 


—27 


Solution to Exercise 3.282 (p. 


—12 


Solution to Exercise 3.284 (p. 


-11 


Solution to Exercise 3.286 (p. 


20xy + 44x 


Solution to Exercise 3.288 (p. 


11 


Solution to Exercise 3.290 (p. 


—3 


142) 
142) 
142) 
142) 
142) 
142) 
142) 
142) 
143) 
143) 
143) 
143) 
143) 
143) 
143) 
143) 
143) 
143) 
143) 
144) 
144) 
144) 
144) 
144) 


144) 


185 


186 


Solution to Exercise 3.291 (p. 


—24 


Solution to Exercise 3.292 (p. 


64 


Solution to Exercise 3.293 (p. 


30 


Solution to Exercise 3.294 (p. 


14 


Solution to Exercise 3.295 (p. 


—4 


Solution to Exercise 3.296 (p. 


—49 


Solution to Exercise 3.297 (p. 


4 


Solution to Exercise 3.298 (p. 


—6 


Solution to Exercise 3.299 (p. 


—2 


Solution to Exercise 3.300 (p. 


3 


Solution to Exercise 3.301 (p. 


1 


Solution to Exercise 3.302 (p. 


1 


Solution to Exercise 3.303 (p. 


16 


Solution to Exercise 3.305 (p. 


32 


Solution to Exercise 3.307 (p. 


54 


Solution to Exercise 3.309 (p. 


32 


Solution to Exercise 3.311 (p. 


—36 


Solution to Exercise 3.313 (p. 


—32 


Solution to Exercise 3.315 (p. 


—18 


Solution to Exercise 3.317 (p. 


—24 


Solution to Exercise 3.319 (p. 


—90 


Solution to Exercise 3.321 (p. 


—60 


Solution to Exercise 3.323 (p. 


—12 


Solution to Exercise 3.325 (p. 


3 


Solution to Exercise 3.327 (p. 


—13 


146) 
146) 
146) 
146) 
146) 
146) 
148) 
148) 
148) 
148) 
149) 
149) 
149) 
149) 
149) 
149) 
149) 
149) 
149) 
149) 
149) 
150) 
150) 
150) 


150) 
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Solution to Exercise 3.329 (p. 


9 


Solution to Exercise 3.331 (p. 


—5 


Solution to Exercise 3.333 (p. 


11 


Solution to Exercise 3.335 (p. 


28 


Solution to Exercise 3.337 (p. 


—4 


Solution to Exercise 3.339 (p. 


—12 


Solution to Exercise 3.341 (p. 


—4 


Solution to Exercise 3.343 (p. 


—6 


Solution to Exercise 3.345 (p. 


15 


Solution to Exercise 3.347 (p. 


49 


Solution to Exercise 3.349 (p. 


—140 


Solution to Exercise 3.351 (p. 


—7 


Solution to Exercise 3.353 (p. 


—3 


Solution to Exercise 3.355 (p. 


—5 


Solution to Exercise 3.357 (p. 


13 


Solution to Exercise 3.359 (p. 


—3 


Solution to Exercise 3.361 (p. 


4 


Solution to Exercise 3.363 (p. 


—4 


Solution to Exercise 3.365 (p. 


15 


Solution to Exercise 3.367 (p. 


2 


Solution to Exercise 3.369 (p. 


—2 


Solution to Exercise 3.371 (p. 


—3 


Solution to Exercise 3.373 (p. 


1458 


Solution to Exercise 3.375 (p. 


—120 


Solution to Exercise 3.377 (p. 


40 


150) 
150) 
150) 
150) 
150) 
150) 
150) 
150) 
151) 
151) 
151) 
151) 
151) 
151) 
151) 
151) 
151) 
151) 
151) 
152) 
152) 
152) 
152) 
152) 


152) 
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188 


Solution to Exercise 3.379 (p. 


(x + 2y)? (3a — 1) 


Solution to Exercise 3.381 (p. 


-11 


Solution to Exercise 3.383 (p. 


1 


5 


Sillins 
m2 


Solution to Exercise 3.385 (p. 


1 


9 
Solution to Exercise 3.386 (p. 


1 


5 
Solution to Exercise 3.387 (p. 


L. 


16 
Solution to Exercise 3.388 (p. 


1 
(wy)* 


Solution to Exercise 3.389 (p. 


sale. 
(a+2b)!? 


Solution to Exercise 3.390 (p. 


(m—n)! 


Solution to Exercise 3.391 (p. 


7 


4 


a2b4 


Solution to Exercise 3.393 (p. 


eye 


Solution to Exercise 3.394 (p. 


6k 


Tm n? 


Solution to Exercise 3.395 (p. 


a?p%8 


Solution to Exercise 3.396 (p. 


3a 
5b(a—5b)7(a—4b)> 


Solution to Exercise 3.397 (p. 


A198 


Solution to Exercise 3.398 (p. 


64m—3n7 a5 


Solution to Exercise 3.399 (p. 


52 


Solution to Exercise 3.400 (p. 


t 
ey 


Solution to Exercise 3.402 (p. 


1 


ee 
Solution to Exercise 3.404 (p. 


_ 
qlo 


Solution to Exercise 3.406 (p. 


1 
pit 


Solution to Exercise 3.408 (p. 


1 


5 


‘l, 
(w—5)° 


y 
Solution to Exercise 3.384 (p. 


x 
Solution to Exercise 3.392 (p. 


y 
Solution to Exercise 3.410 (p. 


152) 
152) 
154) 
154) 
154) 
154) 
154) 
154) 
154) 
154) 
155) 
155) 
155) 
155) 
155) 


155) 


156) 
156) 
156) 
156) 
156) 
156) 
157) 
157) 


157) 
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Solution to Exercise 3.412 (p. 


1 
(a+9)* 


Solution to Exercise 3.414 (p. 


1 
(a-1)” 


Solution to Exercise 3.416 (p. 
f: 


x 


5 


ae 


be 


Solution to Exercise 3.420 (p. 


xy? 


26 
Solution to Exercise 3.422 (p. 


a’ zw? 


b9 
Solution to Exercise 3.424 (p. 
5 


pia 


Solution to Exercise 3.426 (p. 


a 
a*tb&e 


Solution to Exercise 3.428 (p. 


Ay? 
6 


x 
Solution to Exercise 3.430 (p. 


Tb? C7 


a2 
Solution to Exercise 3.432 (p. 


7a? (a—4)? 
be c™ 


Solution to Exercise 3.434 (p. 


7(w+1)? 
(w+2)? 


Solution to Exercise 3.436 (p. 


(2249)! 
(a?—1) 


Solution to Exercise 3.438 (p. 


1 
(3a2—4e—8)9(2x+11)3 


Solution to Exercise 3.440 (p. 
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Solution to Exercise 3.508 (p. 
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Chapter 4 


Algebraic Expressions and Equations 


4.1 Objectives’ 


After completing this chapter, you should 
Algebraic Expressions (Section 4.2) 


be familiar with algebraic expressions 

understand the difference between a term and a factor 
be familiar with the concept of common factors 

know the function of a coefficient. 


Equations (Section 4.3) 


e understand the meaning of an equation 
e be able to perform numerical evaluations 


Classification of Expressions and Equations (Section 4.4) 


e be familiar with polynomials 
e be able to classify polynomials and polynomial equations 


Combining Polynomials Using Addition and Subtraction (Section 4.5) 


e understand the concept of like terms 
e be able to combine like terms 
e be able to simplify expressions containing parentheses 


Combining Polynomials Using Multiplication (Section 4.6) 


e be able to multiply a polynomial by a monomial 
e be able to simplify + (a+ b) and — (a+b) 
e be able to multiply a polynomial by a polynomial 


Special Binomial Products (Section 4.7) 
e be able to expand (a+b), (a—b)”, and (a+b) (a+) 


Terminology Associated with Equations (Section 4.8) 


e be able to identify the independent and dependent variables of an equation 
e be able to specify the domain of an equation 


'This content is available online at <http://cnx.org/content /m22802/1.4/>. 
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4.2 Algebraic Expressions ” 


4.2.1 Overview 


Algebraic Expressions 
Terms and Factors 
Common Factors 
Coefficients 


4.2.2 Algebraic Expressions 


Algebraic Expression 

An algebraic expression is a number, a letter, or a collection of numbers and letters along with meaningful 
signs of operation. 

Expressions 

Algebraic expressions are often referred to simply as expressions, as in the following examples: 


Example 4.1 
a+ 4 is an expression. 


Example 4.2 
7y is an expression. 
Example 4.3 


x—3a7y 
74+92 


Example 4.4 
The number 8 is an expression. 8 can be written with explicit signs of operation by writing it as 
8+ 0 or 8-1. 


3x? + 6 = 4a — 1 is not an expression, it is an equation. We will study equations in the next section. 


is an expression. 


4.2.3 Terms and Factors 


Terms 
In an algebraic expression, the quantities joined by ” +” signs are called terms. 
In some expressions it will appear that terms are joined by ” —” signs. We must keep in mind that 
subtraction is addition of the negative, that is, a— b= a+ (—0). 
An important concept that all students of algebra must be aware of is the difference between terms and 
factors. 
Factors 
Any numbers or symbols that are multiplied together are factors of their product. 
Terms are parts of sums and are therefore joined by addition (or subtraction) signs. 
Factors are parts of products and are therefore joined by multiplication signs. 


4.2.4 Sample Set A 


Identify the terms in the following expressions. 


Example 4.5 
304 + 627 + 524+ 8. 
This expression has four terms: 324,627, 52, and 8. 


?This content is available online at <http://cnx.org/content/m18875/1.4/>. 


Example 4.6 
15y°. 
In this expression there is only one term. The term is 15y°. 
Example 4.7 
142°y + (a + 3). 
In this expression there are two terms: the terms are 142°y and (a+ 3). Notice that the term 
(a+ ae is itself composed of two like factors, each of which is composed of the two terms, a and 3. 


Example 4.8 
m3 — 3. 

Using our definition of subtraction, this expression can be written in the form m* + (—3). Now 
we can see that the terms are m° and —3. 

Rather than rewriting the expression when a subtraction occurs, we can identify terms more 
quickly by associating the + or — sign with the individual quantity. 


Example 4.9 
o* — Tp? — 2p —11. 

Associating the sign with the individual quantities we see that the terms of this expression are 
7°, —Tp®, — 2p, and —11. 


4.2.5 Practice Set A 


Exercise 4.1 (Solution on p. 259.) 
Let’s say it again. The difference between terms and factors is that terms are joined by 
signs and factors are joined by signs. 


List the terms in the following expressions. 


Exercise 4.2 (Solution on p. 259.) 

4x? — 82 +7 

Exercise 4.3 (Solution on p. 259.) 
2 4 

2xy + 6x* + (a — y) 

Exercise 4.4 (Solution on p. 259.) 

5a? + 3a — 3ay’ + (x — y) (2? —6) 


4.2.6 Sample Set B 
Identify the factors in each term. 


Example 4.10 
9a? — 6a — 12 contains three terms. Some of the factors in each term are 


first term: Yand a?, or, Vandaanda 
secondterm: —6anda 
third term: —12and1, or, 12and — 1 


Example 4.11 
142°y + (a + 3)° contains two terms. Some of the factors of these terms are 


first term: 14, 2°, y 
secondterm: (a+ 3) and (a+ 3) 
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4.2.7 Practice Set B 


Exercise 4.5 (Solution on p. 259.) 
In the expression 8x? — 5x + 6, list the factors of the 

first term: 

second term: 

third term: 


Exercise 4.6 (Solution on p. 259.) 
In the expression 10 + 2 (b+ 6) (b — 18)”, list the factors of the 

first term: 

second term: 


4.2.8 Common Factors 


Common Factors 

Sometimes, when we observe an expression carefully, we will notice that some particular factor appears in 
every term. When we observe this, we say we are observing common factors. We use the phrase common 
factors since the particular factor we observe is common to all the terms in the expression. The factor 
appears in each and every term in the expression. 


4.2.9 Sample Set C 


Name the common factors in each expression. 


Example 4.12 
5a? — 7a? + 1423. 
The factor x? appears in each and every term. The expression 


Example 4.13 
Ax? + Tx. 
The factor x appears in each term. The term 42? is actually 4rz. Thus, x is a common factor. 


Example 4.14 
12xy? — 9xy + 15. 
The only factor common to all three terms is the number 3. (Notice that 12 = 3-4, 9 = 3-3, 15 = 
3-5.) 
Example 4.15 
3(a+5) —8(a#+5). 
The factor (« + 5) appears in each term. So, (x + 5) is a common factor. 
Example 4.16 
4503 (x — 7) + 15a? (2 — 7) — 20x?(# — 7)”. 
The number 5, the x”, and the (x — 7) appear in each term. Also, 5x? (a — 7) is a factor (since 
each of the individual quantities is joined by a multiplication sign). Thus, 5a? (a2 — 7) is a common 


3 is a common factor. 


factor. 
Example 4.17 
10x? + 9x — 4. 


There is no factor that appears in each and every term. Hence, there are no common factors in 
this expression. 
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List, if any appear, the common factors in the following expressions. 


Exercise 4.7 (Solution on p. 259.) 
x? +52? — 92? 

Exercise 4.8 (Solution on p. 259.) 
4a? — 843 + 1624 — 242° 

Exercise 4.9 (Solution on p. 259.) 
4(a+1)° +10(a+1) 

Exercise 4.10 (Solution on p. 259.) 
9ab (a — 8) — 15a(a — 8)” 

Exercise 4.11 (Solution on p. 259.) 
14a*b*c (c — 7) (2c + 5) + 28c (2c + 5) 

Exercise 4.12 (Solution on p. 259.) 


6 (a = y’) + 19x (ae? + y’) 


4.2.11 Coefficients 


Coefficient 

In algebra, as we now know, a letter is often used to represent some quantity. Suppose we represent some 
quantity by the letter z. The notation 5% means x+a+2a2+2-+2. We can now see that we have five of 
these quantities. In the expression 52, the number 5 is called the numerical coefficient of the quantity 
xz. Often, the numerical coefficient is just called the coefficient. The coefficient of a quantity records how 
many of that quantity there are. 


4.2.12 Sample Set D 


Example 4.18 
12x means there are 12z’s. 


Example 4.19 
4ab means there are four ab’s. 


Example 4.20 
10 (a — 3) means there are ten (x — 3) 


Example 4.21 
ly means there is one y. We usually write just y rather than ly since it is clear just by looking 
that there is only one y. 


Example 4.22 
7a® means there are seven a°s. 


Example 4.23 

5axz means there are five az’s. It could also mean there are 5axz’s. This example shows us that it 
is important for us to be very clear as to which quantity we are working with. When we see the 
expression 5ax we must ask ourselves "Are we working with the quantity ax or the quantity x?". 


Example 4.24 
6x27y° means there are six x7y°'s. It could also mean there are 6a7y*s. It could even mean there 
are 6y°x?’s. 


8. 
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Example 4.25 
5a3 (y — 7) means there are five «3 (y—7)’s. It could also mean there are 5x3 (x —7)’s. It could 
also mean there are 5 (x — 7) x®’s. 


4.2.13 Practice Set D 


Exercise 4.13 (Solution on p. 259.) 

What does the coefficient of a quantity tell us? 

The Difference Between Coefficients and Exponents 

It is important to keep in mind the difference between coefficients and exponents. 
Coefficients record the number of like terms in an algebraic expression. 


U+L+L+AL= Ax 
4 terms coefficient is 4 
Exponents record the number of like factors in a term. 
LLL L= x4 
4 factors exponent is 4 


In a term, the coefficient of a particular group of factors is the remaining group of factors. 


4.2.14 Sample Set E 


Example 4.26 
30. 
The coefficient of x is 3. 


Example 4.27 
6a. 

The coefficient of a® is 6. 
Example 4.28 
9(4—a). 

The coefficient of (4 — a) is 9. 
Example 4.29 
soy". 

The coefficient of xy* is 
Example 4.30 
3a7y. 

The coefficient of x?y is 3; the coefficient of y is 3x7; and the coefficient of 3 is x7y. 
Example 4.31 
A(x + y)”. 

The coefficient of (x + y)” is 4; the coefficient of 4 is (x + y)”; and the coefficient of (a + y) is 
4 (a + y) since 4(x + y)* can be written as 4(a + y) (x+y). 


3 
5° 
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Exercise 4.14 (Solution on p. 259.) 
Determine the coefficients. 
In the term 6°, the coefficient of 


(a) x is ; 

(b) 6 is 

Exercise 4.15 (Solution on p. 259.) 
In the term 3a (y — 1), the coefficient of 

(a) «(y—1) is 

(b) (y—1) is 

(c) 3(y—1) is 

(d) x is 

(e) 3 is : 

(f) The numerical coefficient is 

Exercise 4.16 (Solution on p. 259.) 
In the term 10ab*, the coefficient of 

(a) ab* is 

(b) b* is 

(c) ais 

(d) 10 is 

(e) 10ab? is 


4.2.16 Exercises 


Exercise 4.17 (Solution on p. 259.) 
What is an algebraic expression? 

Exercise 4.18 

Why is the number 14 considered to be an expression? 

Exercise 4.19 (Solution on p. 259.) 
Why is the number « considered to be an expression? 


For the expressions in the following problems, write the number of terms that appear and then list the terms. 


Exercise 4.20 

2x+1 

Exercise 4.21 (Solution on p. 259.) 
6x2 — 10 

Exercise 4.22 

2e3 +a —15 

Exercise 4.23 (Solution on p. 259.) 
5a? + 6x — 2 

Exercise 4.24 

3u 

Exercise 4.25 (Solution on p. 259.) 
5cz 


Exercise 4.26 
2 
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Exercise 4.27 
61 

Exercise 4.28 
x 

Exercise 4.29 
Ay 

Exercise 4.30 
17ab? 
Exercise 4.31 
a+l1 
Exercise 4.32 
(a+1) 
Exercise 4.33 
2er+24+7 
Exercise 4.34 
22+ (x+7) 
Exercise 4.35 
(a+1)+(a-1) 
Exercise 4.36 
a+1+(a-1) 


(Solution on p. 


(Solution on p. 


(Solution on p. 


(Solution on p. 


(Solution on p. 


For the following problems, list, if any should appear, the common factors in the expressions. 


Exercise 4.37 

xv? + 5a? — 2x? 
Exercise 4.38 

11y? — 33y3 

Exercise 4.39 

A5ab? + 9b? 

Exercise 4.40 

6x7y? + 182? 

Exercise 4.41 

2(a+b) —3(a+b) 
Exercise 4.42 

8a? (b+ 1) — 10a? (b+ 1) 
Exercise 4.43 

14abc? (c+ 8) + 12ab?c? 
Exercise 4.44 

4ax?y + 5a7b 

Exercise 4.45 

9a(a — 3)? + 10b(a— 3) 
Exercise 4.46 

15x? — 30zxy? 

Exercise 4.47 

12a3b?c — 7(b+ 1) (c—a) 
Exercise 4.48 

0.06ab? + 0.034 


(Solution on p. 


(Solution on p. 


(Solution on p. 


(Solution on p. 


(Solution on p. 


(Solution on p. 


CHAPTER 4. ALGEBRAIC EXPRESSIONS AND EQUATIONS 


259.) 


259.) 


259.) 


259.) 


260.) 


260.) 


260.) 


260.) 


260.) 


260.) 


260.) 


Exercise 4.49 (Solution 
5.2(a + 7)° +17.1(a+7) 
Exercise 4.50 

8 242 22 ae 3522? 
Exercise 4.51 (Solution 
9 (,2 _ 2 9 (42 _ 72 

ig (a7 — 8) + 35 (6? — a?) 

For the following problems, note how many: 

Exercise 4.52 

a’sin 4a? 
Exercise 4.53 (Solution 
z’sin 122? 
Exercise 4.54 

xs in 5x7? 
Exercise 4.55 (Solution 
y?’s in 6y?? 
Exercise 4.56 

xy’s in Ixy? 
Exercise 4.57 (Solution 
a*b’s in 10a7b? 
Exercise 4.58 
(a+1)’sin4(a4 
Exercise 4.59 (Solution 
(9+ y)’sin8 (9+ y)? 
Exercise 4.60 

y?’s in 323 y?? 
Exercise 4.61 (Solution 
122’s in 12274°? 
Exercise 4.62 

(a +5)’sin2(a+5)? 
Exercise 4.63 (Solution 
(a — y)’sin 5a (a — y)? 
Exercise 4.64 

(x +1)’sin8(x+1)? 
Exercise 4.65 (Solution 
2’sin 2x? (x — 7)? 
Exercise 4.66 

3 (a+ 8)’sin622(a + 8)° (a—8)? 


T 
eR 
a 
~ 


on p. 260.) 


on p. 260.) 


on p. 260.) 


on p. 260.) 


on p. 260.) 


on p. 260.) 


on p. 260.) 


on p. 260.) 


on p. 260.) 
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For the following problems, a term will be given followed by a group of its factors. List the coefficient of the 


given group of factors. 


Exercise 4.67 (Solution 
Ty; y 

Exercise 4.68 

10x; x 

Exercise 4.69 (Solution 


5a; 5 


on p. 260.) 


on p. 260.) 
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Exercise 4.70 

12023 c?r"; a2c2r? 

Exercise 4.71 (Solution on p. 260.) 
627b? (c-—1);c-1 

Exercise 4.72 

10a(a + 7)*; 10(a +7) 

Exercise 4.73 (Solution on p. 260.) 
9a2b°; 3ab? 

Exercise 4.74 

15aty*(z + 9a)*; (z + 9a) 

Exercise 4.75 (Solution on p. 260.) 
(—4) a°b?; ab 

Exercise 4.76 

(—11a) (a-+8)° (= 1) (a +8)" 


4.2.17 Exercises for Review 
Exercise 4.77 (Solution on p. 260.) 
(Section 2.7) Simplify [secur 


a4(x—1) 
Exercise 4.78 


(Section 3.3) Supply the missing phrase. Absolute value speaks to the question of and 
not "which way." 
Exercise 4.79 (Solution on p. 260.) 


(Section 3.6) Find the value of —[—6(—4 — 2) +7(-—3+5)]. 


Exercise 4.80 


(Section 3.7) Find the value of Zia 


Exercise 4.81 (Solution on p. 260.) 
(Section 3.8) Express 0.0000152 using scientific notation. 


4.3 Equations * 


4.3.1 Overview 


e Equations 
e Numerical Evaluation 


’This content is available online at <http://cnx.org/content /m21850/1.3/>. 
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4.3.2 Equations 


Equation 
An equation is a statement that two algebraic expressions are equal. 
An equation is composed of three parts. 


Each of the boxes represents an algebraic expression. An equation consists of two expressions separated 
by an equal sign. The equal sign makes the statement that the two expressions are equivalent, that is, they 
represent the same value. For example: 


Example 4.32 

f = 32a. 

The equation expresses the relationship between the variables f and a. It states that the value of 
f is always 32 times that of a. 


Example 4.33 

y=6xr+8. 

The equation expresses the relationship between the variables x and y. It states that the value of 
y is always 8 more than 6 times the value of «x. 


4.3.3 Numerical Evaluation 


Numerical evaluation 

Numerical evaluation is the process of determining a value by substituting numbers for letters. 
Formulas 

In various areas (business, statistics, physics, chemistry, astronomy, sociology, psychology, etc.), particu- 
lar equations occur quite frequently. Such equations are called formulas. Numerical evaluation is used 
frequently with formulas. 


4.3.4 Sample Set A 
Example 4.34 


f = 32a.  Determinethe value of fifa = 2. 
f = 32(2) Replaceaby2. 
= 64 
Example 4.35 
_ 10,000 


ok 
This chemistry equation expresses the relationship between the pressure p of a gas and the 
volume v of the gas. Determine the value of p if v = 500. 


p= x00 Replace v by 500. 


= 20 
On the Calculator 
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Type 
Press 
Type 


Press 


Display reads: 20 


Example 4.36 


= 
s 


L—-U 
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This statistics equation expresses the relationship between the variables z, x, uand s. Determine 
the value of zif x = 41, u = 45, ands = 1.3. Round to two decimal places. 


z 


On the Calculator 


Type 
Press 
Type 
Press 
Press 
Type 


Press 


Display reads: 
We'llround to — 3.08 


Example 4.37 
p=5wi+w?-—w-1. 
This equation expresses the relationship between p and w. Determine the value of p if w = 5. 
5(5)* + (5)° — 
5 (125) + 25 — (5) -1 
625+ 25-5-1 


P 


On the Calculator 


644 


Al 


45 


1.3 


—3.076923 


(5) —1 


Type 5 


Press y 


Type 3 


Press = 


Press x 


Type 5) 


Press = 


Press + 


Type i) 


Press 2 


Press _ 


Type 5 


Press — 


Type 1 


Press = 


Display reads: 644 


4.3.5 Practice Set A 


Exercise 4.82 

f =32a. Determinethe value of fifa = 6. 
Exercise 4.83 

p= 10.000" Determine the value of pif v = 250. 
Exercise 4.84 

P= 20 + 32. Determinethe valueof FifC = 10. 
Exercise 4.85 

y= —9x%—14. Determinethe value of y if2 = —3. 
Exercise 4.86 


m = 5p? —2p+7. Determine the value of mif p = —2. 


4.3.6 Exercises 


(Solution on p. 


(Solution on p. 


(Solution on p. 


(Solution on p. 


(Solution on p. 


For the following problems, observe the equations and state the relationship being expressed. 


Exercise 4.87 
x = by 
Exercise 4.88 
y=ata4 


(Solution on p. 


260.) 


261.) 


261.) 


261.) 


261.) 


261.) 
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Exercise 4.89 (Solution on p. 261.) 
e=g9-9 
Exercise 4.90 
y=u-—T7 
Exercise 4.91 (Solution on p. 261.) 
3t = 6s 
Exercise 4.92 
“=v 
Exercise 4.93 (Solution on p. 261.) 
r= 25 
Exercise 4.94 
b= 3a 
Exercise 4.95 (Solution on p. 261.) 
f =0.97k + 55 
Exercise 4.96 
w= 423-21 
Exercise 4.97 (Solution on p. 261.) 
q? = 92° + 2y 
Exercise 4.98 
I= m?qb° + 3.115p 
Use numerical evaluation on the equations for the following problems. 
Exercise 4.99 (Solution on p. 261.) 
Geometry (circumference of a circle) 


C=2ar. Find Cif is approximated by 3.14andr = 5. 


Exercise 4.100 
Geometry (area of a rectangle) 


A=lw. Find Aifl=15andw=9. 


Exercise 4.101 (Solution on p. 261.) 
Electricity (current in a circuit) 


I=. FindJifE =2landR=7. 
Exercise 4.102 
Electricity (current in a circuit) 


I=. Find Jif E = 106and R = 8. 


Exercise 4.103 (Solution on p. 261.) 
Business (simple interest) 

I=prt. Find Jif p= 3000, r= .12andt=1. 
Exercise 4.104 

Business (simple interest ) 

I=prt. FindJifp = 250, r=0.07andt=6. 
Exercise 4.105 (Solution on p. 261.) 
Geometry (area of a parallelogram) 

A=4bh. Find Aifb=16andh=6. 


ae} 


Exercise 4.106 
Geometry (area of a triangle) 
A= bh. Find Aifb = 25andh = 10. 
Exercise 4.107 
Geometry (perimeter of a rectangle) 
P=2l+2w. Find Pifl =3andw =1. 
Exercise 4.108 
Geometry (perimeter of a rectangle) 
P=2l+2w. Find Pifl = 74andw = 16. 
Exercise 4.109 
Geometry (perimeter of a rectangle) 


P=2l1+4+2w. Find Pifl = 8}andw = 128. 


Exercise 4.110 

Physics (force) 

F=32m. Find Fifm=6. 
Exercise 4.111 

Physics (force) 

F=32m. Find Fifm = 14. 
Exercise 4.112 

Physics (force) 

F=32m. Find Fifm= a: 
Exercise 4.113 

Physics (force) 

F=32m. Find Fifm = 6.42. 
Exercise 4.114 

Physics (momentum) 

p=mv. Findpifm=18andv=5. 
Exercise 4.115 

Physics (momentum) 

p=mv. Find pifm =44andv=9. 
Exercise 4.116 

Physics (momentum) 

p=mv. Find pifm=9.18andv = 16.5. 
Exercise 4.117 

Physics (energy) 

E=5mv’. Find Eifm=12andv=5. 
Exercise 4.118 

Physics (energy) 

B= $mv". Find Fifm = 8andv = 15. 
Exercise 4.119 

Physics (energy) 

B= smv?. Find Fifm = 24.02and v = 7. 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


261.) 


261.) 


261.) 


261.) 


261.) 


261.) 


261.) 
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Exercise 4.120 
Astronomy (Kepler’s law of planetary motion) 


Peake) Find itk= anda A, 
Exercise 4.121 (Solution on p. 261.) 


Astronomy (Kepler’s law of planetary motion) 
P? =ka®. Find P?ifk = 8anda = 31. 

Exercise 4.122 

i: Astronomy (Kepler’s law of planetary motion) 

P? =ka®. Find P?ifk = 4anda = 5.1. 


(Hint: On the calculator, Type 5.1, Press | y” , Type 3, Press | = |, Press| x |, Type 4, Press 


=) 


Exercise 4.123 (Solution on p. 261.) 


Astronomy (Kepler’s law of planetary motion) 
P? =ka®. Find P? ifk = 53.7and a = 0.7. 
Exercise 4.124 
Business (profit, revenue, and cost) 
P=R-C. Find Pif R = 3100andC = 2500. 


Exercise 4.125 (Solution on p. 261.) 
Business (profit, revenue, and cost) 


P=R-C. Find Pif R = 4240 andC = 3590. 


Exercise 4.126 
Geometry (area of a circle) 


A=rr?. Find Aifzis approximately 3.14andr = 3. 


Exercise 4.127 (Solution on p. 261.) 
Geometry (area of a circle) 


A=rr?. Find Aifzis approximately 3.14andr = 11. 

Exercise 4.128 
t=2l¢+6. Findtifa =3. 

Exercise 4.129 (Solution on p. 262.) 
t=2l¢4+6. Findtifa = 97. 

Exercise 4.130 


E=mc. Find Eifm =2andc = 186,000. 
(Hint: The number 10 that occurs on the display a few spaces away from the other number on the 
display is the exponent of 10 in the scientific notation form of the number.) 


Exercise 4.131 (Solution on p. 262.) 


E=mc. Find Eifm =5andc = 186,000. 


Exercise 4.132 
An object travels on a horizontal line. The distance it travels is represented by d and is measured 
in meters. The equation relating time of travel, t, and distance of travel, d, is 


d=t? — 4t+ 20 

Determine the distance traveled by the object if it has been in motion for 6 seconds. 

Exercise 4.133 (Solution on p. 262.) 
In medicine, there are several rules of thumb used by physicians to determine a child’s dose, D,, of 
a particular drug. One such rule, Young’s Rule, relates a child’s dose of a drug to an adult’s dose 
of that drug, D,. Young’s Rule is 

dD. = =e) ‘ Da 

where ¢ is the child’s age in years. What dose should be given to a child 8 years old if the 
corresponding adult dosage is 15 units? 


Exercise 4.134 

A hemispherical water tank of radius 6 feet has water dripping into it. The equation relating the 
volume, V, of water in the tank at any time is V = 67h? — $h®,where h represents the depth of 
the water. Using 3.14 to approximate the irrational number 7, determine the volume of water in 
the tank when the depth of the water is 3 feet. 


6 ft 
ae 
Exercise 4.135 (Solution on p. 262.) 


The equation W = 3.512 — 192 has been established by the International Whaling Commission to 
relate the weight, W (in long tons), of a mature blue whale to its length, D (in feet). The equation 
is only used when L > 70. When 

0<L< 70 

blue whales are considered immature. At birth, a blue whale is approximately 24 feet long. Deter- 
mine the weight of a blue whale that measures 83 feet in length. 


Exercise 4.136 
A relationship exists between the length of a cantilever beam and the amount it is deflected when 
a weight is attached to its end. If a cantilever beam 20 feet long has a 600 pound weight attached 


to its end, the equation relating beam length and amount of deflection is 
d= 6022 —2° 
= “16,000 
where d is the amount of deflection measured in inches and z is the length from the supported 


part of the beam to some point on the beam at which the amount of deflection is measured. Find 
the amount of deflection of the beam 17 feet from the supported end. 
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Exercise 4.137 (Solution on p. 262.) 
There is a relationship between the length of a suspension bridge cable that is secured between 
two vertical supports and the amount of sag of the cable. If we represent the length of the cable 
by c, the horizontal distance between the vertical supports by d, and the amount of sag by s, the 


equation is c= d+ = - —. If the horizontal distance between the two vertical supports is 190 
feet and the amount of sag in a cable that is suspended between the two supports is 20 feet, what 


is the length of the cable? 


a eee 


4.3.7 Exercises for Review 


Exercise 4.138 

(Section 2.6) simplify (4r°y°) (32y). 

Exercise 4.139 (Solution on p. 262.) 
(Section 3.3) simplify —| — 8]. 

Exercise 4.140 

(Section 3.7) Find the value of 4~? - 8? — 3?. 

Exercise 4.141 (Solution on p. 262.) 
(Section 4.2) For the expression 5 (a+ b) + 2x7, write the number of terms that appear and then 
write the terms themselves. 

Exercise 4.142 

(Section 4.2) How many zy?’s are there in 52?y°? 


4.4 Classification of Expressions and Equations * 


4.4.1 Overview 


e Polynomials 
e Classification of Polynomials 
e Classification of Polynomial Equations 


4.4.2 Polynomials 


Polynomials 


Let 


us consider the collection of all algebraic expressions that do not contain variables in the denominators of 


fractions and where all exponents on the variable quantities are whole numbers. Expressions in this collection 


are 


called polynomials. 
Some expressions that are polynomials are 


4 
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Example 4.38 
3a4 


Example 4.39 


2 2,6 


A fraction occurs, but no variable appears in the denominator. 


Example 4.40 
5a? + 3a? —2a +1 


Some expressions that are not polynomials are 


Example 4.41 
3 _ 16. 


A variable appears in the denominator. 


Example 4.42 
4g? — 544+ 273. 


A negative exponent appears on a variable. 


4.4.3 Classification of Polynomials 


Polynomials can be classified using two criteria: 


the number of terms and degree of the polynomial. 


Number of Terms Name Example Comment 

One Monomial Ax? mono means “one” in Greek. 
Two Binomial Ax? — Tx bi means “two” in Latin. 
Three Trinomial Ax? — 7x +3 tri means “three” in Greek. 
Four or more Polynomial | 42? — 7x? + 32 —1 | poly means “many” in Greek. 


Table 4.1 


Degree of a Term Containing One Variable 
The degree of a term containing only one variable is the value of the exponent of the variable. Exponents 
appearing on numbers do not affect the degree of the term. We consider only the exponent of the variable. 


For example: 


Example 4.43 


5a? is a monomial of degree 3. 


Example 4.44 


60a° is a monomial of degree 5. 


Example 4.45 


21b? is a monomial of degree 2. 


Example 4.46 


8 is a monomial of degree 0. We say that a nonzero number is a term of 0 degree since it could be 
written as 82°. Since x° = 1(2 40), 8a° = 8. The exponent on the variable is 0 so it must be of 


degree 0. (By convention, the number 0 has no degree.) 
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Example 4.47 
4x is a monomial of the first degree. 4xcould be written as 42'. The exponent on the variable is 1 
so it must be of the first degree. 
Degree of a Term Containing Several Variables 
The degree of a term containing more than one variable is the sum of the exponents of the variables, as 
shown below. 
Example 4.48 
4x*y° is a monomial of degree 2+ 5 = 7. This is a 7th degree monomial. 
Example 4.49 
37ab7c°d? is a monomial of degree 1+ 2+6+3= 12. This is a 12th degree monomial. 
Example 4.50 
5zy is a monomial of degree 1+ 1 = 2. This is a 2nd degree monomial. 
Degree of a Polynomial 
The degree of a polynomial is the degree of the term of highest degree; for example: 
Example 4.51 
2x3 + 6x — 1 is a trinomial of degree 3. The first term, 22°, is the term of the highest degree. 
Therefore, its degree is the degree of the polynomial. 


Example 4.52 
Ty — 10y* is a binomial of degree 4. 


Example 4.53 

a—4-+ 5a? is a trinomial of degree 2. 

Example 4.54 

27° + 9x4 — x? — 823 + x — 9 is a polynomial of degree 7. 

Example 4.55 

4x y° — 2xy? is a binomial of degree 8. The degree of the first term is 8. 
Example 4.56 

3x2 + 10 is a binomial of degree 1. 


Linear Quadratic Cubic 
Polynomials of the first degree are called linear polynomials. 
Polynomials of the second degree are called quadratic polynomials. 
Polynomials of the third degree are called cubic polynomials. 
Polynomials of the fourth degree are called fourth degree polynomials. 
Polynomials of the nth degree are called nth degree polynomials. 
Nonzero constants are polynomials of the Oth degree. 

Some examples of these polynomials follow: 


Example 4.57 
4x — 9 is a linear polynomial. 


Example 4.58 

3a? + 5a — 7 is a quadratic polynomial. 
Example 4.59 

8y — 2° is a cubic polynomial. 

Example 4.60 

16a? — 32a° — 64 is a 5th degree polynomial. 


Example 4.61 
xl? — y'? is a 12th degree polynomial. 
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Example 4.62 
Tay’ 23 — 2a4y"z + vy" is a 15th degree polynomial. The first term is of degree 5+7+3 = 15. 


Example 4.63 
43 is a Oth degree polynomial. 


4.4.4 Classification of Polynomial Equations 


As we know, an equation is composed of two algebraic expressions separated by an equal sign. If the two 
expressions happen to be polynomial expressions, then we can classify the equation according to its degree. 
Classification of equations by degree is useful since equations of the same degree have the same type of graph. 
(We will study graphs of equations in Chapter 6.) 

The degree of an equation is the degree of the highest degree expression. 


4.4.5 Sample Set A 


Example 4.64 
r+7= 15. 


This is a linear equation since it is of degree 1, the degree of the expression on the left of 
the ” = sign. 


Example 4.65 


5a? +22 —7 = 4 is a quadratic equation since it is of degree 2. 


Example 4.66 
9x? — 8 = 5472 +1 is a cubic equation since it is of degree 3. The expression on the left of the 
” = "sign is of degree 3. 


Example 4.67 

y* — a4 =0 is a 4th degree equation. 

Example 4.68 

a? — 3a* = —a® + 6a* —7 is a 5th degree equation. 
Example 4.69 

y= 2a + 3 is a linear equation. 

Example 4.70 

y = 3a? — 1 is a quadratic equation. 


Example 4.71 
x’y? —4=0 is a 4th degree equation. The degree of x7y? — 4is 2+ 2 = 4. 


4.4.6 Practice Set A 


Classify the following equations in terms of their degree. 


Exercise 4.143 (Solution on p. 262.) 
3x +6=0 

Exercise 4.144 (Solution on p. 262.) 
9x? +52 —6 = 3 

Exercise 4.145 (Solution on p. 262.) 


25y? + y = 9y? —17y+4 
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Exercise 4.146 (Solution on p. 262.) 
L=9 

Exercise 4.147 (Solution on p. 262.) 
y=2¢+4+1 

Exercise 4.148 (Solution on p. 262.) 
3y = 9x? 

Exercise 4.149 (Solution on p. 262.) 
xz*-9=0 

Exercise 4.150 (Solution on p. 262.) 
y=u 

Exercise 4.151 (Solution on p. 262.) 


5a’ = 3a° — 28 + lla —9 


4.4.7 Exercises 


For the following problems, classify each polynomial as a monomial, binomial, or trinomial. State the degree 
of each polynomial and write the numerical coefficient of each term. 


Exercise 4.152 (Solution on p. 262.) 
sa+7 


Exercise 4.153 

16x + 21 

Exercise 4.154 (Solution on p. 262.) 
4? +9 

Exercise 4.155 

Ty? +8 

Exercise 4.156 (Solution on p. 262.) 
at*+1 

Exercise 4.157 

2b° — 8 

Exercise 4.158 (Solution on p. 262.) 
Bya 


Exercise 4.159 
7a 


Exercise 4.160 (Solution on p. 262.) 
5a? +2243 

Exercise 4.161 

17y4 + 4° —9 

Exercise 4.162 (Solution on p. 262.) 
41a? + 22a? + a 

Exercise 4.163 


6y? +9 
Exercise 4.164 (Solution on p. 262.) 
2c +0 


Exercise 4.165 
8x? —0 


Exercise 4.166 
9g 

Exercise 4.167 
say + 3x 
Exercise 4.168 
3yz — 6y +11 
Exercise 4.169 


Tab?c? + 2a7b?® + a4 


Exercise 4.170 
xty>z? + 9z 
Exercise 4.171 
5a%b 

Exercise 4.172 
6 + 3a7y°b 
Exercise 4.173 


—9 + 3x? + 2ry6z? 


Exercise 4.174 
5 


Exercise 4.175 


3a7y%z4 +1223, y 40 


Exercise 4.176 
3 


4zyrz?w®, w #0 
Classify each of the equations for the following problems by degree. If the term linear, quadratic, or cubic 
applies, state it. 


Exercise 4.177 
44 +7=0 
Exercise 4.178 
3y—15=9 
Exercise 4.179 
y=5s+6 
Exercise 4.180 
y=a2?+2 
Exercise 4.181 
4y = 8a + 24 
Exercise 4.182 
9z = 127-18 
Exercise 4.183 
y2 +3 =2y-—6 
Exercise 4.184 


y—5+y? = 3y? +2 


Exercise 4.185 


v?+a—4=72? —274+9 


Exercise 4.186 


2y+ 5a —3+4ay = dry + 2y 


Exercise 4.187 
3x2 — Ty=9 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


on p. 


on p. 


on p. 


on p. 


on p. 


262.) 


263.) 


263.) 


263.) 


263.) 


(Solution on p. 263.) 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


on p. 


on p. 


on p. 


on p. 


on p. 


263.) 


263.) 


263.) 


263.) 


263.) 
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Exercise 4.188 (Solution on p. 263.) 
8a + 2b = 4b—-8 

Exercise 4.189 

Ie — Se? +97 +4: 129* + 30° + 4e?+1 

Exercise 4.190 (Solution on p. 263.) 
z—y=0 

Exercise 4.191 

x? —25=0 

Exercise 4.192 (Solution on p. 263.) 
x? —64=0 

Exercise 4.193 

gi? — yl? =0 

Exercise 4.194 (Solution on p. 263.) 
e+3a° = 2+ 22° 

Exercise 4.195 

3a7y* + Qa — 8y = 14 

Exercise 4.196 (Solution on p. 263.) 
10a7b?c®d%e4 + 27a3b7b*b?b?c® = 1, d £0 

Exercise 4.197 
The expression 


4x3 
92-7 
Exercise 4.198 (Solution on p. 263.) 
4 
The expression =*~ is not a polynomial because 
—a 


Exercise 4.199 

Is every algebraic expression a polynomial expression? If not, give an example of an algebraic 
expression that is not a polynomial expression. 

Exercise 4.200 (Solution on p. 263.) 
Is every polynomial expression an algebraic expression? If not, give an example of a polynomial 
expression that is not an algebraic expression. 

Exercise 4.201 

How do we find the degree of a term that contains more than one variable? 


is not a polynomial because 


4.4.8 Exercises for Review 


Exercise 4.202 (Solution on p. 263.) 
(Section 2.2) Use algebraic notation to write “eleven minus three times a number is five.” 
Exercise 4.203 : 

(Section 2.7) Simplify (a*y?z*)”. 

Exercise 4.204 (Solution on p. 263.) 
(Section 3.6) Find the value of zif z= *—“and x = 55, u = 49,and s = 3. 

Exercise 4.205 

(Section 4.2) List, if any should appear, the common factors in the expression 3x4 + 6x? — 182”. 


Exercise 4.206 (Solution on p. 263.) 
(Section 4.3) State (by writing it) the relationship being expressed by the equation y = 3a + 5. 
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4.5 Combining Polynomials Using Addition and Subtraction ° 


4.5.1 Overview 


e Like Terms 
e Combining Like Terms 
e Simplifying Expressions Containing Parentheses 


4.5.2 Like Terms 


Like Terms 

Terms whose variable parts, including the exponents, are identical are called like terms. Like terms is 
an appropriate name since terms with identical variable parts and different numerical coefficients represent 
different amounts of the same quantity. As long as we are dealing with quantities of the same type we can 
combine them using addition and subtraction. 

Simplifying an Algebraic Expression 

An algebraic expression can be simplified by combining like terms. 


4.5.3 Sample Set A 
Combine the like terms. 


Example 4.72 
6 houses + 4houses = 10 houses. 6 and 4 of the same type give 10 of that type. 


Example 4.73 
6 houses + 4 houses + 2 motels = 10 houses + 2motels . 6 and 4 of the same type give 10 of that 
type. Thus, we have 10 of one type and 2 of another type. 


Example 4.74 
Suppose we let the letter x represent "house." Then, 6x + 4% = 10x . 6 and 4 of the same type 
give 10 of that type. 


Example 4.75 


Suppose we let x represent "house" and y represent "motel." 


6a + 4a + 2y = 10x + 2y (4.1) 


4.5.4 Practice Set A 


Like terms with the same numerical coefficient represent equal amounts of the same quantity. 


Exercise 4.207 (Solution on p. 263.) 
Like terms with different numerical coefficients represent 


4.5.5 Combining Like Terms 


Since like terms represent amounts of the same quantity, they may be combined, that is, like terms may be 
added together. 


>This content is available online at <http://cnx.org/content /m21854/1.3/>. 
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4.5.6 Sample Set B 
Simplify each of the following polynomials by combining like terms. 


Example 4.76 

2a + 5a + 3a. 

There are 2z’s, then 5 more, then 3 more. This makes a total of 10z’s. 
2x + 5x + 3x = 10x 


Example 4.77 
7x + 8y — 3a. 
From 7z2’s, we lose 3x’s. This makes 4z’s. The 8y’s represent a quantity different from the x’s and 
therefore will not combine with them. 
7x + 8y — 3” = 4a + By 


Example 4.78 

4a3 — 2a? + 8a? + a? — 2a3. 

4a?, 8a?, and —2a? represent quantities of the same type. 
4a? + 8a? — 2a? = 10a? 
—2a? and a? represent quantities of the same type. 
—2a? +a? = —a? 
Thus, 
4a? — 2a? + 8a? + a? — 2a? = 10a? — a? 


4.5.7 Practice Set B 


Simplify each of the following expressions. 


Exercise 4.208 (Solution on p. 263.) 
dy + Ty 

Exercise 4.209 (Solution on p. 263.) 
3x2 + 62 + 11x 

Exercise 4.210 (Solution on p. 263.) 
5a + 2b+ 4a —b—7b 

Exercise 4.211 (Solution on p. 264.) 
10x? — 4x? + 3x? — 122° + 5a? + 22 + 2? + 8x 

Exercise 4.212 (Solution on p. 264.) 


2a° —a°+1-—4ab—9+ 9ab-—2-—3-a° 


4.5.8 Simplifying Expressions Containing Parentheses 


Simplifying Expressions Containing Parentheses 

When parentheses occur in expressions, they must be removed before the expression can be simplified. 
Parentheses can be removed using the distributive property. 

Distributive Property 


a(b+c)=ab+ac 
“ 
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4.5.9 Sample Set C 


Simplify each of the following expressions by using the distributive property and combining like terms. 
Example 4.79 


6a + 5(a + 3) Multiply. 

ag 
6a + 5a + 15 Combine the like terms 6a and 5a. 
lla +15 


Example 4.80 
4¢ +9 Gog — 62 - 2) +5 Remove parentheses. 


4a + 9x? — 542 —18+5 Combine like terms. 


—50xr + 9x? — 13 
By convention, the terms in an expression are placed in descending order with the highest 
degree term appearing first. Numerical terms are placed at the right end of the expression. The 


commutative property of addition allows us to change the order of the terms. 
9x? — 502 — 13 
Example 4.81 
2+2([5+4(1+a)] 
Eliminate the innermost set of parentheses first. 
24+2[5+4+ 4a] 
By the order of operations, simplify inside the parentheses before multiplying (by the 2). 


2+2[9+4a] Remove this set of parentheses. 


2+184+8a Combine liketerms. 
20 + 8a Write in descending order. 
8a + 20 


Example 4.82 

x(x — 3) + 6x (2% + 3) 

Use the rule for multiplying powers with the same base. 
x? — 32+12274+182 Combinelike terms. 


13a? + 15x 


4.5.10 Practice Set C 


Simplify each of the following expressions by using the distributive property and combining like terms. 


Exercise 4.213 (Solution on p. 264.) 
4(x+6)+3(2+2+4 3a?) — 22? 

Exercise 4.214 (Solution on p. 264.) 
7 (a +3) — 4a? —2+1+4 (x? — 223 +7) 

Exercise 4.215 (Solution on p. 264.) 
5(a+2)+6a—7+(8+4) (a+ 3a+4 2) 

Exercise 4.216 (Solution on p. 264.) 
x(x+3)+4x? +2x 

Exercise 4.217 (Solution on p. 264.) 
a? (a? +a+5) +a(at+ 3a? 44) +1 

Exercise 4.218 (Solution on p. 264.) 


2[8 — 3 (x —3)] 


224 CHAPTER 4. ALGEBRAIC EXPRESSIONS AND EQUATIONS 


Exercise 4.219 (Solution on p. 264.) 
a +3x+7 [r+ 4a? +3 (a+ 27)] 


4.5.11 Exercises 


For the following problems, simplify each of the algebraic expressions. 
Exercise 4.220 (Solution on p. 264.) 
a+ 3a 
Exercise 4.221 
4a + 7x 
Exercise 4.222 (Solution on p. 264.) 
9a+ 12a 
Exercise 4.223 
5m — 38m 
Exercise 4.224 (Solution on p. 264.) 
10x — 7x 
Exercise 4.225 
Ty — 9y 
Exercise 4.226 (Solution on p. 264.) 
6k — 11k 
Exercise 4.227 
3a + 5a+ 2a 
Exercise 4.228 (Solution on p. 264.) 
9y + 10y + 2y 
Exercise 4.229 
5m — 7m — 2m 
Exercise 4.230 (Solution on p. 264.) 
h—3h—5h 
Exercise 4.231 
a+8a+3a 
Exercise 4.232 (Solution on p. 264.) 
Tab + 4ab 
Exercise 4.233 
8ax + 2ax + bax 
Exercise 4.234 (Solution on p. 264.) 
3a? + 6a? + 2a? 
Exercise 4.235 
14a7b + 4a7b + 19a7b 
Exercise 4.236 (Solution on p. 264.) 
10y — 15y 
Exercise 4.237 
7ab — 9ab + 4ab 
Exercise 4.238 (Solution on p. 264.) 
210ab*+ + 412ab+ + 100a*b (Look closely at the exponents.) 


Exercise 4.239 
Say? + 3a7y + 2a7y4+1, y#O (Look closely at the exponents.) 
Exercise 4.240 
8w? — 12w? — 3w? 
Exercise 4.241 
6xy — 38xy + Try — 182xy 
Exercise 4.242 
7x? — Que? —10a+1—5x? —322 -12+2 
Exercise 4.243 
2ly — 15x + 40xy — 6 — lly+7-—12x% — ay 
Exercise 4.244 
la+ly-—la-ly+a-y 
Exercise 4.245 
5a? —38a—74+227-—«2 
Exercise 4.246 
—223 + 152+ 4234 22 —622 +2 
Exercise 4.247 
1827 - 14x7y — 20a7y 
Exercise 4.248 
—9w® — 9w* — 9w® + 10w4 
Exercise 4.249 
Qe* +.Ag? = 82? + 12¢ —1— 72° —1¢* — 62 +2 
Exercise 4.250 
17d? r + 3d? r — 5d? r + 6d?r + Br — 30d?r +3-—74+2 
Exercise 4.251 
a® + 2a°—4a°, a#0 
Exercise 4.252 
4° + 32° — 52° + 72° — 2°, 2 #0 
Exercise 4.253 
2a3b?c + 3a7b2c9 + 4a7b? — a®b?c, c#0 
Exercise 4.254 
3z—6z24+ 8z 
Exercise 4.255 
327 — 24+ 323 
Exercise 4.256 
62° +1227 45 
Exercise 4.257 
3(a@+5) 42a 
Exercise 4.258 
7(a+2)+4 
Exercise 4.259 
y+5(yt+6) 
Exercise 4.260 
2b + 6(3 — 5b) 
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Exercise 4.261 

5a — 7c +3(a-—c) 

Exercise 4.262 (Solution on p. 265.) 
8xa — 3a + 4(2a + 5) + 3 (6a — 4) 

Exercise 4.263 

2z+ 4ab + 5z—ab+12(1—ab— z) 

Exercise 4.264 (Solution on p. 265.) 
(a+ 5)4+ 6a — 20 

Exercise 4.265 

(4a + 5b — 2)3 + 3(4a + 5b — 2) 

Exercise 4.266 (Solution on p. 265.) 
(10x + 3y*) 4+ 4 (102 + 3y?) 

Exercise 4.267 

2(a—6)+5 

Exercise 4.268 (Solution on p. 265.) 
1 (3a + 15) + 2x — 12 

Exercise 4.269 

1 (2+ 9a + 4a?) +a? —1lla 

Exercise 4.270 (Solution on p. 265.) 
1 (24 — 6b + 6a7b + 8b?) + 1 (5a + 2b — 3a7b) 

Exercise 4.271 

After observing the following problems, can you make a conjecture about 1 (a+ 6)? 

l(a+b) = 

Exercise 4.272 (Solution on p. 265.) 
Using the result of problem 52, is it correct to write 

(a+b) =a+0? 

Exercise 4.273 

3 (2a + 2a”) +8 (3a + 3a”) 

Exercise 4.274 (Solution on p. 265.) 
a (x + 2) +2 (a? +3 —4) 

Exercise 4.275 

A(A+7) +4 (A? + 3a+ 1) 

Exercise 4.276 (Solution on p. 265.) 
b (2b? + 5b? + b + 6) — 6b? — 4b+ 2 

Exercise 4.277 

4a —a(a+5) 

Exercise 4.278 (Solution on p. 265.) 
x — 3x (a? — 7x — 1) 

Exercise 4.279 

ab(a— 5) — 4a7b + 2ab— 2 

Exercise 4.280 (Solution on p. 265.) 
xy (Sry + 2x — 5y) — 2x?y? — 5a7y + Ary? 

Exercise 4.281 

3h [2h + 5 (h + 2)] 

Exercise 4.282 (Solution on p. 265.) 
2k [5k + 3(1+7k)] 


Exercise 4.283 

8a [2a — 4ab + 9 (a — 5 — ab)] 

Exercise 4.284 (Solution on p. 265.) 
6{m + 5n[n + 3 (n — 1)] + 2n?} — 4n? — 9m 

Exercise 4.285 

5 [4 (r — 2s) — 8r — 5s] + 128 

Exercise 4.286 (Solution on p. 265.) 
8{9 [b — 2a + 6c(c + 4) — 4c?] + 4a + b} — 3d 

Exercise 4.287 

5 [4 (6a — 3) + a] — 2a —- 25444 

Exercise 4.288 (Solution on p. 265.) 
3ary? (4ry + 5y) + 2ary? + 6x? y? + 4y? — 122y? 

Exercise 4.289 

9a3b" (a3b° — 2a2b? + 6) — 2a (a?b" — 5a°b!? + 3a4b°) — ad" 


Exercise 4.290 (Solution on p. 265.) 
—8 (3a + 2) 

Exercise 4.291 

—4 (2a — 3y) 

Exercise 4.292 (Solution on p. 265.) 


—4ery? [Try — 6 (5 — xy?) +3(-ay+1)+]1] 


4.5.12 Exercises for Review 


Exercise 4.293 , 
(Section 2.6) Simplify (54) : 


z2ye 
Exercise 4.294 (Solution on p. 265.) 
(Section 3.6) Find the value of eS 

Exercise 4.295 

(Section 3.7) Write the expression 


42x72 y° 2? 
Qlaty? 
Exercise 4.296 (Solution on p. 265.) 

(Section 4.2) How many (2a+ 5)’s are there in 3x (2a +5)? 


Exercise 4.297 
(Section 4.4) Simplify 3 (5n + 6m?) — 2 (3n+4m?). 


so that no denominator appears. 


4.6 Combining Polynomials Using Multiplication ° 


4.6.1 Overview 


e Multiplying a Polynomial by a Monomial 
e Simplifying + (a+ 0) and — (a+b) 
e Multiplying a Polynomial by a Polynomial 


®This content is available online at <http://cnx.org/content /m21852/1.3/>. 
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4.6.2 Multiplying a Polynomial by a Monomial 


Multiplying a polynomial by a monomial is a direct application of the distributive property. 
Distributive Property 


a(b+c)=ab+ac 
a 


The distributive property suggests the following rule. 
Multiplying a Polynomial by a Monomial 
To multiply a polynomial by a monomial, multiply every term of the polynomial by the monomial and then 
add the resulting products together. 


4.6.3 Sample Set A 
Example 4.83 


3(x +9) =3-x4+3°9 
=3x+ 27 


Example 4.84 
6(x? — 2x) = 6(x* + (—2x)) = 6 - x? + 6(— 2x) 
Y= 6x? — 12x 


Example 4.85 
(x.— 7)x =x-x+x(—7) 
=x? — 7x 


Example 4.86 
2(3a* — 5a* + a) = 8a® - 3a* + 8a2(—5a*) + 8a? - a 
= 24a® — 40a* + 8a° 
Example 4.87 


4x?y12z(x5y + 8y?z?) = 4x2y72 + x5y + 4x*y"z + By?2? 
= 4x7y82 + 32x7y925 


Example 4.88 
10ab?c (125a?) = 1250a?b2e¢ 
Example 4.89 
(9x2z + 4w)(52zw*) = 9x?z - Szw? + 4w - 5zw* 
Oa alt 


= 45x7z7w* + 20zw* 
= 45x*w*2? + 20w*tz 
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4.6.4 Practice Set A 


Determine the following products. 


Exercise 4.298 (Solution on p. 265.) 
3 (a+ 8) 

Exercise 4.299 (Solution on p. 265.) 
(2+a)4 

Exercise 4.300 (Solution on p. 266.) 
(a? — 2b + 6) 2a 

Exercise 4.301 (Solution on p. 266.) 
8a7b? (2a + 7b + 3) 

Exercise 4.302 (Solution on p. 266.) 
Ax (22° + 624 — 8x° — 2? + 9x 11) 

Exercise 4.303 (Solution on p. 266.) 
(3a?b) (2ab? + 4b*) 

Exercise 4.304 (Solution on p. 266.) 
5mn (m?n? +m+n°), n #0 

Exercise 4.305 (Solution on p. 266.) 


6.03 (2.11a + 8.00a7b) 


4.6.5 Simplifying + (a+b) and — (a+b) 


+(a+b) and —(a+ b) 
Oftentimes, we will encounter multiplications of the form 


+1 (a+ bjor—1 (a+) 
These terms will actually appear as 
+ (a+b) and —(a+b) 


Using the distributive property, we can remove the parentheses. 
+(a+ b) =+1(a + b) = (+1)(a) + (+ 1)(5) 
=a+b 


The parentheses have been removed and the sign of each term has remained the same. 
—(a +b) =—1L(a +b) = (—1)(a) + (—1)() 
CF mgt 
The parentheses have been removed and the sign of each term has been changed to its opposite. 
1. To remove a set of parentheses preceded by a "+" sign, simply remove the parentheses and leave the 
sign of each term the same. 


2. To remove a set of parentheses preceded by a “—” sign, remove the parentheses and change the sign of 
each term to its opposite sign. 
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4.6.6 Sample Set B 
Simplify the expressions. 


Example 4.90 
(6x — 1). 


This set of parentheses is preceded by a “+” sign (implied). We simply drop the parenthe- 
ses. 
(62 —1) =6x-1 
Example 4.91 
(14076? — 6a3b? + ab*) = 14976 — 6a?b? + abt 


Example 4.92 

— (21a? + 7a — 18). 

This set of parentheses is preceded by a “—” sign. We can drop the parentheses as long as 
we change the sign of every term inside the parentheses to its opposite sign. 


Example 4.93 
(7y? — 2y? + 9y +1) = —7y? + 2y? —9y-1 


4.6.7 Practice Set B 


Simplify by removing the parentheses. 


Exercise 4.306 (Solution on p. 266.) 
(2a + 3b) 
Exercise 4.307 (Solution on p. 266.) 
(a? — 6a+ 10) 
Exercise 4.308 (Solution on p. 266.) 
— (a + 2y) 
Exercise 4.309 (Solution on p. 266.) 
— (5m — 2n) 
Exercise 4.310 (Solution on p. 266.) 
= (—3s? —Ts+ 9) 


4.6.8 Multiplying a Polynomial by a Polynomial 


Since we can consider an expression enclosed within parentheses as a single quantity, we have, by the 
distributive property, 


(a + b)\(e + d) = (a+ b)e + (a+b)d 
CY” eke J pee 4 
= ac + be + ad + bd 
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For convenience we will use the commutative property of addition to write this expression so that the 
first two terms contain a and the second two contain b. 

(a+ b) (c+ d) = ac+ad + bc + bd 

This method is commonly called the FOIL method. 


F First terms 
O Outer terms 
I Inner terms 
L_Last terms 


(a+ b) (2+ 3) = (a+b) + (a+b) 4+ (a+b) + (a+b) + (a+b) 
2 terms 3 terms 


Rearranging, 


=atatb+b+at+atat+b4+b4+b 


= 2a+ 2b+ 3a+ 3b 


Combining like terms, 


= 5a+ 5b 


This use of the distributive property suggests the following rule. 
Multiplying a Polynomial by a Polynomial 
To multiply two polynomials together, multiply every term of one polynomial by every term of the other 
polynomial. 


4.6.9 Sample Set C 


Perform the following multiplications and simplify. 
Example 4.94 


ies Wi waruagrad doped 


F: a:‘a 
=a’*+3a+6at+18 O: 3:a 
=a?+9a+18 I: 6:a 
L: 6-3 


With some practice, the second and third terms can be combined mentally. 
Example 4.95 


nike Madchen bi eaeeyap Fs: «-2x 
a = 2x2 + dry + Quy + 4y? O: x: 4y 

= 2x? + Gxy + 4y? I: yr2x 

Ls y- 4y 


Example 4.96 


f ie 
(x2 + 4)(x? + Tx +2) = x2 - x2 4+ x2 - Tx tx? -2+4-x27+4+ Tx +4°2 
= xt + 7x3 + 2x2 + 4x? + 28x +8 
= xt + 7x3 + 6x? + 28x + 8 
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Example 4.97 


(a— 4)(a — 3) =a-ata(—3)—4:-a—4(-—3) F: a:‘a 
— =a? — 3a—4a+ 12 O: a-(—3) 
=a*— Ta+ 12 I: (-—4):a 


L: (—4)(-—3) 
Example 4.98 


(m—3)? = (m—3)(m-—3) 
= m-m+m(-3)-—3-m-—3(-3) 


= m?—3m-—3m+9 


= m?—6m+4+9 


Example 4.99 


(c+5)> = (#+5)(a+5)(a+5) Associate the first two factors. 
[((a + 5) (w@ + 5)] (a +5) 
= |x? + 52+ 5a + 25] (x +5) 
a? + 10x + 25] (a + 5) 
= g*-et+a7-54+10r-274+102-5+25-2425°5 
x? + 5a? + 10x? + 50x + 25a + 125 
= a+ 1522+ 75x +125 


4.6.10 Practice Set C 
Find the following products and simplify. 


Exercise 4.311 (Solution on p. 266.) 
(a+1)(a+4) 

Exercise 4.312 (Solution on p. 266.) 
(m — 9) (m — 2) 

Exercise 4.313 (Solution on p. 266.) 
(2a + 4) (a + 5) 

Exercise 4.314 (Solution on p. 266.) 
(x + y) (2x — 3y) 

Exercise 4.315 (Solution on p. 266.) 
(3a? = 1) (5a? ae a) 

Exercise 4.316 (Solution on p. 266.) 
(2x?y? + wy?) (5a%y? + x?y) 

Exercise 4.317 (Solution on p. 266.) 
(a +3) (a? + 3a + 6) 

Exercise 4.318 (Solution on p. 266.) 
(a+ 4) (a+4) 

Exercise 4.319 (Solution on p. 266.) 


(r — 7) (r—7) 


Exercise 4.320 (Solution on p. 266.) 
(x + 6)* 
Exercise 4.321 (Solution on p. 266.) 
(y —8)° 


4.6.11 Sample Set D 
Perform the following additions and subtractions. 


Example 4.100 


3x +7+(a—3). Wemust first remove the parentheses. They are preceded by 
a” +” sign, so we remove them and leave the sign of each 
term the same. 

30+ 7+2-—3 Combine like terms. 

4x +4 


Example 4.101 
5y? +11 — (12y3 - 2) . Wefirst remove the parentheses. They are preceded by a 


"_" sion, so we remove them and change the sign of each 
term inside them. 

Sy? + 11 — 12y3 +2 Combine like terms. 

—Ty® + 13 


Example 4.102 
Add 4x? + 2x — 8 to 3x7 — 7x — 10. 


(4a? + 2x — 8) + (3a? — 7x — 10) 
4x? + 22 — 8 + 3x? — 7x — 10 
7x? — 5x2 — 18 


Example 4.103 
Subtract 8x2? — 5a +2 from 3x2? + x — 12. 


(3a? + x — 12) — (8a? — 5x + 2) 
3a? +” —12-— 8274+ 54-2 
—5e? +62 — 14 


Be very careful not to write this problem as 


3x27 +a —12—- 82? —5r4+2 


This form has us subtracting only the very first term, 82°, rather than the entire expression. 
Use parentheses. 
Another incorrect form is 
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This form has us performing the subtraction in the wrong order. 


4.6.12 Practice Set D 


Perform the following additions and subtractions. 


Exercise 4.322 (Solution on p. 266.) 
6y? + 2y — 1+ (5y? — 18) 

Exercise 4.323 (Solution on p. 266.) 
(9m — n) — (10m 4+ 12n) 

Exercise 4.324 (Solution on p. 266.) 
Add 2r? + 4r — 1 to 3r? —r — 7. 

Exercise 4.325 (Solution on p. 267.) 


Subtract 4s — 3 from 7s + 8. 


4.6.13 Exercises 


For the following problems, perform the multiplications and combine any like terms. 
Exercise 4.326 (Solution on p. 267.) 
7(a+6) 
Exercise 4.327 
4 (y + 3) 
Exercise 4.328 (Solution on p. 267.) 
6 (y+ 4) 
Exercise 4.329 
8(m +7) 
Exercise 4.330 (Solution on p. 267.) 
5(a—6) 
Exercise 4.331 
2 (a — 10) 
Exercise 4.332 (Solution on p. 267.) 
3 (4a + 2) 
Exercise 4.333 
6 (3a + 4) 
Exercise 4.334 (Solution on p. 267.) 
9 (4y — 3) 
Exercise 4.335 
5 (8m — 6) 
Exercise 4.336 (Solution on p. 267.) 
—9(a+7) 
Exercise 4.337 
—3(b+ 8) 
Exercise 4.338 (Solution on p. 267.) 
—4 (a + 2) 
Exercise 4.339 
—6(y +7) 


Exercise 4.340 
—3(a—6) 
Exercise 4.341 
—9(k—7) 
Exercise 4.342 
—5(2a+ 1) 
Exercise 4.343 
—7 (4a + 2) 
Exercise 4.344 
—3(10y — 6) 
Exercise 4.345 
—8 (4y — 11) 
Exercise 4.346 
x(x +6) 
Exercise 4.347 
y (y +7) 
Exercise 4.348 
m (m — 4) 
Exercise 4.349 
k(k — 11) 
Exercise 4.350 
3a (a + 2) 
Exercise 4.351 
4y (y + 7) 
Exercise 4.352 
6a (a — 5) 
Exercise 4.353 
9x (x — 3) 
Exercise 4.354 
3x (5a + 4) 
Exercise 4.355 
4m (2m + 7) 
Exercise 4.356 
2b(b—1) 
Exercise 4.357 
7a(a—4) 
Exercise 4.358 
3x? (a? + 4) 
Exercise 4.359 
Oy? (3y? + 2) 
Exercise 4.360 


4a* (5a? + 83a? + 2a) 


Exercise 4.361 


2x4 (623 — 5a? — Qa + 3) 


Exercise 4.362 
—5a? (x + 2) 
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Exercise 4.363 

—6y° (y +5) 

Exercise 4.364 (Solution on p. 267.) 
2x7y (307y? — 6x) 

Exercise 4.365 

8a3b?c (2ab? + 3b) 

Exercise 4.366 (Solution on p. 267.) 
bx? (2bx — 11) 

Exercise 4.367 

4x (3x? — 6x + 10) 

Exercise 4.368 (Solution on p. 267.) 
9y? (2y4 — 3y3 + 8y? + y — 6) 

Exercise 4.369 

—a*b (6ab* + 5ab3 — 8b? + 7b — 2) 

Exercise 4.370 (Solution on p. 267.) 
(a+ 4) (a+ 2) 

Exercise 4.371 

(a +1) (a@+7) 

Exercise 4.372 (Solution on p. 267.) 
(y + 6) (y— 3) 

Exercise 4.373 

(t + 8) (t — 2) 

Exercise 4.374 (Solution on p. 268.) 
(¢ — 3) (i + 5) 

Exercise 4.375 

(x — y) (2x +y) 

Exercise 4.376 (Solution on p. 268.) 
(3a — 1) (2a — 6) 

Exercise 4.377 

(5a — 2) (6a — 8) 

Exercise 4.378 (Solution on p. 268.) 
(6y + 11) (3y + 10) 

Exercise 4.379 

(2t + 6) (3¢ + 4) 

Exercise 4.380 (Solution on p. 268.) 
(442) (3-2) 

Exercise 4.381 

(6+a)(4+<a) 

Exercise 4.382 (Solution on p. 268.) 
(a? + 2) (w@ +1) 

Exercise 4.383 

(a? + 5) (w+ 4) 

Exercise 4.384 (Solution on p. 268.) 
(3a? — 5) (2x7 + 1) 

Exercise 4.385 

(4a7b? — 2a) (5b — 3b) 


Exercise 4.386 
(62y4 + 6x) (227y3 + 5y) 
Exercise 4.387 

5 (a — 7) (a — 3) 
Exercise 4.388 
4(a+1)(a—8) 
Exercise 4.389 
a(a—3)(a+5) 
Exercise 4.390 
xu(a+1)(a+4) 
Exercise 4.391 

x? (x +5)(x+7) 
Exercise 4.392 

y° (y — 3) (y— 2) 
Exercise 4.393 

2a? (a+ 4) (a+ 3) 
Exercise 4.394 
5y° (y +7) (y+ 1) 

Exercise 4.395 

ab? (a? _ 2b) (a + b*) 
Exercise 4.396 

a3y? (5a?y? — 3) (2ry — 1) 
Exercise 4.397 

6 (a? +5a+3) 

Exercise 4.398 

8 (c3 + 5e+ 11) 

Exercise 4.399 

3a? (2a* — 10a? — 4a + 9) 
Exercise 4.400 

6ab3 (4a2b° + Tab® + 261° + 14) 
Exercise 4.401 

(a — 4) (a? +a—5) 
Exercise 4.402 

(a — 7) (x? +2 —3) 
Exercise 4.403 

(2a + 1) (5x3 + 62? + 8) 
Exercise 4.404 

(7a? + 2) (3a° — 4a3 — a— 1) 
Exercise 4.405 

(a + y) (20? + 3xy + 5y) 
Exercise 4.406 

(2a + b) (5a? + 4a7b — b— 4) 
Exercise 4.407 

(x +3)” 

Exercise 4.408 

(x +1) 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 
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Exercise 4.409 
(w— 5)” 
Exercise 4.410 (Solution on p. 268.) 
(@.452)* 
Exercise 4.411 
(a—9)° 
Exercise 4.412 (Solution on p. 268.) 
A305)" 
Exercise 4.413 
= (864 7)" 
For the following problems, perform the indicated operations and combine like terms. 
Exercise 4.414 (Solution on p. 268.) 
32? + 5a —2+ (4x? — 10a — 5) 
Exercise 4.415 
—203 + 4? + 5a — 84 («3 — 3? —1le+ 1) 
Exercise 4.416 (Solution on p. 268.) 
—5a — 12ry + 4y? + (—7x + Try — 2y”) 
Exercise 4.417 
(6a? — 3a + 7) — 4a? + 2a- 8 
Exercise 4.418 (Solution on p. 268.) 
(5a? — 242 — 15) + 2? — 9x4 14 
Exercise 4.419 
(303 — 7a? + 2) + (x3 + 6) 
Exercise 4.420 (Solution on p. 268.) 
(9a2b — 3ab+ 12ab?) + ab? + 2ab 
Exercise 4.421 
6x? — 12x + (4a? — 3a — 1) + 4a? — 102 — 4 
Exercise 4.422 (Solution on p. 268.) 
5a° — 2a — 26 + (4a3 — 11a? + 2a) — 7a + 8a? + 20 
Exercise 4.423 
2xey — 15 — (5ay + 4) 
Exercise 4.424 (Solution on p. 269.) 
Add 424+ 6 to 8x — 15. 
Exercise 4.425 
Add 5y? — 5y +1 to —9y? + 4y — 2. 
Exercise 4.426 (Solution on p. 269.) 
Add 3(x +6) to 4(x—7). 
Exercise 4.427 
Add —2 (2? — 4) to 5 (x? + 3a —1). 
Exercise 4.428 (Solution on p. 269.) 
Add four times 52 + 2 to three times 2x — 1. 
Exercise 4.429 
Add five times —3x + 2 to seven times 4x + 3. 


Exercise 4.430 (Solution on p. 269.) 
Add —4 times 9x + 6 to —2 times —82 — 3. 
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Exercise 4.431 
Subtract 62? — 102 + 4 from 3x? — 24+ 5. 


Exercise 4.432 (Solution on p. 269.) 
Substract a? — 16 from a? — 16. 


4.6.14 Exercises for Review 


Exercise 4.433 


4 
(Section 2.7) Simplify (Gar) ; 


Exercise 4.434 (Solution on p. 269.) 
(Section 3.8) Express the number 198,000 using scientific notation. 

Exercise 4.435 

(Section 4.2) How many 4a?zx°*’s are there in —16a4zx°? 

Exercise 4.436 (Solution on p. 269.) 
Section 4.4) State the degree of the polynomial 4ry? + 3x°y — 5a°y?, and write the numerical 

& poly y ¥ Y; 

coefficient of each term. 

Exercise 4.437 

(Section 4.5) Simplify 3 (4a — 5) + 2 (5a — 2) — (a — 3). 


4.7 Special Binomial Products ’ 


4.7.1 Overview 


e Expanding (a + 6)” and (a— )* 
e Expanding (a + b) (a — b) 


Three binomial products occur so frequently in algebra that we designate them as special binomial prod- 
ucts. We have seen them before (Sections Section 3.8 and Section 4.6), but we will study them again because 
of their importance as time saving devices and in solving equations (which we will study in a later chapter). 

These special products can be shown as the squares of a binomial 

(a+b)? and (a—b)? 

and as the sum and difference of two terms. 

(a +b) (a—) 

There are two simple rules that allow us to easily expand (multiply out) these binomials. They are well 
worth memorizing, as they will save a lot of time in the future. 


4.7.2 Expanding (a+ )* and (a— 6)’ 


Squaring a Binomial 
To square a binomial:*« 


. Square the first term. 

. Take the product of the two terms and double it. 
. Square the last term. 

. Add the three results together. 


mwrwm re 
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(a+b) = a2 + 2ab4 
(a — b)” = a? — 2ab4 


4.7.3 Expanding 


CHAPTER 4. ALGEBRAIC EXPRESSIONS AND EQUATIONS 


L p2 
L p2 


(a+ b) (a — b) 


Sum and Difference of Two Terms 
To expand the sum and difference of two terms:} 


1. Square the first 


term and square the second term. 


2. Subtract the square of the second term from the square of the first term. 


(a+b) (a—b) =a? - 


b2 


* See problems 56 and 57 at the end of this section. 


+ See problem 58. 


4.7.4 Sample Set A 


Example 4.104 
(e+ 4)’ 


(+4)? =a? + 


Squarethefirst term: 2”. 


The product of both terms is 4x. Double it: 82. 
Squarethelastterm: 16. 
Addthemtogether: «x? + 82+ 16. 

8x + 16 


Note that (a + 4)* 4 x? + 42. The 82 term is missing! 


Example 4.105 
(a—8)° 


(a —8)? =a? — 


Square the first term: a?. 


The product of both terms is — 8a.Doubleit: — 16a. 
Square the last term: 64. 
Add them together: a? + (—16a) + 64. 

16a + 64 


Notice that the sign of the last term in this expression is “+.” This will always happen since 
the last term results from a number being squared. Any nonzero number times itself is always 


positive. 
(+) (+) =+ 


and (—)(-)=+ 


The sign of the second term in the trinomial will always be the sign that occurs inside the 


parentheses. 


Example 4.106 
(y—1)? Squar 


ethefirst term: y?. 


The product of both termsis — y.Doubleit: — 2y. 


Squar 


ethelastterm: +1. 


Addthem together: y? + (—2y) + 1. 


(y UP =y?- 2yt1 


minus plus 


Example 4.107 
(5a +3)? Squarethe first term: 252. 


The product of both terms is 15x. Double it: 
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302. 


Squarethe last term: 9. 


Add them together: 


jw 

— 
ne 
ll 


Example 4.108 


Qa? + 30a + 9. 


plus 


(7b—2)* Squarethefirst term: 49b?. 


The product of both terms is — 14b. Double it: 


— 28b. 


Squarethe last term: 4. 


Add them together: 


49b? + (—28b) + 4. 


(7b — 2)? = 496? — 28b + 4 


minus 


Example 4.109 
(a + 6) (a — 6) 


(x + 6) (x — 6) = x? — 36 
Example 4.110 
(4a — 12) (4a + 12) 


plus 


Squarethe first term: 27. 


Subtract the square of the second term (36) from 
the square of the first term: x? — 36. 


16a. 
Subtract the square of the second term (144) from 


Square the first term: 


the square of the first term: 16a? — 144. 


(4a — 12) (4a + 12) = 16a? — 144 


Example 4.111 
(6a + 8y) (6x — 8y) 


Squarethefirst term: 3627. 
Subtract the square of the second term (64y?) from 


the square of the first term: 36a? — 64y?. 


(6x + 8y) (6x — 8y) = 36x? — 64y? 
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4.7.5 Practice Set A 
Find the following products. 


Exercise 4.438 (Solution on p. 269.) 
(2 +5)" 

Exercise 4.439 (Solution on p. 269.) 
(e+ 7)" 

Exercise 4.440 (Solution on p. 269.) 
(y —6)° 

Exercise 4.441 (Solution on p. 269.) 
(3a + b)? 

Exercise 4.442 (Solution on p. 269.) 
(9m —n)? 

Exercise 4.443 (Solution on p. 269.) 
(10a — 2y)? 

Exercise 4.444 (Solution on p. 269.) 
(ia=76)* 

Exercise 4.445 (Solution on p. 269.) 
(5h — 15k)? 


4.7.6 Exercises 


For the following problems, find the products. 
Exercise 4.446 (Solution on p. 269.) 
(e +3)” 
Exercise 4.447 
(e +5)” 
Exercise 4.448 (Solution on p. 269.) 
(« +8)" 
Exercise 4.449 
(« + 6)” 
Exercise 4.450 (Solution on p. 269.) 
(y+9)° 
Exercise 4.451 
(y+1)° 
Exercise 4.452 (Solution on p. 269.) 
(a—4)° 
Exercise 4.453 
(a — 6)" 
Exercise 4.454 (Solution on p. 269.) 
(a—7)" 
Exercise 4.455 
(b+ 10)? 
xercise 4. Solution on p. 269. 
E ise 4.456 
(b+ 15)? 


Exercise 4.457 
(a—10)? 
Exercise 4.458 
(ae 12)? 
Exercise 4.459 
(x + 20)? 
Exercise 4.460 
(y — 20)” 
Exercise 4.461 
(3a +5)? 
Exercise 4.462 
(4x + 2)? 
Exercise 4.463 
(6x — 2)? 
Exercise 4.464 
(7a — 2)? 
Exercise 4.465 
(5a — 6)” 
Exercise 4.466 
(3a — 9)” 
Exercise 4.467 
(3w — 22)? 
Exercise 4.468 
(5a — 3b)” 
Exercise 4.469 
(6t — 7s)” 
Exercise 4.470 
(2h — 8k)? 
Exercise 4.471 
(a+3)" 


Exercise 4.472 


Exercise 4.475 
(«- 2)” 
3 
Exercise 4.476 
5\2 
(y- 8) 
Exercise 4.477 
+3) 

3 
Exercise 4.478 
(« + 1.3)? 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 
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Exercise 4.479 

(a + 5.2)? 

Exercise 4.480 (Solution on p. 270.) 
(a+0.5)? 

Exercise 4.481 

(a + 0.08)? 

Exercise 4.482 (Solution on p. 270.) 
(e317 

Exercise 4.483 

(y — ele 

Exercise 4.484 (Solution on p. 270.) 
(b — 0.04)? 

Exercise 4.485 

(f — 1.006)? 

Exercise 4.486 (Solution on p. 270.) 
(x +5) (2-8) 

Exercise 4.487 

(x +6) (2-6) 

Exercise 4.488 (Solution on p. 270.) 
(2 +1)(e—1) 

Exercise 4.489 

(¢—1)(t4+ 1) 

Exercise 4.490 (Solution on p. 270.) 
(F9)(F 9) 

Exercise 4.491 

(y—7) (y+7) 

Exercise 4.492 (Solution on p. 270.) 
(2y + 3) (2y — 3) 

Exercise 4.493 

(5a + 6) (5a — 6) 

Exercise 4.494 (Solution on p. 270.) 
(2a — 7b) (2a + 7b) 

Exercise 4.495 

(7a + 3t) (7x — 3t) 

Exercise 4.496 (Solution on p. 270.) 
(5h — 2k) (5h + 2k) 

Exercise 4.497 

(e+4) (e—3) 

Exercise 4.498 (Solution on p. 270.) 
(a+ 8) (a— 2) 

Exercise 4.499 

(e+ 1) (e—2) 

Exercise 4.500 (Solution on p. 270.) 
(26+ 5) (2b—- 7) 

Exercise 4.501 

Expand (a+ b)* to prove it is equal to a? + 2ab+ b?. 


Exercise 4.502 


Expand (a — b)? to prove it is equal to a? — 2ab + b?. 


Exercise 4.503 


Expand (a + b) (a — 6) to prove it is equal to a? — b?. 


Exercise 4.504 


Fill in the missing label in the equation below. 


Double the product 


f of the two terms 


@@ + B® =a? + 2ab + 


Exercise 4.505 


Label the parts of the equation below. 


Exercise 4.506 


Label the parts of the equation below. 


a+b) @-b = a — B 


Minus 


(Solution on p. 270.) 


(Solution on p. 270.) 


(Solution on p. 270.) 
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4.7.7 Exercises for Review 


Exercise 4.507 : 

(Section 2.6) Simplify («3y°z*)”. 

Exercise 4.508 (Solution on p. 270.) 
(Section 3.7) Find the value of 107* - 27%. 


Exercise 4.509 
(Section 4.6) Find the product. («+ 6) (a — 7). 


Exercise 4.510 (Solution on p. 270.) 
(Section 4.6) Find the product. (5m — 3) (2m + 3). 


Exercise 4.511 
(Section 4.6) Find the product. (a+ 4) (a? — 2a +3). 


4.8 Terminology Associated with Equations * 


4.8.1 Overview 


e Independent and Dependent Variables 
e The Domain of an Equation 


4.8.2 Independent and Dependent Variables 


Independent and Dependent Variables 

In an equation, any variable whose value can be freely assigned is said to be an independent variable. 
Any variable whose value is determined once the other values have been assigned is said to be a dependent 
variable. Two examples will help illustrate these concepts. 


1. Consider the equation y = 2x — 7. If we are free to choose values for x, then x would be considered 
the independent variable. Since the value of y depends on the value of x, y would be the dependent 
variable. 

2. Consider the equation m = —4gk?. If we are free to choose values for both g and k, then g and k 
would be considered independent variables. Since the value of m depends on the values chosen for g 
and k, m would be the dependent variable. 


4.8.3 The Domain of an Equation 


Domain 

The process of replacing letters with numbers is called numerical evaluation. The collection of numbers that 
can replace the independent variable in an equation and yield a meaningful result is called the domain of 
the equation. The domain of an equation may be the entire collection of real numbers or may be restricted 
to some subcollection of the real numbers. The restrictions may be due to particular applications of the 
equation or to problems of computability. 
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4.8.4 Sample Set A 
Find the domain of each of the following equations. 


Example 4.112 
y= 2, where zx is the independent. variable. 

Any number except 0 can be substituted for x and yield a meaningful result. Hence, the domain 
is the collection of all real numbers except 0. 


Example 4.113 
d = 55t, where t is the independent variable and the equation relates time, t, and distance, d. 

It makes little sense to replace t by a negative number, so the domain is the collection of all real 
numbers greater than or equal to 0. 


Example 4.114 
k= a where the independent variable is w. 
The letter w can be replaced by any real number except 4 since that will produce a division by 


0. Hence, the domain is the collection of all real numbers except 4. 


Example 4.115 
a = 5b? + 2b — 6, where the independent variable is b. 

We can replace b by any real number and the expression 5b? + 2b—6 is computable. Hence, the 
domain is the collection of all real numbers. 


4.8.5 Practice Set A 


Find the domain of each of the following equations. Assume that the independent variable is the variable 


that appears in the expression on the right side of the "=" sign. 

Exercise 4.512 (Solution on p. 270.) 

y= 5x+ 10 

Exercise 4.513 (Solution on p. 270.) 

co - 

Exercise 4.514 (Solution on p. 271.) 
— 34+2a 

oe 

Exercise 4.515 (Solution on p. 271.) 
tata t 9) 

Y= 2-6 

Exercise 4.516 (Solution on p. 271.) 
area | 

m= nt 

Exercise 4.517 (Solution on p. 271.) 


s= atts where this equation relates the distance an object falls, s, to the time, t, it has had to 
fall. 
Exercise 4.518 (Solution on p. 271.) 


_— 4h-7 
— | eh 
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4.8.6 Exercises 


For the following problems, find the domain of the equations. Assume that the independent variable is the 
variable that appears in the expression to the right of the equal sign. 


Exercise 4.519 (Solution on p. 271.) 
y=4r4+7 

Exercise 4.520 

y=3x-—5 

Exercise 4.521 (Solution on p. 271.) 


y=a?+2r-9 

Exercise 4.522 

y = 8x? —6 

Exercise 4.523 (Solution on p. 271.) 
y= 11a 

Exercise 4.524 

s=Tt 


Exercise 4.525 (Solution on p. 271.) 


y=? 


Exercise 4.526 


y= 


Exercise 4.527 (Solution on p. 271.) 
m= 26 
h 
Exercise 4.528 
ba 40 
~ ¢=1 
Exercise 4.529 (Solution on p. 271.) 


i= = 
s—6 

Exercise 4.530 
12 


Y= g47 


4.8.7 Exercises for Review 


Exercise 4.531 (Solution on p. 271.) 
(Section 2.4) Name the property of real numbers that makes 4yx? = 4x?y a true statement. 


Exercise 4.532 


(Section 2.6) Simplify eae 
Exercise 4.533 (Solution on p. 271.) 
(Section 3.3) Supply the missing phrase. Absolute value speaks to the question of and 


not "which way." 
Exercise 4.534 
(Section 4.7) Find the product. (2 — 8)”. 


Exercise 4.535 (Solution on p. 271.) 
(Section 4.7) Find the product. (4% + 3) (4x — 3). 
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4.9 Summary of Key Concepts ° 


4.9.1 Summary of Key Concepts 


Algebraic Expressions (Section 4.2) 

An algebraic expression (often called simply an expression) is a number, a letter, or a collection of numbers 
and letters along with meaningful signs of operation. (5 + 0 is not meaningful.) 

Terms (Section 4.2) 

In an algebraic expression, the quantities joined by "+" signs are terms. 

Distinction Between Terms and Factors (Section 4.2 ) 

Terms are parts of sums and are therefore separated by addition signs. Factors are parts of products and 
are therefore separated by multiplication signs. 

Common Factors (Section 4.2) 

In an algebraic expression, a factor that appears in every term, that is, a factor that is common to each 
term, is called a common factor. 

Coefficients (Section 4.2) 

The coefficient of a quantity records how many of that quantity there are. The coefficient of a group of 
factors is the remaining group of factors. 

Distinction Between Coefficients and Exponents (Section 4.2) 

Coefficients record the number of like terms in an expression. 


t+aet+ueu= 3x 
—_—— coefficient is 3 
3 terms 


Exponents record the number of like factors in an expression 


Ls Vs L= x? 
——"_—Ss exponent is 3 
3 factors 


Equation (Section 4.3) 

An equation is a statement that two expressions are equal. 

Numerical Evaluation (Section 4.3) 

Numerical evaluation is the process of determining a value by substituting numbers for letters. 
Polynomials (Section 4.4) 

A polynomial is an algebraic expression that does not contain variables in the denominators of fractions 
and in which all exponents on variable quantities are whole numbers. 


A monomial is a polynomial consisting of only one term. 

A binomial is a polynomial consisting of two terms. 

A trinomial is a polynomial consisting of three terms. 

Degree of a Polynomial (Section 4.4) 

The degree of a term containing one variable is the value of the exponent on the variable. 
The degree of a term containing more than one variable is the sum of the exponents on the variables. 
The degree of a polynomial is the degree of the term of the highest degree. 

Linear Quadratic Cubic Polynomials (Section 4.4) 

Polynomials of the first degree are linear polynomials. 

Polynomials of the second degree are quadratic polynomials. 

Polynomials of the third degree are cubic polynomials. 

Like Terms (Section 4.5) 

Like terms are terms in which the variable parts, including the exponents, are identical. 
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Descending Order (Section 4.5) 

By convention, and when possible, the terms of an expression are placed in descending order with the highest 
degree term appearing first. 523 — 2x? + 102 — 15 is in descending order. 

Multiplying a Polynomial by a Monomial (Section 4.6) 

To multiply a polynomial by a monomial, multiply every term of the polynomial by the monomial and then 
add the resulting products together. 


7(a@—3)=7x—-—7-3=7x—-21 


Simplifying + (a + b) and — (a+b) (Section 4.6) 


+(a+b)=a+b 
—(a+b)=-a-—b 


Multiplying a Polynomial by a Polynomial (Section 4.6) 
To multiply polynomials together, multiply every term of one polynomial by every term of the other poly- 
nomial. 

(c+3)(a-4) = 2?—4r+3x-12 


= ¢?-2-12 


Special Products (Section 4.7) 


(a+b)? = a2?42ab+b? Note: (a+b)? 4 a?+B? 
(a —b)? = a?—2ab+b? (a—b) #4 a@-P 
(a+b)(a—b) = a? — b? 


Independent and Dependent Variables (Section 4.8) 

In an equation, any variable whose value can be freely assigned is said to be an independent variable. 
Any variable whose value is determined once the other values have been assigned is said to be a dependent 
variable. 

Domain (Section 4.8) 

The collection of numbers that can be used as replacements for the independent variable in an expression or 
equation and yield a meaningful result is called the domain of the expression or equation. 


4.10 Exercise Supplement °° 


4.10.1 Exercise Supplement 
4.10.1.1 Algebraic Expressions (Section 4.2) 


For the following problems, write the number of terms that appear, then write the terms. 


Exercise 4.536 (Solution on p. 271.) 
Ax? + 7x +12 

Exercise 4.537 

14y6 

Exercise 4.538 (Solution on p. 271.) 
c+8 


Exercise 4.539 
8 


10This content is available online at <http://cnx.org/content /m21859/1.4/>. 


251 


List, if any should appear, the common factors for the following problems. 
Exercise 4.540 (Solution on p. 271.) 
a + 4a? + 6a? 
Exercise 4.541 
9y* — 18y4 
Exercise 4.542 (Solution on p. 271.) 
1227y? + 36y3 
Exercise 4.543 
6 (a+ 4)+12(a+ 4) 
Exercise 4.544 (Solution on p. 271.) 
4 (a+ 2b) + 6 (a+ 26) 
Exercise 4.545 
17x7y (z+ 4) + Bly (z+ 4) 
Exercise 4.546 (Solution on p. 271.) 
6a7b3c + 5x7y 


For the following problems, answer the question of how many. 
Exercise 4.547 
x’sin 9x? 
Exercise 4.548 (Solution on p. 271.) 
(a+ b)’sin12 (a+b)? 
Exercise 4.549 
a*’s in 6a*? 
Exercise 4.550 (Solution on p. 271.) 
c?’s in 2a7bc?? 
Exercise 4.551 
(Qa + 3y)’sin 5 (# + 2y) (2a + 3y)*? 
For the following problems, a term will be given followed by a group of its factors. List the coefficient of the 
given group of factors. 
Exercise 4.552 (Solution on p. 271.) 
8z, Zz 
Exercise 4.553 
16a°b?c*, ct 
Exercise 4.554 (Solution on p. 271.) 
Ty (y +3), Ty 
Exercise 4.555 
(—5) a°b°c?, be 
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4.10.1.2 Equations (Section 4.3) 


For the following problems, observe the equations and write the relationship being expressed. 
Exercise 4.556 (Solution on p. 271.) 
a= 3b 
Exercise 4.557 
r=4t+11 
Exercise 4.558 (Solution on p. 272.) 
f = ym? + 6g 
Exercise 4.559 
x= 5y? +2y+6 
Exercise 4.560 (Solution on p. 272.) 
P? = ka® 
Use numerical evaluation to evaluate the equations for the following problems. 
Exercise 4.561 
C=2r. Find Cif is approximated by 


3.14andr = 6. 
Exercise 4.562 (Solution on p. 272.) 
T=£. FindJif FE = 20and R=2. 


R 
Exercise 4.563 
I=prt. Find Jifp = 1000, r = 0.06, andt = 3. 
Exercise 4.564 (Solution on p. 272.) 
E=mc*. Find Eifm = 120andc = 186,000. 
Exercise 4.565 
z= 734. Find zifa = 42, u = 30, and 


s=12. 

Exercise 4.566 (Solution on p. 272.) 
R= pas: Find RifC = 35, P = 300, and 
n=19. 


4.10.1.3 Classification of Expressions and Equations (Section 4.4) 


For the following problems, classify each of the polynomials as a monomial, binomial, or trinomial. State 
the degree of each polynomial and write the numerical coefficient of each term. 
Exercise 4.567 
2a+9 
Exercise 4.568 (Solution on p. 272.) 
4y? + 3y+1 
Exercise 4.569 
10a* 
Exercise 4.570 (Solution on p. 272.) 
147 
Exercise 4.571 
Ary + 2yz? + 6x 
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Exercise 4.572 (Solution on p. 272.) 
Yab2c? + 10a%b?c° 
Exercise 4.573 

(2ey3)", ay? £0 
Exercise 4.574 (Solution on p. 272.) 
Why is the expression =“. not a polynomial? 


32-7 
Exercise 4.575 
Why is the expression 5a 


3/4 not a polynomial? 


For the following problems, classify each of the equations by degree. If the term linear, quadratic, or cubic 
applies, use it. 
Exercise 4.576 (Solution on p. 272.) 
3y +22 = 1 
Exercise 4.577 
4a? —5a+8=0 
Exercise 4.578 (Solution on p. 272.) 
y-x-2z+4w=21 
Exercise 4.579 
5a? + 2x2? —32+1=19 
Exercise 4.580 (Solution on p. 272.) 
(6x3)" + 5a? = 7 


4.10.1.4 Combining Polynomials Using Addition and Subtraction (Section 4.5) - Special Bino- 
mial Products (Section 4.7) 


Simplify the algebraic expressions for the following problems. 
Exercise 4.581 
4a*b + 8a7b — a?b 
Exercise 4.582 (Solution on p. 272.) 
21a7y3 + 382y + xy? +6 
Exercise 4.583 
7(a+1)+22—-6 
Exercise 4.584 (Solution on p. 272.) 
2 (3y? + 4y + 4) + 5y? + 3(10y + 2) 
Exercise 4.585 
5 [8a + 7 (2x? + 8x + 2) + 5] — 102? + 4 (32? + ar) 
Exercise 4.586 (Solution on p. 272.) 
8{3 [4y? + y + 2] + 6 (y? + 2y?)} — 24y? — 10y? - 3 
Exercise 4.587 
4a7bc? + 5abe3 + Yabe3 + Ta? bc? 
Exercise 4.588 (Solution on p. 272.) 
x (2x +5) + 32? —32+3 
Exercise 4.589 
4k (3k? + 2k +6) + k (5k? + k) +16 
Exercise 4.590 (Solution on p. 272.) 
2{5 [6 (b+ 2a + c?)]} 


254 CHAPTER 4. ALGEBRAIC EXPRESSIONS AND EQUATIONS 


Exercise 4.591 

9x7y (Sry + 4a) — Tx? y? — 3003 y + By (a3 y + 22) 

Exercise 4.592 (Solution on p. 272.) 
3m [5 + 2m (m+ 6m?)] +m (m? + 4m + 1) 

Exercise 4.593 

2r [4 (r+5) — 2r — 10] + 6r (r + 2) 

Exercise 4.594 (Solution on p. 272.) 
abc (3abe + ¢ + b) + 6a (2be + be?) 

Exercise 4.595 

gl0 (28° +354 +453 + 58? +254 2) — 55 +9514 4 35 (st + 4511) — 50 

Exercise 4.596 (Solution on p. 272.) 
6a4 (a? +5) 

Exercise 4.597 

Q27y4 (327y + 4xy+ 3y) 

Exercise 4.598 (Solution on p. 272.) 
5m® (2m? +3m4*+m?+m+ 1) 

Exercise 4.599 

a®bec4 (4a +264 3c+ab+act+ bc?) 


Exercise 4.600 (Solution on p. 272.) 
(a + 2) (a +3) 

Exercise 4.601 

(y+ 4) (y +5) 

Exercise 4.602 (Solution on p. 272.) 
(a+1)(a+3) 


Exercise 4.603 

(3a + 4) (2a + 6) 

Exercise 4.604 (Solution on p. 272.) 

4xy — 10xy 

Exercise 4.605 

5ab? — 3 (2ab? + 4) 

Exercise 4.606 (Solution on p. 272.) 

7a* — 1524 

Exercise 4.607 

5a? + 2a — 3 — 7x? — 34 —4- 22? -11 

Exercise 4.608 (Solution on p. 273.) 

4 (x — 8) 

Exercise 4.609 

7x (x? — x +3) 

Exercise 4.610 (Solution on p. 273.) 

—3a (5a — 6) 

Exercise 4.611 

Any? (2x — 3y — 5) — 16x3y? — 3x7y3 

Exercise 4.612 (Solution on p. 273.) 
5y (y? — 3y — 6) — 2y (3y? + 7) + (—2) (—5) 

Exercise 4.613 


ss Ge Gam 


Exercise 4.614 


-FCt- fF ©) 


Exercise 4.615 


xv? + 3a — 4-42? 


Exercise 4.616 
4a*b — 3b? — 5b? 


Exercise 4.617 


Qa? — x (27 


Exercise 4.618 


3(a—1) —4(a+6) 


Exercise 4.619 


—6(a+2)—7(a—4)+6(a-1) 


Exercise 4.620 


Add —32+4 to 5x —8. 


Exercise 4.621 


Add 4 (a? 22 
Exercise 4.622 


Subtract 3 times (22% — 1) from 8 times (x — 4). 


Exercise 4.623 


(a + 4) (a — 6) 
Exercise 4.624 
(x — 3) (x —8) 


Exercise 4.625 
(2a — 5) (5a — 1) 
Exercise 4.626 
(8b + 2c) (2b — c) 
Exercise 4.627 
(a —3)° 
Exercise 4.628 
(3—a)° 
Exercise 4.629 
(a—y)° 
Exercise 4.630 
(6x — 4)” 
Exercise 4.631 
(3a — 5b)” 
Exercise 4.632 
(-x—y)° 
Exercise 4.633 
(k +6) (k — 6) 
Exercise 4.634 
(m+ 1) (m—1) 
Exercise 4.635 
(a — 2) (a+ 2) 
Exercise 4.636 


(3c + 10) (3c — 10) 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 
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273.) 


273.) 


273.) 


273.) 


273.) 


273.) 


273.) 


273.) 


273.) 
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Exercise 4.637 

(4a + 3b) (4a — 3b) 

Exercise 4.638 (Solution on p. 273.) 
(5 + 2b) (5 — 2b) 

Exercise 4.639 

(2y + 5) (4y + 5) 

Exercise 4.640 (Solution on p. 273.) 
(y + 8a) (2y + @) 

Exercise 4.641 

(6 + a) (6 — 3a) 

Exercise 4.642 (Solution on p. 273.) 
(a? + 2) (x? — 3) 

Exercise 4.643 

6 (a — 3) (a +8) 

Exercise 4.644 (Solution on p. 273.) 
8 (2y — 4) (3y + 8) 

Exercise 4.645 

x (x — 7) (a +4) 

Exercise 4.646 (Solution on p. 273.) 
m?n (m+n) (m+ 2n) 

Exercise 4.647 

(b + 2) (b? — 2b + 3) 

Exercise 4.648 (Solution on p. 273.) 
3p (p? + 5p + 4) (p? + 2p + 7) 

Exercise 4.649 

(a +6)” 

Exercise 4.650 (Solution on p. 273.) 
(a — 2)° 

Exercise 4.651 

(2x — 3)? 

Exercise 4.652 (Solution on p. 273.) 
(2? +4)” 

Exercise 4.653 

(2m —5n)? 

Exercise 4.654 (Solution on p. 273.) 
(327y? = day)” 

Exercise 4.655 

(a— 2)" 
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4.10.1.5 Terminology Associated with Equations (Section 4.8) 


Find the domain of the equations for the following problems. 
Exercise 4.656 (Solution on p. 273.) 
y=8r+7 
Exercise 4.657 
y = 5a? -—224+6 


Exercise 4.658 (Solution on p. 274.) 
—_ 4 

ne 7) 

Exercise 4.659 
2 

m= >" 

Exercise 4.660 (Solution on p. 274.) 
— 4Axv+5 

Z= 

yt10 


4.11 Proficiency Exam " 


4.11.1 Proficiency Exam 


Exercise 4.661 (Solution on p. 274.) 
(Section 4.2) In the expression below, specify the number of terms that are present, then list 
them. 

3a (a+ 1) — (a+ 2) (a — 3) 

Exercise 4.662 (Solution on p. 274.) 


(Section 4.2) List, if there are any, the common factors of 
2x3 y? + 152% y2z7 + 10232? 


Exercise 4.663 (Solution on p. 274.) 
(Section 4.2) How many y? (b+ 2)’s in 8xry? (b+ 2) (b— 6)? 

Exercise 4.664 (Solution on p. 274.) 
(Section 4.2) Write the coefficient of x? in 8x y3z. 

Exercise 4.665 (Solution on p. 274.) 
(Section 4.3) Find the value of P? if k= 4 and a=3. 

P= ko® 

Exercise 4.666 (Solution on p. 274.) 


(Section 4.4) Classify the polynomial given below as a monomial, binomial, trinomial, or none 
of these. Specify the degree of the polynomial and write the numerical coefficient of each term. 
3a3y + 4xyt + 827y2z9w, z4#0 


Simplify the algebraic expressions for the following problems. 


Exercise 4.667 (Solution on p. 274.) 
(Section 4.5) 4x? + 3x2 + 2x + 11x? — 3 

Exercise 4.668 (Solution on p. 274.) 
(Section 4.5) 3a ([2(a+ 1) +4] — 18a 

Exercise 4.669 (Solution on p. 274.) 
(Section 4.6) (a+ 2) (4 +4) 

Exercise 4.670 (Solution on p. 274.) 


(Section 4.6) (3a — 7) (2a + 10) 


11 This content is available online at <http://cnx.org/content /m21853/1.3/>. 
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Exercise 4.671 (Solution on p. 274.) 
(Section 4.7) (y +3)? 

Exercise 4.672 (Solution on p. 274.) 
(Section 4.7) (6a + 7y)* 

Exercise 4.673 (Solution on p. 274.) 
(Section 4.7) (4a — 9y)” 

Exercise 4.674 (Solution on p. 274.) 
(Section 4.5-Section 4.7) 32? (2x + 5) (3x +1) 

Exercise 4.675 (Solution on p. 274.) 
(Section 4.5-Section 4.7) (3a — 6) (4a — 3b) 

Exercise 4.676 (Solution on p. 274.) 
(Section 4.5-Section 4.7) —6y? (2y + 3y? — 4) 

Exercise 4.677 (Solution on p. 274.) 
(Section 4.5-Section 4.7) —4b?(b? — iy 

Exercise 4.678 (Solution on p. 274.) 
(Section 4.5-Section 4.7) (2a? + 3b)? 

Exercise 4.679 (Solution on p. 274.) 
(Section 4.5-Section 4.7) 6a(a— 2) — (2a? + a— 11) 

Exercise 4.680 (Solution on p. 274.) 
(Section 4.5-Section 4.7) (5h + 2k) (5h — 2k) 

Exercise 4.681 (Solution on p. 274.) 
(Section 4.5-Section 4.7) Subtract 4a? — 10 from 2a? + 6a +1. 

Exercise 4.682 (Solution on p. 274.) 
(Section 4.5-Section 4.7) Add three times 6x2 — 1 to two times —4a + 5. 

Exercise 4.683 (Solution on p. 274.) 
(Section 4.5-Section 4.7) Evaluate 6k? + 2k —7 if k= —1. 

Exercise 4.684 (Solution on p. 275.) 
(Section 4.5-Section 4.7) Evaluate —2m(m — 3)” if m = —4. 

Exercise 4.685 (Solution on p. 275.) 


: : 2 _ 32-7 
(Section 4.8) What is the domain of y= 25°? 
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Solutions to Exercises in Chapter 4 


Solution to Exercise 4.1 (p. 199) 
addition, multiplication 

Solution to Exercise 4.2 (p. 199) 
Ax”, — 8x, 7 

Solution to Exercise 4.3 (p. 199) 
Qry, 6x2, (a — y)* 

Solution to Exercise 4.4 (p. 199) 
5a”, 3x,—3ay", (2 — y) (x —6) 
Solution to Exercise 4.5 (p. 200) 
8, x, x; —5, x; 6 and 1 or 3 and 2 
Solution to Exercise 4.6 (p. 200) 
10 and 1 or 5 and 2; 2,b+6, b— 18, b— 18 
Solution to Exercise 4.7 (p. 201) 


Solution to Exercise 4.8 (p. 201) 
Ag? 

Solution to Exercise 4.9 (p. 201) 
2(a+ 1) 

Solution to Exercise 4.10 (p. 201) 
3a (a — 8) 

Solution to Exercise 4.11 (p. 201) 
14c (2c + 5) 

Solution to Exercise 4.12 (p. 201) 
no common factor 

Solution to Exercise 4.13 (p. 202) 
how many of that quantity there are 
Solution to Exercise 4.14 (p. 203) 
(a) 6 (b) 2? 

Solution to Exercise 4.15 (p. 203) 
(a) 3 (b) 3¢ (c) « (4) 3(y-1) (e) e(y-1) (f)3 
Solution to Exercise 4.16 (p. 203) 
(a) 10 (b) 10a (c) 106+ (d) ab4 (e) b 
Solution to Exercise 4.17 (p. 203) 
An algebraic expression is a number, a letter, or a collection of numbers and letters along with meaningful 
signs of operation. 

Solution to Exercise 4.19 (p. 203) 
x is an expression because it is a letter (see the definition). 
Solution to Exercise 4.21 (p. 203) 
two: 6x2, —-10 

Solution to Exercise 4.23 (p. 203) 
three: 5a?, 6x, —2 

Solution to Exercise 4.25 (p. 203) 
one: 5cz 

Solution to Exercise 4.27 (p. 204) 
one: 61 

Solution to Exercise 4.29 (p. 204) 
one: 4y° 

Solution to Exercise 4.31 (p. 204) 
two: a,l 
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Solution to Exercise 4.33 (p. 


three: 2x,2,7 


Solution to Exercise 4.35 (p. 


two: (a+ b),(a—1) 


Solution to Exercise 4.37 (p. 


fr 


Solution to Exercise 4.39 (p. 


9b? 


Solution to Exercise 4.41 (p. 


(a+ b) 


Solution to Exercise 4.43 (p. 


Qab?c? 


Solution to Exercise 4.45 (p. 


(a — 3) 


Solution to Exercise 4.47 (p. 


no commom factors 


Solution to Exercise 4.49 (p. 


(a+7) 


Solution to Exercise 4.51 (p. 


9 


32 
Solution to Exercise 4.53 (p. 


12 


Solution to Exercise 4.55 (p. 


6 


Solution to Exercise 4.57 (p. 


10 


Solution to Exercise 4.59 (p. 


8 


Solution to Exercise 4.61 (p. 


xy? 


Solution to Exercise 4.63 (p. 


5x 


Solution to Exercise 4.65 (p. 


x? (x — 7) 


Solution to Exercise 4.67 (p. 


7 


Solution to Exercise 4.69 (p. 


a 


Solution to Exercise 4.71 (p. 


6x7b? 


Solution to Exercise 4.73 (p. 


3ab? 


Solution to Exercise 4.75 (p. 


(—4) a®b 


Solution to Exercise 4.77 (p. 


16a16(a — 1)? 


Solution to Exercise 4.79 (p. 


—50 


Solution to Exercise 4.81 (p. 


1.52 x 107° 


204) 
204) 
204) 
204) 
204) 
204) 
204) 
204) 
204) 
205) 
205) 
205) 
205) 
205) 
205) 
205) 
205) 
205) 
205) 
206) 
206) 
206) 
206) 
206) 


206) 
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Solution to Exercise 4.82 (p. 209) 


192 


Solution to Exercise 4.83 (p. 209) 


40 


Solution to Exercise 4.84 (p. 209) 


50 


Solution to Exercise 4.85 (p. 209) 


13 


Solution to Exercise 4.86 (p. 209) 


—29 


Solution to Exercise 4.87 (p. 209) 


The value of x is equal to six times the value of y. 


Solution to Exercise 4.89 (p. 209) 


eis equal to 9 less then the value of g. 


Solution to Exercise 4.91 (p. 210) 


The value of three times t is equal to six times s. 


Solution to Exercise 4.93 (p. 210) 


The value of r is equal to two ninth times the value of s. 


Solution to Exercise 4.95 (p. 210) 


The value of f is equal to 55 more then 27 times the value of k. 


Solution to Exercise 4.97 (p. 210) 


The value of q? is equal to nine times the value of «° plus two times the value of y. 


Solution to Exercise 4.99 (p. 210) 


31.4 

Solution to Exercise 4.101 (p. 
3 

Solution to Exercise 4.103 (p. 
360 

Solution to Exercise 4.105 (p. 
48 

Solution to Exercise 4.107 (p. 
8 

Solution to Exercise 4.109 (p. 
423. 

Solution to Exercise 4.111 (p. 
448 

Solution to Exercise 4.113 (p. 
205.44 

Solution to Exercise 4.115 (p. 
396 

Solution to Exercise 4.117 (p. 
150 

Solution to Exercise 4.119 (p. 
588.49 

Solution to Exercise 4.121 (p. 
238, 328 

Solution to Exercise 4.123 (p. 
18.4191 

Solution to Exercise 4.125 (p. 
650 


210) 
210) 
210) 
211) 
211) 
211) 
211) 
211) 
211) 
211) 
212) 
212) 


212) 
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Solution to Exercise 4.127 (p. 212) 
379.94 

Solution to Exercise 4.129 (p. 212) 
2,043 

Solution to Exercise 4.131 (p. 212) 
1.7298 x 10"? 

Solution to Exercise 4.133 (p. 213) 
6 units 

Solution to Exercise 4.135 (p. 213) 
99.33 tons 

Solution to Exercise 4.137 (p. 214) 
195.46474 feet 

Solution to Exercise 4.139 (p. 214) 
—8 

Solution to Exercise 4.141 (p. 214) 
2:5 (a+b) , 2a? 

Solution to Exercise 4.143 (p. 217) 
first, or linear 

Solution to Exercise 4.144 (p. 217) 
quadratic 

Solution to Exercise 4.145 (p. 217) 
cubic 

Solution to Exercise 4.146 (p. 217) 
linear 

Solution to Exercise 4.147 (p. 218) 
linear 

Solution to Exercise 4.148 (p. 218) 
quadratic 

Solution to Exercise 4.149 (p. 218) 
quadratic 

Solution to Exercise 4.150 (p. 218) 
linear 

Solution to Exercise 4.151 (p. 218) 
eighth degree 

Solution to Exercise 4.152 (p. 218) 


binomial; first (linear); 5,7 
Solution to Exercise 4.154 (p. 218) 
binomial; second (quadratic); 4,9 
Solution to Exercise 4.156 (p. 218) 
binomial; fourth; 1,1 
Solution to Exercise 4.158 (p. 218) 
monomial; first (linear); 5 


Solution to Exercise 4.160 (p. 218) 
trinomial; third (cubic); 5 ,2,3 
Solution to Exercise 4.162 (p. 218) 
trinomial; third (cubic); 41 ,22,1 
Solution to Exercise 4.164 (p. 218) 


monomial; sixth; 2 


Solution to Exercise 4.166 (p. 


monomial; first (linear); 9 
Solution to Exercise 4.168 (p. 


trinomial,; second (quadratic); 
Solution to Exercise 4.170 (p. 
binomial; ninth; 1,9 
Solution to Exercise 4.172 (p. 
binomial; eighth; 6,3 
Solution to Exercise 4.174 (p. 
monomial; ZEXO; 5 
Solution to Exercise 4.176 (p. 
monomial; ninth; 4 
Solution to Exercise 4.178 (p. 
linear 
Solution to Exercise 4.180 (p. 
quadratic 
Solution to Exercise 4.182 (p. 
linear 
Solution to Exercise 4.184 (p. 
cubic 
Solution to Exercise 4.186 (p. 
quadratic 
Solution to Exercise 4.188 (p. 
linear 
Solution to Exercise 4.190 (p. 
linear 
Solution to Exercise 4.192 (p. 
cubic 
Solution to Exercise 4.194 (p. 
fifth degree 
Solution to Exercise 4.196 (p. 
19th degree 
Solution to Exercise 4.198 (p. 


218) 


219) 
3, -6, 11 
219) 


219) 
219) 
219) 


219) 
219) 
219) 
219) 
219) 
220) 
220) 
220) 
220) 
220) 


220) 
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Solution to Exercise 4.200 (p. 
yes 

Solution to Exercise 4.202 (p. 
11-32% =5 

Solution to Exercise 4.204 (p. 
zZ=2 

Solution to Exercise 4.206 (p. 


The value of y is 5 more then three times the value of x. 


Solution to Exercise 4.207 (p. 


220) 
220) 
220) 
220) 


221) 


different amounts of the same quantity 


Solution to Exercise 4.208 (p. 
lly 
Solution to Exercise 4.209 (p. 
20x 


222) 


222) 


263 


264 


Solution to Exercise 4.210 (p. 


9a — 6b 


Solution to Exercise 4.211 (p. 


—5ax3 + 8x? + 10x 


Solution to Exercise 4.212 (p. 


5ab — 13 


Solution to Exercise 4.213 (p. 


7x? +72 +30 


Solution to Exercise 4.214 (p. 


—5a? + 4x? + 6x + 29 


Solution to Exercise 4.215 (p. 


59a + 27 


Solution to Exercise 4.216 (p. 


5a? + 5a 


Solution to Exercise 4.217 (p. 


2a° + a4+ 8a? +4a4+1 


Solution to Exercise 4.218 (p. 


—6x + 34 


Solution to Exercise 4.219 (p. 


50x? + 31a 


Solution to Exercise 4.220 (p. 


4x 


Solution to Exercise 4.222 (p. 


2la 


Solution to Exercise 4.224 (p. 


32 


Solution to Exercise 4.226 (p. 


—5k 


Solution to Exercise 4.228 (p. 


2ly 


Solution to Exercise 4.230 (p. 


—Th 


Solution to Exercise 4.232 (p. 


1lab 


Solution to Exercise 4.234 (p. 


11a? 


Solution to Exercise 4.236 (p. 


—5y 


Solution to Exercise 4.238 (p. 


622ab* + 100a*b 


Solution to Exercise 4.240 (p. 


—Tw? 


Solution to Exercise 4.242 (p. 


4a? — 7x? — 9x — 11 


Solution to Exercise 4.244 (p. 


t—y 


Solution to Exercise 4.246 (p. 


223 — 52? + 16z 


Solution to Exercise 4.248 (p. 


—18w> + w* 


222) 
222) 
222) 
223) 
223) 
223) 
223) 
223) 
223) 
224) 
224) 
224) 
224) 
224) 
224) 
224) 
224) 
224) 
224) 
224) 
225) 
225) 
225) 
225) 


225) 
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Solution to Exercise 4.250 (p. 


16d?r — 24d?r — 2 


Solution to Exercise 4.252 (p. 


8 


Solution to Exercise 4.254 (p. 


5z 


Solution to Exercise 4.256 (p. 


6a? + 1227 +5 


Solution to Exercise 4.258 (p. 


7a+ 18 


Solution to Exercise 4.260 (p. 


—28b + 18 


Solution to Exercise 4.262 (p. 


3lz+8 


Solution to Exercise 4.264 (p. 


10a 


Solution to Exercise 4.266 (p. 


80a + 24y? 


Solution to Exercise 4.268 (p. 


5x +3 


Solution to Exercise 4.270 (p. 


3a7b + 8b? — 4b + 7x 


Solution to Exercise 4.272 (p. 


yes 


Solution to Exercise 4.274 (p. 


3a? + 8a —8 


Solution to Exercise 4.276 (p. 


2b4 + 5b° — 5b? +2642 


Solution to Exercise 4.278 (p. 


—3a° + 21x? + 42 


Solution to Exercise 4.280 (p. 


xy? _ 3x7y — xy? 


Solution to Exercise 4.282 (p. 


52k? + 6k 


Solution to Exercise 4.284 (p. 


128n? — 90n — 3m 


Solution to Exercise 4.286 (p. 


144c? — 112a + 77b + 1728c 


Solution to Exercise 4.288 (p. 


1827y? + 5zy? + 4y? 


Solution to Exercise 4.290 (p. 


—24a — 16 


Solution to Exercise 4.292 (p. 


—2427y* — 16x7y3 + 1042y? 


Solution to Exercise 4.294 (p. 


4 


Solution to Exercise 4.296 (p. 


32 


Solution to Exercise 4.298 (p. 


3x + 24 


225) 
225) 
225) 
225) 
225) 
225) 
226) 
226) 
226) 
226) 
226) 
226) 
226) 
226) 
226) 
226) 
226) 
227) 
227) 
227) 
227) 
227) 
227) 
227) 


229) 
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Solution to Exercise 4.299 (p. 229) 
4a+8 

Solution to Exercise 4.300 (p. 229) 
2a? — dab + 12a 

Solution to Exercise 4.301 (p. 229) 
16a3b? + 56a7b* + 24ab3 

Solution to Exercise 4.302 (p. 229) 
8a° + 242° — 320% — 4x8 + 36x? — 44x 
Solution to Exercise 4.303 (p. 229) 
6a3b3 + 12a7b4 

Solution to Exercise 4.304 (p. 229) 
5m3n? + 5m?2n + 5mn 

Solution to Exercise 4.305 (p. 229) 
12.7233a? + 48.24ab 

Solution to Exercise 4.306 (p. 230) 
2a + 3b 

Solution to Exercise 4.307 (p. 230) 
a? —6a+ 10 

Solution to Exercise 4.308 (p. 230) 
—£—2y 

Solution to Exercise 4.309 (p. 230) 
—5m + 2n 

Solution to Exercise 4.310 (p. 230) 
3s? + 7s —9 

Solution to Exercise 4.311 (p. 232) 
a?+5a+4 

Solution to Exercise 4.312 (p. 232) 
m? —11m+ 18 

Solution to Exercise 4.313 (p. 232) 
2a? + 142 + 20 

Solution to Exercise 4.314 (p. 232) 
Qu? — xy — 3y? 

Solution to Exercise 4.315 (p. 232) 
15a‘ + 3a3 — 5a? —a 

Solution to Exercise 4.316 (p. 232) 
10z°y° + 7xty* + x y3 

Solution to Exercise 4.317 (p. 232) 
a® + 6a? + 15a + 18 

Solution to Exercise 4.318 (p. 232) 
a? + 8a+16 

Solution to Exercise 4.319 (p. 232) 
r2 — 14r + 49 

Solution to Exercise 4.320 (p. 233) 
x? + 122 + 36 

Solution to Exercise 4.321 (p. 233) 
y? — 16y + 64 

Solution to Exercise 4.322 (p. 234) 
lly? + 2y —19 

Solution to Exercise 4.323 (p. 234) 
—m — 13n 


Solution to Exercise 4.324 (p. 


5r? + 3r—8 


Solution to Exercise 4.325 (p. 


35+ 11 


Solution to Exercise 4.326 (p. 


Tx + 42 


Solution to Exercise 4.328 (p. 


6y + 24 


Solution to Exercise 4.330 (p. 


5a — 30 


Solution to Exercise 4.332 (p. 


127 +6 


Solution to Exercise 4.334 (p. 


36y — 27 


Solution to Exercise 4.336 (p. 


—9a — 63 


Solution to Exercise 4.338 (p. 


—4r—-8 


Solution to Exercise 4.340 (p. 


—38a+ 18 


Solution to Exercise 4.342 (p. 


—10a—5 


Solution to Exercise 4.344 (p. 


—30y + 18 


Solution to Exercise 4.346 (p. 


x? + 6a 


Solution to Exercise 4.348 (p. 


m? —4m 


Solution to Exercise 4.350 (p. 


3x? + 6x 


Solution to Exercise 4.352 (p. 


6a? — 30a 


Solution to Exercise 4.354 (p. 


15a? + 12” 


Solution to Exercise 4.356 (p. 


2b? — 2b 


Solution to Exercise 4.358 (p. 


15a* + 122? 


Solution to Exercise 4.360 (p. 


20a” + 12a® + 8a° 


Solution to Exercise 4.362 (p. 


—5ax? — 10x? 


Solution to Exercise 4.364 (p. 


6aty? — 1223 y 


Solution to Exercise 4.366 (p. 


2b x? — 11b° a? 


Solution to Exercise 4.368 (p. 


18y” — 27y® + 72y> + 9y4 — 54y% 


Solution to Exercise 4.370 (p. 


a? +6a+8 


234) 
234) 
234) 
234) 
234) 
234) 
234) 
234) 
234) 
235) 
235) 
235) 
235) 
235) 
235) 
235) 
235) 
235) 
235) 
235) 
235) 
236) 
236) 
236) 


236) 
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Solution to Exercise 4.372 (p. 236) 
y? + 3y —18 

Solution to Exercise 4.374 (p. 236) 
7 +2i-15 

Solution to Exercise 4.376 (p. 236) 
6a? — 20a + 6 

Solution to Exercise 4.378 (p. 236) 
18y? + 93y + 110 

Solution to Exercise 4.380 (p. 236) 
—a?—x4+12 

Solution to Exercise 4.382 (p. 236) 
ee +a%+2r+2 

Solution to Exercise 4.384 (p. 236) 
6x* — 7x? —5 

Solution to Exercise 4.386 (p. 237) 
122°y’ + 3023 y° + 1223 y? + 30xy 
Solution to Exercise 4.388 (p. 237) 
4a? — 28a — 32 

Solution to Exercise 4.390 (p. 237) 
x? + 5a? + 4a 

Solution to Exercise 4.392 (p. 237) 
y? = 5y4 Ae 6y? 

Solution to Exercise 4.394 (p. 237) 
5y® + 40y? + 35y® 

Solution to Exercise 4.396 (p. 237) 
1026y5 — 5a>y4* — 6xty? + 323 y? 
Solution to Exercise 4.398 (p. 237) 
8c? + 40c + 88 

Solution to Exercise 4.400 (p. 237) 
24a°b° + 42a*b!! + 12a3b13 + 18a3b 
Solution to Exercise 4.402 (p. 237) 
x® — 62? — 10x + 21 

Solution to Exercise 4.404 (p. 237) 
21a” — 22a° — 15a? — 7a? — 2a — 2 
Solution to Exercise 4.406 (p. 237) 
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10a? + 8a%b + 4a7b? + 5a2b — b? — 8a — 4b — 2ab 


Solution to Exercise 4.408 (p. 237) 
x*+2r+1 

Solution to Exercise 4.410 (p. 238) 
a?+4a+4 

Solution to Exercise 4.412 (p. 238) 
—9x? + 30x — 25 

Solution to Exercise 4.414 (p. 238) 
Tx? —5a —7 

Solution to Exercise 4.416 (p. 238) 
2y? — dary — 122 

Solution to Exercise 4.418 (p. 238) 
6x? — 33x —1 

Solution to Exercise 4.420 (p. 238) 
9a7b + 13ab? — ab 


Solution to Exercise 4.422 (p. 


17a? — 1la? — 7a —6 


Solution to Exercise 4.424 (p. 


127 —9 


Solution to Exercise 4.426 (p. 


7x — 10 


Solution to Exercise 4.428 (p. 


262 +5 


Solution to Exercise 4.430 (p. 


—20x — 18 


Solution to Exercise 4.432 (p. 


0 


Solution to Exercise 4.434 (p. 


1.98 x 10° 


Solution to Exercise 4.436 (p. 


degree is 6; 4,3, —5 


Solution to Exercise 4.438 (p. 


xv? + 10x + 25 


Solution to Exercise 4.439 (p. 


xv? +142 + 49 


Solution to Exercise 4.440 (p. 


y? — 12y + 36 


Solution to Exercise 4.441 (p. 


9a? + Gab + b? 


Solution to Exercise 4.442 (p. 


81m? — 18mn + n? 


Solution to Exercise 4.443 (p. 


100x? — 40xry + 4y? 


Solution to Exercise 4.444 (p. 


144a? — 168ab + 490? 


Solution to Exercise 4.445 (p. 


25h? — 150hk + 225k? 


Solution to Exercise 4.446 (p. 


x? +62+9 


Solution to Exercise 4.448 (p. 


x? + 16a + 64 


Solution to Exercise 4.450 (p. 


y? + 18y+ 81 


Solution to Exercise 4.452 (p. 


a? — 8a +16 


Solution to Exercise 4.454 (p. 


a? — 14a + 49 


Solution to Exercise 4.456 (p. 


b? + 30b + 225 


Solution to Exercise 4.458 (p. 


x? — 247 + 144 


Solution to Exercise 4.460 (p. 


y? — 40y + 400 


Solution to Exercise 4.462 (p. 


16a? + 16x +4 


238) 
238) 
238) 
238) 
238) 
239) 
239) 
239) 
242) 
242) 
242) 
242) 
242) 
242) 
242) 
242) 
242) 
242) 
242) 
242) 
242) 
242) 
243) 
243) 


243) 
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Solution to Exercise 4.464 (p. 
49x? — 28a + 4 

Solution to Exercise 4.466 (p. 
9a? — 54a + 81 

Solution to Exercise 4.468 (p. 
25a” — 30ab + 9b? 

Solution to Exercise 4.470 (p. 
Ah? — 32hk + 64k? 


Solution to Exercise 4.472 (p. 
242 1 
a sas 
Solution to Exercise 4.474 (p. 
2 4 4 
Oe ee hse 
Solution to Exercise 4.476 (p. 
2_ Bay 4 25 
34 T 36 


Solution to Exercise 4.478 (p. 
x? + 2.62 + 1.69 
Solution to Exercise 4.480 (p. 
a® + a+ 0.25 
Solution to Exercise 4.482 (p. 
x? — 6.2% + 9.61 
Solution to Exercise 4.484 (p. 
b? — 0.086 + 0.0016 
Solution to Exercise 4.486 (p. 
x? — 25 
Solution to Exercise 4.488 (p. 
x? — 1 
Solution to Exercise 4.490 (p. 
f?-81 
Solution to Exercise 4.492 (p. 
dy? —9 
Solution to Exercise 4.494 (p. 
4a? — 49b? 
Solution to Exercise 4.496 (p. 
25h? — 4k? 
Solution to Exercise 4.498 (p. 
a? — 4 

81 
Solution to Exercise 4.500 (p. 
4b? — 38 
Solution to Exercise 4.502 (p. 
(a — b) (a—b) =a? —ab—ab+h* 
Solution to Exercise 4.504 (p. 
first term squared 
Solution to Exercise 4.506 (p. 
(a) Square the first term. 
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243) 
243) 
243) 
243) 
243) 
243) 
243) 
243) 
244) 
244) 
244) 
244) 
244) 
244) 
244) 
244) 
244) 
244) 
244) 
245) 
= a? — 2ab+ b? 
245) 


245) 


(b) Square the second term and subtract it from the first term. 


Solution to Exercise 4.508 (p. 
30 

Solution to Exercise 4.510 (p. 
10m? + 9m — 9 

Solution to Exercise 4.512 (p. 
all real numbers 


246) 
246) 


247) 


Solution to Exercise 4.513 (p. 


all real numbers except 0 


Solution to Exercise 4.514 (p. 


all real numbers except 0 


Solution to Exercise 4.515 (p. 


all real numbers except 6 


Solution to Exercise 4.516 (p. 


all real numbers except. —2 


Solution to Exercise 4.517 (p. 
all real numbers greater than or equal to 0 


Solution to Exercise 4.518 (p 
all real numbers 

Solution to Exercise 4.519 (p 
x = allreal numbers 


Solution to Exercise 4.521 (p. 


x = allreal numbers 


Solution to Exercise 4.523 (p. 


x = allreal numbers 


Solution to Exercise 4.525 (p. 


x = allreal numbers except zero 


Solution to Exercise 4.527 (p. 


h = allreal numbers except zero 


Solution to Exercise 4.529 (p. 


s = allreal numbers except 6 


Solution to Exercise 4.531 (p. 


247) 
247) 
247) 
247) 
247) 
. 247) 
. 248) 
248) 
248) 
248) 
248) 
248) 


248) 


commutative property of multiplication 


Solution to Exercise 4.533 (p. 


"how far" 


Solution to Exercise 4.535 (p. 


16x? — 9 


Solution to Exercise 4.536 (p. 


three: 4a”, 7x, 12 


Solution to Exercise 4.538 (p. 


two: c, 8 


Solution to Exercise 4.540 (p. 


a2 


Solution to Exercise 4.542 (p. 


12y3 


Solution to Exercise 4.544 (p. 


2(a+ 2b) 


Solution to Exercise 4.546 (p. 


no common factors 


Solution to Exercise 4.548 (p. 


12 


Solution to Exercise 4.550 (p. 


2a7b 


Solution to Exercise 4.552 (p. 


8 


Solution to Exercise 4.554 (p. 


(y+3) 


248) 
248) 
250) 
250) 
251) 
251) 
251) 
251) 
251) 
251) 
251) 


251) 
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Solution to Exercise 4.556 (p. 252) 
The value of ais equal to three time the value of b. 
Solution to Exercise 4.558 (p. 252) 
The value of f is equal to six times g more then one half time the value of m squared. 
Solution to Exercise 4.560 (p. 252) 
The value of P squared is equal to the value of a cubed times k. 
Solution to Exercise 4.562 (p. 252) 
10 

Solution to Exercise 4.564 (p. 252) 
4.1515 x 107 

Solution to Exercise 4.566 (p. 252) 
or 0.14 

Solution to Exercise 4.568 (p. 252) 
trinomial; cubic; 4, 3, 1 

Solution to Exercise 4.570 (p. 252) 
monomial; zero; 147 

Solution to Exercise 4.572 (p. 252) 
binomial; tenth; 9, 10 

Solution to Exercise 4.574 (p. 253) 
. . . because there is a variable in the denominator 
Solution to Exercise 4.576 (p. 253) 
linear 

Solution to Exercise 4.578 (p. 253) 
linear 

Solution to Exercise 4.580 (p. 253) 
quadratic 

Solution to Exercise 4.582 (p. 253) 
22x7y? + 3ry + 6 

Solution to Exercise 4.584 (p. 253) 
lly? + 38y +14 

Solution to Exercise 4.586 (p. 253) 
120y? + 86y? + 24y + 45 

Solution to Exercise 4.588 (p. 253) 
5a? + 2a +3 

Solution to Exercise 4.590 (p. 253) 
60c? + 120a + 606 

Solution to Exercise 4.592 (p. 254) 
36m4 + 7m? + 4m? + 16m 

Solution to Exercise 4.594 (p. 254) 
3a*b*c? + Tabc? + ab?c + 12abe 
Solution to Exercise 4.596 (p. 254) 
6a® + 30a* 

Solution to Exercise 4.598 (p. 254) 
10m}8 + 15m?° + 5m8 + 5m™ + 5m® 
Solution to Exercise 4.600 (p. 254) 
x? + 5x46 

Solution to Exercise 4.602 (p. 254) 
a? +4a+3 

Solution to Exercise 4.604 (p. 254) 
—6xy 


Solution to Exercise 4.606 (p. 


—8x4 


Solution to Exercise 4.608 (p. 


4x — 32 


Solution to Exercise 4.610 (p. 


—15a? + 18a 


Solution to Exercise 4.612 (p. 


—l1ly? + 15y? + 16y +10 


Solution to Exercise 4.614 (p. 


—5 


Solution to Exercise 4.616 (p. 


—6a?b — 8q2b — 9b? 


Solution to Exercise 4.618 (p. 


—a—27 


Solution to Exercise 4.620 (p. 


24 —4 


Solution to Exercise 4.622 (p. 


2x — 29 


Solution to Exercise 4.624 (p. 


av? — lla +24 


Solution to Exercise 4.626 (p. 


16b? — 4be — 2c? 


Solution to Exercise 4.628 (p. 


a* —6a+9 


Solution to Exercise 4.630 (p. 


36x? — 482 + 16 


Solution to Exercise 4.632 (p. 


x? + Qry + y? 


Solution to Exercise 4.634 (p. 


m? —1 


Solution to Exercise 4.636 (p. 


9c? — 100 


Solution to Exercise 4.638 (p. 


25 — 4b? 


Solution to Exercise 4.640 (p. 


2y? + Tay + 3a? 


Solution to Exercise 4.642 (p. 


w+ — x? -—6 


Solution to Exercise 4.644 (p. 


48y + 32y — 256 


Solution to Exercise 4.646 (p. 


mén + 3m3n? + 2m?n3 


Solution to Exercise 4.648 (p. 


3p” + 21p* + 63p? + 129p? + 84p 


Solution to Exercise 4.650 (p. 


xv? —4r+4 


Solution to Exercise 4.652 (p. 


gt + Qa?y + y? 


Solution to Exercise 4.654 (p. 


Qaty® — 2476 y4 + 16254? 


254) 
254) 
254) 
254) 
255) 
255) 
255) 
255) 
255) 
255) 
255) 
255) 
255) 
255) 
255) 
255) 
256) 
256) 
256) 
256) 
256) 
256) 
256) 
256) 


256) 
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Solution to Exercise 4.656 (p. 257) 
all real numbers 

Solution to Exercise 4.658 (p. 257) 
all real numbers except 2 

Solution to Exercise 4.660 (p. 257) 
x can equal any real number; y can equal any number except — 10 
Solution to Exercise 4.661 (p. 257) 
two: 3a(a+1),—(a+2)(a—3) 
Solution to Exercise 4.662 (p. 257) 
5a? 

Solution to Exercise 4.663 (p. 257) 
8a (b — 6) 

Solution to Exercise 4.664 (p. 257) 
8yrz 

Solution to Exercise 4.665 (p. 257) 
108 

Solution to Exercise 4.666 (p. 257) 
trinomial; 5th degree; 

numberical coefficients: 3, 4, 8 
Solution to Exercise 4.667 (p. 257) 
15x? + 5a —3 

Solution to Exercise 4.668 (p. 257) 
6a? 

Solution to Exercise 4.669 (p. 257) 
x? +6xr+8 

Solution to Exercise 4.670 (p. 257) 
6a? + 16a — 70 

Solution to Exercise 4.671 (p. 257) 
y? + 6y4+9 

Solution to Exercise 4.672 (p. 258) 
36a” + 84ay + 49y? 

Solution to Exercise 4.673 (p. 258) 
16x? — 72xy + 81y? 

Solution to Exercise 4.674 (p. 258) 
1824 + 51a? + 152? 

Solution to Exercise 4.675 (p. 258) 
12a? — 13ab + 3b? 

Solution to Exercise 4.676 (p. 258) 
—18y* — 12y? + 24y? 

Solution to Exercise 4.677 (p. 258) 
—4b" + 8b° — 4b 

Solution to Exercise 4.678 (p. 258) 
Aa® + 12a3b? + 964 

Solution to Exercise 4.679 (p. 258) 
4a? — 13a+ 11 

Solution to Exercise 4.680 (p. 258) 
25h? — 4k? 

Solution to Exercise 4.681 (p. 258) 
—2a? +6a+11 

Solution to Exercise 4.682 (p. 258) 
10x + 7 


275 


Solution to Exercise 4.683 (p. 258) 
—3 

Solution to Exercise 4.684 (p. 258) 
392 

Solution to Exercise 4.685 (p. 258) 
all real numbers except (—3) 
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Chapter 5 


Solving Linear Equations and 
Inequalities 


5.1 Objectives’ 


After completing this chapter, you should 
Solving Equations (Section 5.2) 


be able to identify various types of equations 

understand the meaning of solutions and equivalent equations 
be able to solve equations of the form x+a= band r—a=b. 
be familiar with and able to solve literal equation 


Solving Equations of the Form ax = b and = = b(Section 5.3) 


e understand the equality property of addition and multiplication 
e be able to solve equations of the formax = b and * = b 


Further Techniques in Equation Solving (Section 5.4) 


e be comfortable with combining techniques in equation solving 
e be able to recognize identities and contradictions 


Applications I - Translating from Verbal to Mathematical Expressions (Section 5.5) 


e be able to translate from verbal to mathematical expressions 


Applications II - Solving Problems (Section 5.6) 


e be able to solve various applied problems 


Linear Inequalities in One Variable (Section 5.7) 


e understand the meaning of inequalities 
e be able to recognize linear inequalities 
e know, and be able to work with, the algebra of linear inequalities and with compound inequalities 


Linear Inequalities in Two Variables (Section 5.8) 


e be able to identify the solution of a linear equation in two variables 
e know that solutions to linear equations in two variables can be written as ordered pairs 


'This content is available online at <http://cnx.org/content /m22801/1.4/>. 
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5.2 Solving Equations ° 


5.2.1 Overview 


Types of Equations 

Solutions and Equivalent Equations 

Literal Equations 

Solving Equations of the Form «+ a=b and «-a=b 


5.2.2 Types of Equations 


Identity 
Some equations are always true. These equations are called identities. Identities are equations that are 
true for all acceptable values of the variable, that is, for all values in the domain of the equation. 


5a = 52 is true for all acceptable values of x. 

y+1=y+1 is true for all acceptable values of y. 

2+5=7 is true, and no substitutions are necessary. 

Contradiction 

Some equations are never true. These equations are called contradictions. Contradictions are equations 
that are never true regardless of the value substituted for the variable. 


x = «x +1 is never true for any acceptable value of x. 

0 - k = 14 is never true for any acceptable value of k. 

2 = 1 is never true. 

Conditional Equation 

The truth of some equations is conditional upon the value chosen for the variable. Such equations are called 
conditional equations. Conditional equations are equations that are true for at least one replacement of 
the variable and false for at least. one replacement of the variable. 


x +6 = 11 is true only on the condition that x = 5. 
y — 7 = —1 is true only on the condition that y = 6. 


5.2.3 Solutions and Equivalent Equations 


Solutions and Solving an Equation 
The collection of values that make an equation true are called solutions of the equation. An equation is 
solved when all its solutions have been found. 
Equivalent Equations 
Some equations have precisely the same collection of solutions. Such equations are called equivalent equa- 
tions. The equations 
2e+1=7, 2a=6 and xr=3 
are equivalent equations because the only value that makes each one true is 3. 


5.2.4 Sample Set A 


Tell why each equation is an identity, a contradiction, or conditional. 


Example 5.1 
The equation x — 4 = 6 is a conditional equation since it will be true only on the condition that 
x = 10. 


?This content is available online at <http://cnx.org/content/m18876/1.4/>. 


Example 5.2 


The equation x — 2 = x — 2 is an identity since it is true for all values of x. For example, 


ifs = 
Gs: — 


Example 5.3 


The equation a+ 5 = a+1 is a contradiction since every value of a produces a false statement. For 


example, 


ifa 


5, 


8, 


ifa —2 


=) 


? 


5-2 
—T-2 


8+5 
=245 


5.2.5 Practice Set A 


For each of the following equations, write "identity, 


Exercise 5.1 
xz+1=10 


Exercise 5.2 
y-4=7 
Exercise 5.3 


da = 25 


Exercise 5.4 
z_gQ 

4 
Exercise 5.5 
18 _ 6 

= 
Exercise 5.6 
y-2=y-2 


Exercise 5.7 
r+4=2-3 


Exercise 5.8 


ar- 


fe+txr=3n 


Exercise 5.9 


8x 


=0 


Exercise 5.10 


m 


T= 6 


5.2.6 Literal Equations 


Literal 


Equations 


5 — 2istrue 


—7 — 2istrue 


8 + Lis false 
—2+ lis false 


Wot 


contradiction, 


" 
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or "conditional." If you can, find the 
solution by making an educated guess based on your knowledge of arithmetic. 


(Solution on p. 338.) 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


Some equations involve more than one variable. Such equations are called literal equations. 
An equation is solved for a particular variable if that variable alone equals an expression that does not 


contain that particular variable. 


The following equations are examples of literal equations. 


1. y=2x+7. It is solved for y. 
2. d=rt. It is solved for d. 


3. I = prt. It is solved for I. 


338.) 


338.) 


338.) 


338.) 


338.) 


338.) 


338.) 


338.) 


338.) 
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4. z= *+*. It is solved for z. 
5. ytl=a2+4. This equation is not solved for any particular variable since no variable is isolated. 


5.2.7 Solving Equation of the form 7+ a=bandx—a=b 


Recall that the equal sign of an equation indicates that the number represented by the expression on the left 
side is the same as the number represented by the expression on the right side. 


This isthe this 


number sameas number 


J L i 
x = 6 
r+2 = 8 
a—l1 = 5 


This suggests the following procedures: 


1. We can obtain an equivalent equation (an equation having the same solutions as the original equation) 
by adding the same number to both sides of the equation. 

2. We can obtain an equivalent equation by subtracting the same number from both sides of the 
equation. 


We can use these results to isolate x, thus solving for x. 


Example 5.4: Solving «+ a= 6b for x 


tt+ta = 5b The ais associated with x by addition. Undo the association 
rt+a-a = b-—a_ bysubtracting afrom both sides. 
r+0 = b-—a a-—a=Oand Dis the additive identity. 2 +0 =z. 
x = b-—a _ This equation is equivalent to the first equation, and it is 


solved for x. 


Example 5.5: Solving « — a= 6 for x 


r-a = b The ais associated with x by subtraction. Undo the association 
x-ata = b+a_byadding ato both sides. 
zr+0 = b+a -a+a= O0and Oistheadditiveidentity.2+0= 2. 
x = b+a_ This equation is equivalent to the first equation, and it is 


solved for x. 


Example 5.6: Method for Solving «+ a=b and «—a=b for x 
To solve the equation « + a = b for x, subtract a from both sides of the equation. 
To solve the equation « — a = b for x, add a to both sides of the equation. 


5.2.8 Sample Set B 


Example 5.7 
Solve «+ 7 = 10 for x. 


r+7 = 10 
z+7-7 = 10-7 
z+0 = 3 
xr = 3 


7is associated with x by addition. Undo the association 
by subtracting 7 from both sides. 

7 —7 = 0Oand Ois the additive identity. z + 0 = z. 

x is isolated, and the equation x = 3 is equivalent tothe 
original equation x + 7 = 10. Therefore, these two 
equation have the same solution. The solution to x = 3 


is clearly 3. Thus, the solution to x + 7 = 10isalso 3. 


Check: Substitute 3 for x in the original equation. 


z+7 = 10 
3+ 7 = 10 Isthiscorrect? 
10 = 10 Yes, this is correct. 
Example 5.8 
Solve m — 2 = —9 for m. 
m-2 = -9 2 is associated with m by subtraction. Undo the association 
m—-24+2 = -9+42 . by adding 2 from both sides. 
m+0 = -7 —2+2 = Oand Ois the additive identity.m +0 =m. 
m= -7 


Check: Substitute —7 for m in the original equation. 


Example 5.9 


y — 2.181 
y — 2.181 + 2.181 


y 


On the Calculator 


Type 16.915 
Press +/- 
Press + 
Type 2.181 
Press = 


Display reads: —14.734 


Example 5.10 
Solve y+m = s for y. 


m—-2 = -9 
—7-2 = -9 Isthiscorrect? 
-9 = -9 Yes, this is correct. 


Solve y — 2.181 = —16.915 for y. 


—16.915 
—16.915 + 2.181 
—14.734 


281 


282 


ytm 
ytm—m 
y+0 

y 


Ss 


s—m 
s—m 
s—m 
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mis associated with y by addition. Undo the association 
by subtracting m from both sides. 


m —m = Oand Ois the additive identity. y + 0 = y. 


Check: Substitute s — m for y in the original equation. 


Example 5.11 


Solve k — 3h = —8h +5 for k. 


k — 3h 

k — 3h + 3h 
k+0 

k 


ytm = s 
S5-mMm+m = 8§ Is this correct? 
s = s True Yes, thisis correct. 
= -8h+5 3h is associated with k by subtraction. Undo the association 
= -—8h+5+4+3h_ by adding 3hto both sides. 
= -5hA+5 —3h + 3h = Oand Ois the additive identity. k + 0 =k. 
—5A +5 


5.2.9 Practice Set B 


Exercise 5.11 


Solve y — 3 = 8 for y. 


Exercise 5.12 


Solve + 9 = —4for a. 


Exercise 5.13 


Solve m+ 6 = Oform. 


Exercise 5.14 


Solve g — 7.2 = 1.3 for g. 


Exercise 5.15 


solve f + 2d = 5d for f. 


Exercise 5.16 


Solve x + 8y = 2y — 1for x. 


Exercise 5.17 


(Solution on p. 338.) 


(Solution on p. 338.) 


(Solution on p. 338.) 


(Solution on p. 338.) 


(Solution on p. 338.) 


(Solution on p. 338.) 


(Solution on p. 338.) 


Solve y+ 4a —1= 52 + 8 for y. 


5.2.10 Exercises 


For the following problems, classify each of the equations as an identity, contradiction, or conditional equa- 


tion. 
Exercise 5.18 
m+6=15 
Exercise 5.19 
y—-8=-12 
Exercise 5.20 
rt+l=ac+1 


(Solution on p. 338.) 


(Solution on p. 338.) 
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Exercise 5.21 
k-2=k-3 
Exercise 5.22 (Solution on p. 338.) 
g+gt+gtg=49 
Exercise 5.23 
r+1=0 
For the following problems, determine which of the literal equations have been solved for a variable. Write 
"solved" or "not solved." 
Exercise 5.24 (Solution on p. 338.) 
y=3x+7 
Exercise 5.25 
m=2k+n-1 
Exercise 5.26 (Solution on p. 338.) 
4a=y-6 
Exercise 5.27 
hk=2k+h 
Exercise 5.28 (Solution on p. 338.) 
2a=a+l1 
Exercise 5.29 
5m = 2m—7 
Exercise 5.30 (Solution on p. 338.) 
m=m 


For the following problems, solve each of the conditional equations. 
Exercise 5.31 
h-8=14 
Exercise 5.32 (Solution on p. 338.) 
k+10=1 
Exercise 5.33 
m—-2=5 
Exercise 5.34 (Solution on p. 338.) 
y+6=-11 
Exercise 5.35 
y-8=-1 
Exercise 5.36 (Solution on p. 339.) 
zt+14=0 
Exercise 5.37 
m—12=0 
Exercise 5.38 (Solution on p. 339.) 
g+ 164 = —123 
Exercise 5.39 
h — 265 = —547 
Exercise 5.40 (Solution on p. 339.) 
x+17 = —426 


Exercise 5.41 
h — 4.82 = —3.56 
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Exercise 5.42 (Solution on p. 339.) 
y + 17.003 = —1.056 

Exercise 5.43 

k + 1.0135 = —6.0032 

Exercise 5.44 (Solution on p. 339.) 
Solve n+ m = 4forn. 

Exercise 5.45 

Solve P + 3Q — 8 = Ofor P. 

Exercise 5.46 (Solution on p. 339.) 
Solve a+ b-—38c=d-—2f for b. 

Exercise 5.47 

Solve x — 3y+5z+1=2y—7z+ 8fora. 

Exercise 5.48 (Solution on p. 339.) 
Solve 4a — 2b+ c+ 11 = 6a — 5bfor c. 


5.2.11 Exercises for Review 
Exercise 5.49 é 
(Section 2.7) Simplify (42°y?)”. 
Exercise 5.50 (Solution on p. 339.) 
3,7 
Section 3.7) Write 222% so that only positive exponents appear. 
5aey 
Exercise 5.51 
(Section 4.2) Write the number of terms that appear in the expression 5x2? + 2x — 6 + (a+ 0), 
and then list them. 
Exercise 5.52 (Solution on p. 339.) 
(Section 4.7) Find the product. (32 —1)7. 
Exercise 5.53 
(Section 4.8) Specify the domain of the equation y = <5. 


5.3 Solving Equations of the Form ax=b and x/a=b * 


5.3.1 Overview 


e Equality Property of Division and Multiplication 
e Solving az = band * = b for x 


’This content is available online at <http://cnx.org/content /m21981/1.3/>. 
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5.3.2 Equality Property of Division and Multiplication 


Recalling that the equal sign of an equation indicates that the number represented by the expression on the 
left side is the same as the number represented by the expression on the right side suggests the equality 
property of division and multiplication, which states: 


1. We can obtain an equivalent equation by dividing both sides of the equation by the same nonzero 
number, that is, if c 4 0, then a = bis equivalent to £ = 2&. 

2. We can obtain an equivalent equation by multiplying both sides of the equation by the same nonzero 
number, that is, if c 4 0, then a = 6 is equivalent to ac = be. 


We can use these results to isolate x, thus solving the equation for zx. 


Example 5.12 
Solving ax = b for x 


ax = 6 ais associated with x by multiplication. 


Undo the association by dividing both sides by a. 


ax 2 b 
= 
Jax b 
a a 
Tate = B ¢ = land 1 is the multiplicative identity. 1-2=2 
Example 5.13 
Solving = = b for x 
a 
oS 8 This equation is equivalent to the first and is solved by z. 


a is associated with x by division. Undo the association 


by multiplying both sides by a. 


a-= = a:b 

Ja 7 = ab 
1l-a ab “ = 1 and 1 is the multiplicative identity. 1-2 = x 
gS ab This equation is equivalent to the first and is solved for 2. 


5.3.3 Solving az = b and * = b for x 


Example 5.14 
Method for Solving ax = band = = b 
To solve ax = b for x, divide both sides of the equation by a. 


x 


To solve = = b for x, multiply both sides of the equation by a. 


5.3.4 Sample Set A 


Example 5.15 
Solve 5a = 35 for a. 
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5x = 35 5 is associated with x by multiplication. Undo the 
association by dividing both sides by 5. 
Se 2. (35 
5 5 
5a 
eT 7 
1l-c¢ = 7 2 = 1 and 1 is multiplicative identity. 1-2 = a. 
one A 
Check: 5(7) = 35 Isthiscorrect? 
35 = 35 Yes, thisis correct. 


Example 5.16 
Solve | = 5 for x. 


5 = 9 4is asssociated with x by division. Undo the association by 
multiplying both sides by 4. 

4-5 = 4:5 
)4. u = 4-5 
1-2 = 20 4 = land 1isthe multiplicative identity.1- a= a. 

zt = 20 
Check : 20 = 5  Isthiscorrect? 

5 = 5 Yes, this is correct. 


Example 5.17 

Solve ou = 3 for y. 
Method (1) (Use of cancelling): 

uo = 3 


9 is associated with y by division. Undo the association by 


multiplying both sides by 9. 


(09) (8) = ©@ 
2 


y = 27 2 is associated with y by multiplication. Undo the 
association by dividing both sides by 2. 
yy _ 27 
jy 2 
y = # 
y2( 22) ; 
Check : 3 = 3. Isthiscorrect? 
a = 3. Isthiscorrect? 
3 = 3. Yes, this is correct. 


Method (2) (Use of reciprocals): 


2 = 3 Since 2 = 2y, ¢ is associated with y by multiplication. 
2 


Then, Since 3 - 5 = 1, the multiplicative identity, we can 


(3) (24) = (3) (3) undo the associative by multiplying both sides by 3. 
9.2 27 
(oh = 
1l-y 2 
y= 7 
Example 5.18 
Solve the literal equation don = 3b for zx. 
dan = 3b mis associated with x by division. Undo the association by 
multiplying both sides by m. 
Ym (422) = m-3b 
4ax = 3bm 4aisassociated with x by multiplication. Undo the 
association by multiplying both sides by 4a. 
)4ax = 3bm 
)4a = 4a 
4a( Sbm ) é 
Check : = = 3b Isthiscorrect? 
ra(e) 
J = 3b Isthis correct? 
<n = 3b Isthiscorrect? 
3b = 30 Yes, this is correct. 


5.3.5 Practice Set A 


Exercise 5.54 (Solution 


Solve 6a = 42 for a. 

Exercise 5.55 (Solution 
Solve —12m = 16 for m. 

Exercise 5.56 (Solution 
Solve $ = —2 for y. 

Exercise 5.57 (Solution 


Solve 6.42x” = 1.09 for z. 


Round the result to two decimal places. 


Exercise 5.58 (Solution 


Solve ok = 2 for k. 

Exercise 5.59 (Solution 
Solve =e = Ad for b. 

Exercise 5.60 (Solution 
Solve a = 9xh for y. 

Exercise 5.61 (Solution 
Solve 24-™" — —6n for m. 


5pq 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


339.) 


339.) 


339.) 


339.) 


339.) 


339.) 


339.) 


339.) 
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5.3.6 Exercises 


In the following problems, solve each of the conditional equations. 


Exercise 5.62 (Solution on p. 339.) 
3a = 42 

Exercise 5.63 

Sy = 75 

Exercise 5.64 (Solution on p. 339.) 
6x2 = 48 

Exercise 5.65 

8x2 = 56 

Exercise 5.66 (Solution on p. 339.) 
4x = 56 

Exercise 5.67 

3x2 = 93 

Exercise 5.68 (Solution on p. 339.) 
5a = — 80 

Exercise 5.69 

9m = — 108 


Exercise 5.70 (Solution on p. 339.) 
6p = — 108 

Exercise 5.71 

12qg = — 180 

Exercise 5.72 (Solution on p. 339.) 
—4a = 16 

Exercise 5.73 

—20z = 100 


Exercise 5.74 (Solution on p. 339.) 
—62 = — 42 
Exercise 5.75 
—8m = —40 


Exercise 5.76 (Solution on p. 339.) 
—3k = 126 

Exercise 5.77 

—9y = 126 

Exercise 5.78 (Solution on p. 340.) 
zal 

Exercise 5.79 

ow 

5 

Exercise 5.80 (Solution on p. 340.) 
a 

7 = 6 

Exercise 5.81 

3 = 72 

Exercise 5.82 (Solution on p. 340.) 


x — 96 


Exercise 5.83 


y= -4 


Exercise 5.84 


We 8 


7 
Exercise 5.85 
k 
Exercise 5.86 
a 
=e = 103 
Exercise 5.87 
3.06m = 12.546 


Exercise 5.88 
5.012k = 0.30072 


Exercise 5.89 


pe ne 

2.19 
Exercise 5.90 
ra = 2.3 
Exercise 5.91 
4y _ 9 


7 


Exercise 5.92 
3m _— _| 

10 
Exercise 5.93 


5k 

3 = 8 
Exercise 5.94 
8h 3 


—7 
Exercise 5.95 


-—16z _ _ 
> 4 


Exercise 5.96 
Solvepg = 7r forp. 
Exercise 5.97 
Solve m? 
Exercise 5.98 

Solve 2.8ab = 5.6d for b. 


Exercise 5.99 


n = 2s for n. 


Solve “7? = 4k for p. 
Exercise 5.100 
Solve =8¢2 = — 5a? for b. 
Exercise 5.101 
Solve Speb = 2b for pe. 
Exercise 5.102 
Solve ae = —2prs for t. 
Exercise 5.103 

O-* 

—_— = 
Solve A for 


Exercise 5.104 


Solve 3 oy = AV for 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 
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340.) 


340.) 


340.) 


340.) 


340.) 


340.) 


340.) 


340.) 


340.) 


340.) 
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5.3.7 Exercises for Review 


Exercise 5.105 Z 

(Section 2.7) Simplify (ae=) ; 

Exercise 5.106 (Solution on p. 340.) 
(Section 4.4) Classify 1073 — 7x as a monomial, binomial, or trinomial. State its degree and 
write the numerical coefficient of each item. 

Exercise 5.107 

(Section 4.5) Simplify 3a? — 2a + 4a(a+ 2). 

Exercise 5.108 (Solution on p. 340.) 
(Section 4.8) Specify the domain of the equation y = a 

Exercise 5.109 

(Section 5.2) Solve the conditional equation x +6 = —2. 


5.4 Further Techniques in Equation Solving * 


5.4.1 Overview 


e Combining Techniques in Equation Solving 
e Recognizing Identities and Contrdictions 


5.4.2 Combining Techniques in Equation Solving 


In Sections Section 5.2 and Section 5.3 we worked with techniques that involved the use of addition, sub- 
traction, multiplication, and division to solve equations. We can combine these techniques to solve more 
complicated equations. To do so, it is helpful to recall that an equation is solved for a particular variable 
when all other numbers and/or letters have been disassociated from it and it is alone on one side of the equal 
sign. We will also note that 

To associate numbers and letters we use the order of operations. 


1. Multiply /divide 
2. Add/subtract 


To undo an association between numbers and letters we use the order of operations in reverse. 


1. Add/subtract 
2. Multiply /divide 


“This content is available online at <http://cnx.org/content/m21992/1.4/>. 


5.4.3 Sample Set A 


Example 5.19 
Solve 4x — 7 = 9 for zx. 


4¢-7 = 9 First, undo the association between x and 7. 
The 7 is associated with x by subtraction. 
Undo the association by adding 7 to both sides. 
4z¢—-T7+7 = 94+7 
4x = 16 Now, undo the association between x and 4. 
The 4is associated with x by multiplication. 
Undo the association by dividing both sides by 4. 
4o _ 16 
4 — 4 
16-7 = 9 Is this correct? 
f° =Sc4 
Check: 4(4)-—7 = 9 Isthis correct? 
9 = 9 Yes, this is correct. 
Example 5.20 
Solve 34 —5 = —11. 
ou 5 = -Ill —5is associated with y by subtraction. 
Undo the association by adding 5 to both sides. 
Y_545 = —-11+5 
Su = -6 4is associated with y by division. 
Undo the association by multiplying both sides by 4. 
Y= 4(-6) 
ae (—6) 
38y = —24 3 is associated with y by multiplication. 
Undo the association by dividing both sides by 3. 
3y  _ =24 
3 77 8 
3 
ae —8 
ip ise “8 
Check : sla) —5 = -11 Isthiscorrect? 
=2#4_5 = -11 Isthiscorrect? 
—6-—5 = -11 Isthiscorrect? 
—11 = -11 Yes, thisis correct. 


Example 5.21 


Solve Sd +2m = 6m —5 for a. 
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a +2m = 6m—-—5 2m is associated with a by addition. Undo the association 


by subtracting 2m from both sides. 


St 4+2m—2m = 6m-—5-2m 
3a = Am-—5 3b associated with a by division. Undo the association 
by multiplyingboth sides by 3. 
(3b) (34) = 3b(4m—5) 
8a = 12bm—15b  8isassociated with a by multiplication. Undo the 
multiplication by dividingboth sides by 8. 
8a __ - 12bm—15b 
8 8 
_ 12bm—15b 
& 8 


5.4.4 Practice Set A 
Exercise 5.110 (Solution on p. 340.) 
Solve 3y — 1 = 11 for y. 


Exercise 5.111 (Solution on p. 340.) 
Solve 2% +6 = 1 for m. 


Exercise 5.112 (Solution on p. 340.) 
Solve 2n + 3m = 4 for n. 


Exercise 5.113 (Solution on p. 340.) 
Solve 22 +5 = p—2 for k. 


Sometimes when solving an equation it is necessary to simplify the expressions composing it. 


5.4.5 Sample Set B 


Example 5.22 
Solve 4a + 1 — 3a = (—2) (4) for zx. 


4a +1-—3x = (-2)(4) 
zg+1= -8 
x = -9 
Check: 4(—9)+1-—3(-9) = -8 Isthis correct? 
—36+14+27 = -—-8 Isthis correct? 


-8 = -8 Yes, thisis correct. 


Example 5.23 
Solve 3(m — 6) — 2m = —4+ 1 for m. 


3(m—6)-2m = -4+1 
3m—18-2m = —-3 
m—-18 = -3 


m = 15 


Check: 3(15—6)—2(15) = -—4+1 Isthiscorrect? 
3(9)-30 = -3 Is this correct? 
27-30 = -3 Is this correct? 

-3 = -3 Yes, this is correct. 


5.4.6 Practice Set B 


Solve and check each equation. 


Exercise 5.114 

16x —3— 15x” = 8 for x. 

Exercise 5.115 

4(y—5)—3y =-—1 for y. 

Exercise 5.116 

—2 (a? + 3a —1) + 2a? + 7a = 0 for a. 
Exercise 5.117 


(Solution on p. 


(Solution on p. 


(Solution on p. 


(Solution on p. 


5m(m — 2a — 1) — 5m? + 2a (5m 4+ 3) = 10 for a. 


Often the variable we wish to solve for will appear on both sides of the equal sign. We can isolate the variable 
on either the left or right side of the equation by using the techniques of Sections Section 5.2 and Section 5.3. 


5.4.7 Sample Set C 


Example 5.24 
Solve 6a — 4 = 2x4 8 for «x. 


62-4 = 27+4+8 To isolate x on the left side, subtract 2m from both sides. 
62-4-—22 = 24+8- 22 
4r-4 = 8 Add 4 to both sides. 
4r—-4+4 = 844 
4e = 12 Divide both sides by 4. 
ae ae 
z= 3 
Check: 6(3)—4 = 2(3)+8  Isthiscorrect? 
18-4 = 6+8 Is this correct? 
14 = 14 Yes, this is correct. 


Example 5.25 


Solve 6 (1 — 3x”) + 1 = 2a — [3 (a — 7) — 20] for x. 


a 


6(1 — 3x) + 1 = 2x — [3(x — 7) — 20] 
a Vv 
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6—18@a+1 = 2a —- [3a — 21-20] 
—18a#+7 = 2x - [3a — 41] 
—18e#@+7 = 2x-32+41 
—18%+7 = -a#+4l1 To isolate x on the right side, add 18 to both sides. 
—18@+74+18% = -«#+4+414 182 
7 = 17r¢+A4l1 Subtract 41 from both sides. 
7-41 = 1%r+41-41 
—34 = 172 Divide both sides by 17. 
—2 = &£ Since the equation — 2 = xis equivalent to the equation 
x = —2, wecan write the answer as x = —2. 
c= -2 
Check: 6(1—3(-2))+1 = 2(-2)-[3(—2—7) — 20] Isthis correct? 
6(1+6)+1 = —4-— [3(-9) — 20] Is this correct? 
6(7)+1 = -4- [-27 - 20] Is this correct? 
42+1 = -4- [-47| Is this correct? 
43 = -4+47 Is this correct? 
43 = 43 Yes, this is correct. 
5.4.8 Practice Set C 
Exercise 5.118 (Solution on p. 340.) 
Solve 8a + 5 = 3a — 5 for a. 
Exercise 5.119 (Solution on p. 341.) 
Solve 9y + 3(y +6) = 15y+4 21 for y. 
Exercise 5.120 (Solution on p. 341.) 
Solve 3k + 2[4(k — 1) +3] = 63 — 2k for k. 


5.4.9 Recognizing Identities and Contradictions 


As we noted in Section Section 5.2, some equations are identities and some are contradictions. As the 
problems of Sample Set D will suggest, 


Recognizing an Identity 


1. If, when solving an equation, all the variables are eliminated and a true statement results, the equation 
is an identity. 


Recognizing a Contradiction 


2. If, when solving an equation, all the variables are eliminated and a false statement results, the equation 
is a contradiction. 
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5.4.10 Sample Set D 


Example 5.26 
Solve 9a + 3 (4 — 32) = 12 for x. 
9x + 3(4 — 3x) = 12 
ag 


92+12-9% = 12 
12 = 12 
The variable has been eliminated and the result is a true statement. The original equation is 
an identity. 
Example 5.27 
Solve —2 (10 — 2y) — 4y +1 = —18 for y. 
—2(10 — 2y) — 4y +1=—18 
Vv’ 


—20+4y—4dy+1 = —-18 
-19 = -18 
The variable has been eliminated and the result is a false statement. The original equation is a 
contradiction. 


5.4.11 Practice Set D 


Classify each equation as an identity or a contradiction. 


Exercise 5.121 (Solution on p. 341.) 
6x +3(1- 22) =3 

Exercise 5.122 (Solution on p. 341.) 
—8m + 4(2m — 7) = 28 

Exercise 5.123 (Solution on p. 341.) 
3 (2% — 4) —2(8a+1)+14=0 

Exercise 5.124 (Solution on p. 341.) 


—5(x+6)+8=3[4—-(r4+ 2)] -22 


5.4.12 Exercises 


For the following problems, solve each conditional equation. If the equation is not conditional, identify it as 
an identity or a contradiction. 
Exercise 5.125 (Solution on p. 341.) 
3¢+1= 16 
Exercise 5.126 
6y —4= 20 
Exercise 5.127 (Solution on p. 341.) 
4a-—1=27 
Exercise 5.128 
32 +4= 40 
Exercise 5.129 (Solution on p. 341.) 
2y+7=—-3 
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Exercise 5.130 

8k —7 = —23 
Exercise 5.131 (Solution on p. 341.) 
5a +6=—-9 
Exercise 5.132 

7a+2 = —26 
Exercise 5.133 (Solution on p. 341.) 
10y — 3 = —23 
Exercise 5.134 

14¢ +1 = —55 
Exercise 5.135 (Solution on p. 341.) 
9 +2=6 
Exercise 5.136 

7 -8=-11 
Exercise 5.137 (Solution on p. 341.) 
#+6=12 
Exercise 5.138 

g72=5 
Exercise 5.139 (Solution on p. 341.) 
77 15=-19 
Exercise 5.140 

k = 

is + 20 = 10 
Exercise 5.141 (Solution on p. 341.) 
6+£=5 
Exercise 5.142 

1-5 =6 
Exercise 5.143 (Solution on p. 341.) 
7 = 

7 +6=-8 
Exercise 5.144 

8" +11 =-13 
Exercise 5.145 (Solution on p. 341.) 
3k 2. 

ta + 25 = 22 
Exercise 5.146 

3(a—6) +5 = —25 
Exercise 5.147 (Solution on p. 341.) 
16 (y— 1) +11 = —85 
Exercise 5.148 

62+ 14 = 5a — 12 
Exercise 5.149 (Solution on p. 341.) 
23y —19 = 22y+1 
Exercise 5.150 

—3m+1=3m-—5 
Exercise 5.151 (Solution on p. 341.) 
8k+7=2k+1 
Exercise 5.152 

12n +5 =5n— 16 
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Exercise 5.153 (Solution on p. 341.) 
2(a@—7)=244+5 
Exercise 5.154 
—4(5y + 3)+5(1+4y) =0 
Exercise 5.155 (Solution on p. 341.) 
324+ 7=—-3—- (4 +2) 
Exercise 5.156 
4 (4y + 2) = 3y4+-2[1 — 3(1 — 2y)] 
Exercise 5.157 (Solution on p. 341.) 
5 (3a —8) +11 =2-22+43(a—-4) 
Exercise 5.158 
12 — (m— 2) = 2m+3m— 2m+3(5 — 3m) 
Exercise 5.159 (Solution on p. 341.) 
4.k —(—4 — 3k) = —3k — 2k — (3 —6k) +1 
Exercise 5.160 
3[4-—2(y+2)] = 2y—-4[14+2(1+y)] 
Exercise 5.161 (Solution on p. 341.) 
—5 [2m — (8m — 1)] = 4m — 8m4 2(5 —2m)+1 
For the following problems, solve the literal equations for the indicated variable. When directed, find the 
value of that variable for the given values of the other variables. 
Exercise 5.162 
Solve J = Z for R. Find the value of Rwhen J = 0.005and EF = 0.0035. 
Exercise 5.163 (Solution on p. 342.) 
Solve P = R — Cfor R. Find the value of Rwhen P = 27and C' = 85. 
Exercise 5.164 


Solve z = 2-2 for x. Find the value of ewhen z = 1.96, s = 2.5,and % = 15. 


Exercise 5.165 (Solution on p. 342.) 
2 

Solve F = 23 for S? . $?represents a single quantity. Find the value of S? when F = 2.2land 

$2 = 3.24. 


Exercise 5.166 

Solve p = 2BT for R. 

Exercise 5.167 (Solution on p. 342.) 
Solve x = 4y + 7for y. 

Exercise 5.168 

Solve y = 10x + 16for x. 

Exercise 5.169 (Solution on p. 342.) 
Solve 2x + 5y = 12for y. 

Exercise 5.170 

Solve —9x2 + 3y + 15 = Ofor y. 

Exercise 5.171 (Solution on p. 342.) 
Solve m = 2n—h for n. 

Exercise 5.172 

Solve t = ater for P. 


Exercise 5.173 (Solution on p. 342.) 
Solve ® = 4 for 7. 
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Exercise 5.174 
At++*0 


Solve 290 for & 


5.4.13 Exercises for Review 


Exercise 5.175 (Solution on p. 342.) 
(Section 2.6) Simplify (x + 3)?(« — 2)°(a — 2)* (@ +3). 

Exercise 5.176 

(Section 4.7) Find the product. (« — 7) (a+ 7). 

Exercise 5.177 (Solution on p. 342.) 
(Section 4.7) Find the product. (2x — 1)’. 

Exercise 5.178 

(Section 5.2) Solve the equation y — 2 = —2. 

Exercise 5.179 , (Solution on p. 342.) 


(Section 5.3) Solve the equation = = —3. 


5.5 Application I - Translating from Verbal to Mathetical Expres- 
sions ° 


5.5.1 Overview 


e Translating from Verbal to Mathematical Expressions 


5.5.2 Translating from Verbal to Mathematical Expressions 


To solve a problem using algebra, we must first express the problem algebraically. To express a problem 
algebraically, we must scrutinize the wording of the problem to determine the variables and constants that 
are present and the relationships among them. Then we must translate the verbal phrases and statements 
to algebraic expressions and equations. 

To help us translate verbal expressions to mathematics, we can use the following table as a mathematics 
dictionary. 


Mathematics Dictionary 


Word or Phrase Mathematical Operation 


Sum, sum of, added to, increased by, more than, plus, and + 


Difference, minus, subtracted from, decreased by, less, less than — 


Product, the product of, of, muitiplied by, times 


Quotient, divided by, ratio 


Equals, is equal to, is, the result is, becomes = 


A number, an unknown quantity, an unknown, a quantity x (or any symbol) 


>This content is available online at <http://cnx.org/content/m21978/1.4/>. 
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Table 5.1 


5.5.3 Sample Set A 
Translate the following phrases or sentences into mathematical expressions or equations. 


Example 5.28 


six more than anumber. 
QE SEES ES ea 


6 + x 
— SS 
6+a2 


Example 5.29 


Fifteen minus anumber. 
HBR Se" SS 


15-2 


Example 5.30 


A quantity less eight. 
ee Oe 
- 8 
y—-8 
Example 5.31 


Twiceanumber is ten. 


a Nee ee er 
2: x = 10 
eS 
2x=10 


Example 5.32 


Onehalf of anumber_is twenty. 
Seer Seer ~~ 


L 
5 : Z = 20 
a 
$2=20 


Example 5.33 


Threetimesanumber is five more than twice thesame number. 
See ee SE OO OSE 0650080 ees em” 
3 : y So) 2b + 2 y 
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5.5.4 Practice Set A 


Translate the following phrases or sentences into mathematical expressions or equations. 


Exercise 5.180 (Solution on p. 342.) 
Eleven more than a number. 

Exercise 5.181 (Solution on p. 342.) 
Nine minus a number. 

Exercise 5.182 (Solution on p. 342.) 
A quantity less twenty. 

Exercise 5.183 (Solution on p. 342.) 
Four times a number is thirty two. 

Exercise 5.184 (Solution on p. 342.) 
One third of a number is six. 

Exercise 5.185 (Solution on p. 342.) 


Ten times a number is eight more than five times the same number. 


Sometimes the structure of the sentence indicates the use of grouping symbols. 


5.5.5 Sample Set B 
Translate the following phrases or sentences into mathematical expressions or equations. 


Example 5.34 


A number divided by five, minus ten, is fifteen. 
—n_” 


eS Yen eee” 

(x +5) =O OS - 

—— 
2_10=15 


Commas set off terms. 


Example 5.35 


Eight divided by fivemorethananumber, is, ten 
8 + (5+ 2) = 10 

> 

The wording indicates this is to be considered as asingle quantity. 


Example 5.36 


A number multiplied by ten morethan itself is twenty. 
on". —S Sr j 
x ; (10 + 2) = 20 


— 
x(10 + x) = 20 


Example 5.37 
A number plus one is divided by three times the number minus twelve and the result is four. 


(e+1)+(8-x%-12) = 


atl =? 
3x2—12 a 


Notice that since the phrase "three times the number minus twelve" does not contain a comma, we 
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get the expression 3x — 12. If the phrase had appeared as "three times the number, minus twelve," 
the result would have been 


ct+1 
3x 


—12=4 


Example 5.38 
Some phrases and sentences do not translate directly. We must be careful to read them properly. 
The word from often appears in such phrases and sentences. The word from means "a point of 
departure for motion." The following translation will illustrate this use. 

Fifteen is subtracted from some quantity. 

a 


The word from indicates the motion (subtraction) is to begin at the point of "some quantity." 


Example 5.39 
Fight less than some quantity. Notice that less than could be replaced with from. 


xr—-8 


5.5.6 Practice Set B 


Translate the following phrases and sentences into mathematical expressions or equations. 


Exercise 5.186 (Solution on p. 342.) 
A number divided by sixteen, plus one, is five. 

Exercise 5.187 (Solution on p. 342.) 
Seven times two more than a number is twenty-one. 

Exercise 5.188 (Solution on p. 342.) 
A number divided by two more than itself is zero. 

Exercise 5.189 (Solution on p. 342.) 
A number minus five is divided by twice the number plus three and the result is seventeen. 
Exercise 5.190 (Solution on p. 342.) 
Fifty-two is subtracted from some quantity. 

Exercise 5.191 (Solution on p. 342.) 
An unknown quantity is subtracted from eleven and the result is five less than the unknown 
quantity. 


5.5.7 Exercises 


For the following problems, translate the following phrases or sentences into mathematical expressions or 
equations. 

Exercise 5.192 (Solution on p. 342.) 

A quantity less four. 

Exercise 5.193 

Eight more than a number. 

Exercise 5.194 (Solution on p. 342.) 

A number plus seven. 
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Exercise 5.195 

A number minus three. 

Exercise 5.196 (Solution on p. 342.) 
Negative five plus an unknown quantity. 

Exercise 5.197 

Negative sixteen minus some quantity. 

Exercise 5.198 (Solution on p. 342.) 
Fourteen added to twice a number. 

Exercise 5.199 

Ten added to three times some number. 

Exercise 5.200 (Solution on p. 343.) 
One third minus an unknown quantity. 

Exercise 5.201 

Twice a number is eleven. 

Exercise 5.202 (Solution on p. 343.) 
Four ninths of a number is twenty-one. 

Exercise 5.203 

One third of a number is two fifths. 

Exercise 5.204 (Solution on p. 343.) 
Three times a number is nine more than twice the number. 

Exercise 5.205 

Five times a number is that number minus two. 

Exercise 5.206 (Solution on p. 343.) 
Twice a number added to six results in thirty. 

Exercise 5.207 

Ten times a number less four results in sixty-six. 

Exercise 5.208 (Solution on p. 343.) 
A number less twenty-five is equal to 3.019. 

Exercise 5.209 

Seven more than some number is five more than twice the number. 

Exercise 5.210 (Solution on p. 343.) 
When a number is divided by four, the result is sixty-eight. 

Exercise 5.211 

Eleven fifteenths of two more than a number is eight. 

Exercise 5.212 (Solution on p. 343.) 
One tenth of a number is that number less one. 

Exercise 5.213 

Two more than twice a number is one half the number less three. 

Exercise 5.214 (Solution on p. 343.) 
A number is equal to itself plus four times itself. 

Exercise 5.215 

Three fifths of a quantity added to the quantity itself is thirty-nine. 

Exercise 5.216 (Solution on p. 343.) 
A number plus seven is divided by two and the result is twenty-two. 


Exercise 5.217 
Ten times a number minus one is divided by fourteen and the result is one. 


Exercise 5.218 (Solution on p. 343.) 
A number is added to itself then divided by three. This result is then divided by three. The entire 
result is fifteen. 

Exercise 5.219 

Ten divided by two more than a number is twenty-one. 

Exercise 5.220 (Solution on p. 343.) 
Five divided by a number plus six is fourteen. 

Exercise 5.221 

Twelve divided by twice a number is fifty-five. 

Exercise 5.222 (Solution on p. 343.) 
Twenty divided by eight times a number added to one is nine. 

Exercise 5.223 

A number divided by itself, plus one, results in seven. 

Exercise 5.224 (Solution on p. 343.) 
A number divided by ten, plus four, results in twenty-four. 

Exercise 5.225 

A number plus six, divided by two, is seventy-one. 

Exercise 5.226 (Solution on p. 343.) 
A number plus six, divided by two, plus five, is forty-three. 

Exercise 5.227 

A number multiplied by itself added to five is thirty-one. 

Exercise 5.228 (Solution on p. 343.) 
A quantity multiplied by seven plus twice itself is ninety. 

Exercise 5.229 

A number is increased by one and then multiplied by five times itself. The result is eighty-four. 
Exercise 5.230 (Solution on p. 343.) 
A number is added to six and that result is multiplied by thirteen. This result is then divided by 
six times the number. The entire result is equal to fifty-nine. 

Exercise 5.231 

A number is subtracted from ten and that result is multiplied by four. This result is then divided 
by three more than the number. The entire result is equal to six. 

Exercise 5.232 (Solution on p. 343.) 
An unknown quantity is decreased by eleven. This result is then divided by fifteen. Now, one is 
subtracted from this result and five is obtained. 

Exercise 5.233 

Ten less than some number. 

Exercise 5.234 (Solution on p. 343.) 
Five less than some unknown number. 

Exercise 5.235 

Twelve less than a number. 

Exercise 5.236 (Solution on p. 343.) 
One less than an unknown quantity. 

Exercise 5.237 

Sixteen less than some number is forty-two. 

Exercise 5.238 (Solution on p. 343.) 
Eight less than some unknown number is three. 
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Exercise 5.239 

Seven is added to ten less than some number. The result is one. 

Exercise 5.240 (Solution on p. 343.) 
Twenty-three is divided by two less than twice some number and the result is thirty-four. 
Exercise 5.241 

One less than some number is multiplied by three less than five times the number and the entire 
result is divided by six less than the number. The result is twenty-seven less than eleven times the 
number. 


5.5.8 Exercises for Review 


Exercise 5.242 (Solution on p. 343.) 
(Section 2.3) Supply the missing word. The point on a line that is associated with a particular 
number is called the of that number. 

Exercise 5.243 

(Section 2.5) Supply the missing word. An exponent records the number of identical in 
a multiplication. 

Exercise 5.244 (Solution on p. 343.) 


(Section 3.3) Write the algebraic definition of the absolute value of the number a. 


Exercise 5.245 
(Section 5.4) Solve the equation 4y + 5 = —3. 


Exercise 5.246 (Solution on p. 343.) 
(Section 5.4) Solve the equation 2 (32 + 1) — 5a = 4(a# —6) +4 17. 


5.6 Application II - Solving Problems * 


5.6.1 Overview 


e Solving Applied Problems 


5.6.2 Solving Applied Problems 


Let’s study some interesting problems that involve linear equations in one variable. In order to solve such 
problems, we apply the following five-step method: 
Five-Step Method for Solving Word Problems 


Let x (or some other letter) represent the unknown quantity. 

Translate the words to mathematical symbols and form an equation. 

Solve this equation. 

Ask yourself "Does this result seem reasonable?" Check the solution by substituting the result into 
the original statement of the problem.If the answer doesn’t check, you have either solved the equation 
incorrectly, or you have developed the wrong equation. Check your method of solution first. If the 
result, does not check, reconsider your equation. 

5. Write the conclusion. 


eae ae 


®This content is available online at <http://cnx.org/content /m21980/1.3/>. 
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If it has been your experience that word problems are difficult, then follow the five-step method carefully. 
Most people have difficulty because they neglect step 1. 

Always start by INTRODUCING A VARIABLE! 

Keep in mind what the variable is representing throughout the problem. 


5.6.3 Sample Set A 


Example 5.40 
This year an item costs $44, an increase of $3 over last year’s price. What was last. year’s price? 


Step 1: Let x = last year’s price. 
Step 2: +3 = 44. x + 3represents the $3 increase in price. 
Step 3: r+3 = 44 
t+3-3 = 44-3 
x = Al 
Step4: 4143 = 44 Yes, this is correct. 


Step5: Last year’s price was $41. 


5.6.4 Practice Set A 


Exercise 5.247 (Solution on p. 344.) 
This year an item costs $23, an increase of $4 over last year’s price. What was last year’s price? 


Step 1: Let c= 

Step 2: 

Step 3: 

Step 4: 

Step 5: Last year’s price was 


5.6.5 Sample Set B 


Example 5.41 
The perimeter (length around) of a square is 60 cm (centimeters). Find the length of a side. 
Step1: Let «= length ofaside. 


Step 2: Wecan draw a picture. 
=x 


x £ «£+te2+2+2=0 
Step3: w+a2+a2+2 = 60 
4x = 60 _ Divide both sides by 4. 
x = 15. 
Step 4: 4(15) = 60. Yes, this is correct. 


Step5: Thelength ofasideis 15cm. 
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5.6.6 Practice Set B 
Exercise 5.248 


(Solution on p. 344.) 


The perimeter of a triangle is 54 inches. If each side has the same length, find the length of a side. 


Step 1: Let x = 

Step 2: 

Step 3: 

Step 4: 

Step 5: The length of a side is inches. 


5.6.7 Sample Set C 


Example 5.42 
Six percent of a number is 54. What is the number? 


Step1: Leta = thenumber 


Step 2: Wemust convert 6% toadecimal. 


6% = .06 
062 = 54  .06x occurs because we want 6% of x. 
Step3: 062 = 54. Divide both sides by .06. 
z= 56 
xz = 900 
Step4: .06(900) = 54. Yes, thisis correct. 


Step5: Thenumberis 900. 


5.6.8 Practice Set C 


Exercise 5.249 
Eight percent. of a number is 36. What is the number? 


Step 1: Let x = 

Step 2: 

Step 3: 

Step 4: 

Step 5: The number is 


5.6.9 Sample Set D 
Example 5.43 


(Solution on p. 344.) 


An astronomer notices that one star gives off about 3.6 times as much energy as another star. 
Together the stars give off 55.844 units of energy. How many units of energy does each star emit? 
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Step 1: In this problem we have two unknowns and, therefore, we might think, two variables. However, 
notice that the energy given off by one star is given in terms of the other star. So, rather 
than introducing two variables, we introduce only one. The other unknown(s) is expressed in 
terms of this one. (We might call this quantity the base quantity.)Let « = number of units of 
energy given off by the less energetic star. Then, 3.6% = number of units of energy given off 
by the more energetic star. 


Step 2: r+3.6x 
Step 3: x+3.6x 
4.62% 


3.62x 


Step 4: 12.144 43.704 


= 55.844. 
55.844 
= 55.844 Divide both sides by 4.6. A calculator would be useful at this 
point. 
— 55.844 
12.14 The wording of the problem implies two numbers are needed 
= for acomplete solution. We need the number of units of 
energy for the other star. 
= 3.6(12.14) 
= 48.704 
= 55.844. Yes, this is correct. 


Step5: Onestar gives off 12.14 units of energy and the other star gives off 43.704 units of energy. 


5.6.10 Practice Set D 
Exercise 5.250 


(Solution on p. 344.) 


Garden A produces 5.8 times as many vegetables as garden B. Together the gardens produce 102 
pounds of vegetables. How many pounds of vegetables does garden A produce? 


Step 1: Let «= 
Step 2: 
Step 3: 
Step 4: 
Step 5: 


5.6.11 Sample Set E 


Example 5.44 
Two consecutive even numbers 


sum to 432. What are the two numbers? 


Step1: Let 2 = thesmaller even number. Then x + 2 = the next (consecutive) even number 


since consecutive even numbers differ by 2 (as do consecutive odd numbers). 


Step2: a+a+2 = 482. 
Step3: xw+a+2 = 4382 
24+2 = 432 

2x = 430 

x = 215. 


Also, since = 215, x + 2 = 217. 
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Step4: 215+4 217 = 432, but 215 and 217 areodd numbers and we are looking for even numbers. 
Upon checking our method of solution and reexamining our equation, we find no 
mistakes. 

Step5: Wemust conclude that this problem has no solution. There are no two consecutive even 


numbers that sum to 432. 


5.6.12 Practice Set E 


Exercise 5.251 (Solution on p. 344.) 
The sum of two consecutive even numbers is 498. What are the two numbers? 


Step 1: 
Step 2: 
Step 3: 
Step 4: 
Step 5: 


5.6.13 Exercises 


Solve the following problems. Note that some of the problems may seem to have no practical applications 
and may not seem very interesting. They, along with the other problems, will, however, help to develop your 
logic and problem-solving ability. 

Exercise 5.252 (Solution on p. 344.) 

If eighteen is subtracted from some number the result is fifty-two. What is the number? 


Step 1: Let «= 

Step 2: The equation is 
Step 3: (Solve the equation.) 
Step 4: (Check) 

Step 5: The number is 


Exercise 5.253 
If nine more than twice a number is forty-six, what is the number? 


Step 1: Let «= 

Step 2: The equation is 

Step 3: (Solve the equation.) 
Step 4: (Check) 

Step 5: The number is : 


Exercise 5.254 (Solution on p. 344.) 
If nine less than three eighths of a number is two and one fourth, what is the number? 


Step 1: Let «= 

Step 2: 

Step 3: 

Step 4: 

Step 5: The number is : 


Exercise 5.255 
Twenty percent of a number is 68. What is the number? 


Step 1: Let «= 

Step 2: 

Step 3: 

Step 4: 

Step 5: The number is 


Exercise 5.256 (Solution on p. 344.) 
Eight more than a quantity is 37. What is the original quantity? 


Step 1: Let x = 

Step 2: 

Step 3: 

Step 4: 

Step 5: The original quantity is 


Exercise 5.257 
If a quantity plus 85% more of the quantity is 62.9, what is the original quantity? 


Step 1: Let x = original quantity. 


x + 852 = 62.9 
Ww Se 


Step 2: original 
quantity 85% more 
Step 3: 
Step 4: 
Step 5: The original quantity is 


Exercise 5.258 (Solution on p. 344.) 
A company must increase production by 12% over last. year’s production. The new output will be 
56 items. What was last year’s output? 


Step 1: Let P= 

Step 2: 

Step 3: 

Step 4: 

Step 5: Last year’s output was items. 


Exercise 5.259 
A company has determined that it must increase production of a certain line of goods by 13 times 
last year’s production. The new output will be 2885 items. What was last year’s output? 


Step 1: 
Step 2: 
Step 3: 
Step 4: 
Step 5: Last year’s output was items. 


Exercise 5.260 (Solution on p. 344.) 
A proton is about 1837 times as heavy as an electron. If an electron weighs 2.68 units, how many 
units does a proton weigh? 
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Step 1: 
Step 2: 
Step 3: 
Step 4: 
Step 5: A proton weighs units. 


Exercise 5.261 
Neptune is about 30 times as far from the sun as is the Earth. If it takes light 8 minutes to travel 
from the sun to the Earth, how many minutes does it take to travel to Neptune? 


Step 1: 
Step 2: 
Step 3: 
Step 4: 
Step 5: Light takes minutes to reach Neptune. 


Exercise 5.262 (Solution on p. 344.) 
The radius of the sun is about 695,202 km (kilometers). That is about 109 times as big as the 
radius of the Earth. What is the radius of the earth? 


Step 1: 
Step 2: 
Step 3: 
Step 4: 
Step 5: The radius of the earth is km. 


Exercise 5.263 
The perimeter of a triangle is 105 cm. If each of the two legs is exactly twice the length of the 
base, how long is each leg? 


Step 1: Let c= 
Draw a picture. 
Step 2: 
Step 3: 
Step 4: 
Step 5: Each leg is cm long. The base is 


Exercise 5.264 (Solution on p. 344.) 
A lumber company has contracted to cut boards into two pieces so that one piece is three times the 
length of the other piece. If a board is 12 feet long, what is the length of each piece after cutting? 


Step 1: 

Step 2: 

Step 3: 

Step 4: 

Step 5: The length of the shorter piece is feet, and the length of the longer piece is 
feet. 


Exercise 5.265 

A student doing a chemistry experiment has a beaker that contains 84 ml (milliliters) of an alcohol 
and water solution. Her lab directions tell her that there is 4.6 times as much water as alcohol in 
the solution. How many milliliters of alcohol are in the solution? How many milliliters of water? 


Step 1: 

Step 2: 

Step 3: 

Step 4: 

Step 5: There are ml of alcohol in the solution. There are ml of water in the 
solution. 


Exercise 5.266 (Solution on p. 344.) 
A statistician is collecting data to help him estimate the average income of accountants in California. 
He needs to collect 390 pieces of data and he is z done. How many pieces of data has the statistician 
collected? 


Step 1: 

Step 2: 

Step 3: 

Step 4: 

Step 5: The statistician has collected pieces of data. 
Suppose the statistician is 4 pieces of data short of being 2 done. How many pieces of data 
has he collected? 


Exercise 5.267 

A television commercial advertises that a certain type of battery will last, on the average, 20 hours 
longer than twice the life of another type of battery. If consumer tests show that the advertised 
battery lasts 725 hours, how many hours must the other type of battery last for the advertiser’s 
claim to be valid? 


Step 1: 
Step 2: 
Step 3: 
Step 4: 
Step 5: The other type of battery must last hours for the advertiser’s claim to be valid. 


Exercise 5.268 (Solution on p. 344.) 
A 1000-ml flask containing a chloride solution will fill 3 beakers of the same size with 210 ml of 
the solution left. over. How many milliliters of the chloride solution will each beaker hold? 


Step 1: 
Step 2: 
Step 3: 
Step 4: 
Step 5: Each beaker will hold ml of the chloride solution. 


Exercise 5.269 
A star burns 2 of its original mass then blows off 2 of the remaining mass as a planetary nebula. 
If the final mass is 3 units of mass, what was the original mass? 


Step 1: 
Step 2: 
Step 3: 
Step 4: 
Step 5: The original mass was units of mass. 
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Exercise 5.270 (Solution on p. 344.) 
The sum of a number and sixteen is forty-two. What is the number? 

Exercise 5.271 

When eleven is subtracted from a number, the result is 85. What is the number? 

Exercise 5.272 (Solution on p. 344.) 
Three times a number is divided by 6 and the result is 10.5. What is the number? 

Exercise 5.273 

When a number is multiplied by itself, the result is 144. What is the number? 

Exercise 5.274 (Solution on p. 344.) 
A number is tripled, then increased by seven. The result is 48. What is the number? 

Exercise 5.275 

Eight times a number is decreased by three times the number, giving a difference of 22. What. is 
the number? 


Exercise 5.276 (Solution on p. 344.) 
One number is fifteen more than another number. The sum of the two numbers is 27. What are 
they? 


Exercise 5.277 
The length of a rectangle is 6 meters more than three times the width. The perimeter of the 
rectangle is 44 meters What are the dimensions of the rectangle? 


Exercise 5.278 (Solution on p. 344.) 
Seven is added to the product of 41 and some number. The result, when divided by four, is 63. 
What is the number? 


Exercise 5.279 
The second side of a triangle is five times the length of the smallest side. The third is twice the 
length of the second side. The perimeter of the triangle is 48 inches. Find the length of each side. 


Exercise 5.280 (Solution on p. 345.) 
Person A is four times as old as person B, who is six times as old as person C, who is twice as old 
as person D. How old is each person if their combined ages are 189 months? 


Exercise 5.281 
Two consecutive odd integers sum to 151. What are they? 


Exercise 5.282 (Solution on p. 345.) 
Three consecutive integers sum to 36. What are they? 


Exercise 5.283 
Three consecutive even integers add up to 131. What are they? 


Exercise 5.284 (Solution on p. 345.) 
As a consequence of Einstein’s theory of relativity, the rate of time passage is different for a person 
in a stationary position and a person in motion. (Hard to believe, but true!) To the moving observer, 
the rate of time passage is slower than that of the stationary observer, that is, the moving person 
ages slower than the stationary observer. (This fact has been proven many times by experiments 
with radioactive materials.) The effect is called “time dilation” and is really only noticeable when 
an object is traveling at near the speed of light (186,000 miles per second). Considering these ideas, 
try to solve the following problems: 

Two people have identical clocks. One is standing on the earth and the other is moving in a 
spacecraft at 95% the speed of light, 176,700 miles per second. The moving person’s rate of time 
passage at this speed is about 0.31 times as fast as the person standing on earth. 


a. If two days of earth time pass, how many days actually pass on the spacecraft? 
b. If 30 years of earth time pass, how many years have actually passed on the spacecraft? 
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Step a: 

Step b: 

Step c: 

Step d: 

Step e: years have passed on the spacecraft. 

c. If 30 years have passed on the spacecraft, how many years have passed on the earth? 

d. A space traveler makes a round-trip voyage to the star Capella. The trip takes her 120 years 
(traveling at 176,000 miles per second). If it is the year 2000 on earth when she leaves, what 
earth year will it be when she returns? 


5.6.14 Exercises for Review 


Exercise 5.285 

(Section 4.8) Specify the domain of the equation y = =. 

Exercise 5.286 (Solution on p. 345.) 
(Section 5.2) Classify the equation « + 4 = 1 as an identity, a contradiction, or a conditional 
equation. 

Exercise 5.287 

(Section 5.2) Classify the equation 2x +3 = 2x+3 as an identity, a contradiction or a conditional 
equation. 

Exercise 5.288 (Solution on p. 345.) 
(Section 5.4) Solve the equation 4 (a# — 1) +12 = —3 (2x + 4). 

Exercise 5.289 

(Section 5.5) Translate the following sentence to a mathematical equation. Three less than an 
unknown number is multiplied by negative four. The result is two more than the original unknown 
number. 


5.7 Linear inequalities in One Variable ’ 


5.7.1 Overview 


Inequalities 

Linear Inequalities 

The Algebra of Linear Inequalities 
Compound Inequalities 


5.7.2 Inequalities 


Relationships of Inequality 

We have discovered that an equation is a mathematical way of expressing the relationship of equality between 
quantities. Not all relationships need be relationships of equality, however. Certainly the number of human 
beings on earth is greater than 20. Also, the average American consumes less than 10 grams of vitamin 
C every day. These types of relationships are not relationships of equality, but rather, relationships of 
inequality. 


“This content is available online at <http://cnx.org/content/m21979/1.3/>. 
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5.7.3 Linear Inequalities 


Linear Inequality 

A linear inequality is a mathematical statement that one linear expression is greater than or less than 
another linear expression. 

Inequality Notation 

The following notation is used to express relationships of inequality: 


> Strictly greater than 


< Strictly less than 
> Greater than or equal to 
KS Less than or equal to 


Note that the expression x > 12 has infinitely many solutions. Any number strictly greater than 12 will 
satisfy the statement. Some solutions are 13, 15, 90, 12.1, 16.3 and 102.51. 


5.7.4 Sample Set A 
The following are linear inequalities in one variable. 
Example 5.45 
es ES SLD 


1 

2.x2+7>4 

3. yt3> 2y—-—7 
4 

5 


. P+26 < 10(4P —6) 
. 8 > 15 


The following are not linear inequalities in one variable. 


Example 5.46 


1. 2? <4. 

The term 2? is quadratic, not linear. 
2. 2 <5y43. 

There are two variables. This is a linear inequality in two variables. 
3. yt1F5. 


Although the symbol ¥ certainly expresses an inequality, it is customary to use only the 
symbols <, >, <, >. 


5.7.5 Practice Set A 


A linear equation, we know, may have exactly one solution, infinitely many solutions, or no solution. Specu- 
late on the number of solutions of a linear inequality. (Hint: Consider the inequalities x < «—6 and « > 9 


-) 
A linear inequality may have infinitely many solutions, or no solutions. 
5.7.6 The Algebra of Linear Inequalities 


Inequalities can be solved by basically the same methods as linear equations. There is one important 
exception that we will discuss in item 3 of the algebra of linear inequalities. 
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The Algebra of Linear Inequalities 

Let a, b, and c represent real numbers and assume that 
a<b (ora > b) 

Then, ifa < b, 


1. 


ate<b+e and a-c<b-c. 
If any real number is added to or subtracted from both sides of an inequality, the sense of the inequality 
remains unchanged. 


. If cis a positive real number, then if a < 8, 


ac<be and 2< b 
If both sides of an inequality are multiplied or divided by the same positive number the sense of the 
inequality remains unchanged. 


. If cis a negative real number, then if a < 8, 


a 


ac>be and < > b 
If both sides of an inequality are multiplied or divided by the same negative number, the inequality 
sign must be reversed (change direction) in order for the resulting inequality to be equivalent to 
the original inequality. (See problem 4 in the next set of examples.) 


For example, consider the inequality 3 < 7. 


Example 5.47 
For 3 < 7, if 8 is added to both sides, we get 


34+8<7+8. 
11 <15 True 
Example 5.48 
For 3 < 7, if 8 is subtracted from both sides, we get 
3-8<7-8. 
-5< -1 True 
Example 5.49 
For 3 < 7, if both sides are multiplied by 8 (a positive number), we get 
8(3) < 8(7) 
24 < 56 True 
Example 5.50 
For 3 < 7, if both sides are multiplied by —8 (a negative number), we get 
(—8)3 > (—8)7 
Notice the change in direction of the inequality sign. 
—24> —56 True 


If we had forgotten to reverse the direction of the inequality sign we would have obtained the 
incorrect statement—24 < — 56. 


Example 5.51 

For 3 < 7, if both sides are divided by 8 (a positive number), we get 
3 < Z True 

Example 5.52 

For 3 < 7, if both sides are divided by —8 (a negative number), we get 
4 >4 True (since — .375 — .875) 
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5.7.7 Sample Set B 


Solve the following linear inequalities. Draw a number line and place a point at each solution. 


Example 5.53 
3x2 >15 Divide both sides by 3. The 3 is a positive number, so we need not reverse the sense of the inequality. 


x>d 


Thus, all numbers strictly greater than 5 are solutions to the inequality 3x > 15. 
Recal! that an open circle 
indicates that the point is 
not included. J 


“2-1 6 1 23 4 & 


Example 5.54 
2y—1<16 Add1to both sides. 
2y < 17 Divide both sides by 2. 
ys 
Recall that a closed circle 


indicates that the point is 
included | 


Example 5.55 
—8x+5< 14 Subtract 5 from both sides. 


—8xr <9 Divide both sides by — 8. We must reverse the sense of the inequality 
since we are dividing by a negative number. 
9 
1 8 
= | 
ee Se ne Pa 


Example 5.56 

5 —3(y+2) < 6y— 10 
5 — 3y —6 < 6y — 10 
—3y—1< by—10 
—9y< -9 

y>l 


EEE Annee anon cee 
“2-1 61 3 


Example 5.57 
2247 >-6 Multiply by —4 
2z+7<24 Notice thechange in the sense of the inequality. 
2z<17 
17 


0 89 
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5.7.8 Practice Set B 


Solve the following linear inequalities. 


Exercise 5.290 (Solution on p. 345.) 
y-6<5 
Exercise 5.291 (Solution on p. 345.) 
z+4>9 
Exercise 5.292 (Solution on p. 345.) 
4x —1> 15 
Exercise 5.293 (Solution on p. 345.) 
—dy+16<7 
Exercise 5.294 (Solution on p. 345.) 
7(4s —3) <2s+8 
Exercise 5.295 (Solution on p. 345.) 
5(1-4h) +4 < (1—h)2+6 
Exercise 5.296 (Solution on p. 345.) 
18 > 4 (24 — 3) — 9x 
Exercise 5.297 (Solution on p. 345.) 
—2<4 
16 
Exercise 5.298 (Solution on p. 345.) 
=e lo <—l 
—12 

Exercise 5.299 (Solution on p. 345.) 
—-7,—2< 5 

3 — 6 


5.7.9 Compound Inequalities 


Compound Inequality 
Another type of inequality is the compound inequality. A compound inequality is of the form: 
a<a<b 

There are actually two statements here. The first statement is a < x. The next statement is x < b. 
When we read this statement we say "a is less than x," then continue saying "and = is less than 6." 

Just by looking at the inequality we can see that the number zx is between the numbers a and b. The 
compound inequality a < x < b indicates "betweenness." Without changing the meaning, the statement 
a < «can be read x > a. (Surely, if the number a is less than the number 2, the number x must be greater 
than the number a.) Thus, we can read a < x < bas "a is greater than a and at the same time is less than 
b." For example: 


14<a<9. 
The letter x is some number strictly between 4 and 9. Hence, x is greater than 4 and, at the same 


time, less than 9. The numbers 4 and 9 are not included so we use open circles at these points. 
— OO’ 
0 4 9 


2. —2<2z<0. 


The z stands for some number between —2 and 0. Hence, z is greater than —2 but also less than 0. 
z 


2 0 


3. 1l<av+6<8. 
The expression x + 6 represents some number strictly between 1 and 8. Hence, x + 6 represents some 
number strictly greater than 1, but less than 8. 
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A le beo2 7 
-4>76 = 9; 
The term _ 2 represents some number between and including 
number greater than or equal to ; to but less than or equal to 
a 
7 i 1 
‘4 4 


5a—2 
6 


and é. Hence, represents some 


OlNBIE 


x 


Consider problem 3 above, 1 < x +6 < 8. The statement says that the quantity 7 + 6 is between 1 and 8. 
This statement will be true for only certain values of x. For example, if x = 1, the statement is true since 
1<1+6 <8. However, if c = 4.9, the statement is false since 1 < 4.9+ 6 < 8 is clearly not true. The first 
of the inequalities is satisfied since 1 is less than 10.9, but the second inequality is not satisfied since 10.9 is 
not less than 8. 

We would like to know for exactly which values of x the statement 1 < «+6 < 8 is true. We proceed 
by using the properties discussed earlier in this section, but now we must apply the rules to all three parts 
rather than just the two parts in a regular inequality. 


5.7.10 Sample Set C 


Example 5.58 
Solvel<2x+6<8. 
1-6<2+6-6<8-—6 Subtract 6 from all three parts. 


—-5<@<2 
Thus, if x is any number strictly between —5 and 2, the statement 1 < «+6 < 8 will be true. 


Example 5.59 


Solve —3 < 2" <8. 


—3 (5) < 2-2 (5) < 8(5) Multiply each part by 5. 


-15< -—2x%-—7< 40 Add 7 to all three parts. 
—-8< —24 < 47 Divide all three parts by — 2. 
4>a4>—- a Remember to reverse the direction of the inequality 
signs. 
- a <a<4 It is customary (but not necessary) to write the inequality 


sothat inequality arrows point to the left. 


Thus, if 2 is any number between -4 and 4, the original inequality will be satisfied. 


5.7.11 Practice Set C 


Find the values of x that satisfy the given continued inequality. 


Exercise 5.300 (Solution on p. 345.) 
4<a2-5<12 

Exercise 5.301 (Solution on p. 345.) 
—3<7Ty+1<18 

Exercise 5.302 (Solution on p. 345.) 
O0<1l-6x<7 

Exercise 5.303 (Solution on p. 345.) 


—5 < 44H < 10 
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Exercise 5.304 (Solution on p. 345.) 
g< ee «<4 
Exercise 5.305 (Solution on p. 345.) 


Does 4< 2 < —1 havea solution? 


5.7.12 Exercises 


For the following problems, solve the inequalities. 
Exercise 5.306 (Solution on p. 345.) 
r+7<12 
Exercise 5.307 
y-5<8 
Exercise 5.308 (Solution on p. 346.) 
y+ 19> 2 
Exercise 5.309 
x—-5>16 
Exercise 5.310 (Solution on p. 346.) 
3a —-T<8 
Exercise 5.311 
9y—12 <6 
Exercise 5.312 (Solution on p. 346.) 
2z2+8<7 
Exercise 5.313 
4x — 14> 21 
Exercise 5.314 (Solution on p. 346.) 
—d5x2 < 20 
Exercise 5.315 
—8x < 40 
Exercise 5.316 (Solution on p. 346.) 
—7z <77 
Exercise 5.317 
—3y > 39 
Exercise 5.318 (Solution on p. 346.) 
G2 12 
Exercise 5.319 
nee 
Exercise 5.320 (Solution on p. 346.) 
22 >4 
9 — 
Exercise 5.321 
> 15 
Exercise 5.322 (Solution on p. 346.) 
Wr cc 4 
ta — 
Exercise 5.323 
a8 
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Exercise 5.324 (Solution on p. 346.) 
at < 24 
Exercise 5.325 
wee 24 
Exercise 5.326 (Solution on p. 346.) 
8x 
=3 >6 
Exercise 5.327 
iy > -18 
Exercise 5.328 (Solution on p. 346.) 
2ly 
=< -2 
Exercise 5.329 
—384+7<—-5 
Exercise 5.330 (Solution on p. 346.) 
—Ty+10< —4 
Exercise 5.331 
62-11 < 31 
Exercise 5.332 (Solution on p. 346.) 
3x —15 < 30 
Exercise 5.333 
4 2 
ay aoe 
Exercise 5.334 (Solution on p. 346.) 
5 (2a —5) > 15 
Exercise 5.335 
4(a+1)> —12 
Exercise 5.336 (Solution on p. 346.) 
6 (3a — 7) > 48 
Exercise 5.337 
3(-—a2+3) > —27 
Exercise 5.338 (Solution on p. 346.) 
—4(y+3)>0 
Exercise 5.339 
—7(a—77) <0 
Exercise 5.340 (Solution on p. 346.) 
2x-1l<a+5 
Exercise 5.341 
6y+12<5y-1 
Exercise 5.342 (Solution on p. 346.) 
382+2<2r-—5 
Exercise 5.343 
4x +5> 52-11 
Exercise 5.344 (Solution on p. 346.) 
32-12 >7r4+4 
Exercise 5.345 
—24—7> 5x 
Exercise 5.346 (Solution on p. 346.) 
—%—-4> —3xr+4+12 


Exercise 5.347 


3-—x2>4 
Exercise 5.348 (Solution on p. 346.) 
5-y<l4 


Exercise 5.349 

2-474 <-3+2 

Exercise 5.350 (Solution on p. 346.) 

3[44+5(a4+1)] < -3 

Exercise 5.351 

2(6+2(3a—7)|>4 

Exercise 5.352 (Solution on p. 346.) 

7[-3-—4(2-1)] <91 

Exercise 5.353 

—2 (4a —1) < 3(5¢+4+ 8) 

Exercise 5.354 (Solution on p. 346.) 
5 (8a — 2) > —3(-—2-15)+1 

Exercise 5.355 


i —.0091a > 2.8852 — 12.014 
Exercise 5.356 (Solution on p. 346.) 
What numbers satisfy the condition: twice a number plus one is greater than negative three? 
Exercise 5.357 

What numbers satisfy the condition: eight more than three times a number is less than or equal 
to fourteen? 
Exercise 5.358 (Solution on p. 347.) 
One number is five times larger than another number. The difference between these two numbers 
is less than twenty-four. What are the largest possible values for the two numbers? Is there a 
smallest possible value for either number? 
Exercise 5.359 

The area of a rectangle is found by multiplying the length of the rectangle by the width of the 
rectangle. If the length of a rectangle is 8 feet, what is the largest. possible measure for the width 
if it must be an integer (positive whole number) and the area must be less than 48 square feet? 


5.7.13 Exercises for Review 


Exercise 5.360 (Solution on p. 347.) 
(Section 2.7) Simplify (a2y322)°. 

Exercise 5.361 

(Section 3.3) Simplify — [— (—| — 8])]. 

Exercise 5.362 (Solution on p. 347.) 
(Section 4.6) Find the product. (2x — 7) (x +4). 

Exercise 5.363 

(Section 5.6) Twenty-five percent of a number is 12.32. What is the number? 

Exercise 5.364 (Solution on p. 347.) 


(Section 5.6) The perimeter of a triangle is 40 inches. If the length of each of the two legs is 
exactly twice the length of the base, how long is each leg? 
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5.8 Linear Equations in Two Variables * 


5.8.1 Overview 


e Solutions to Linear Equations in Two Variables 
e Ordered Pairs as Solutions 


5.8.2 Solutions to Linear Equations in Two Variables 


Solution to an Equation in Two Variables 

We have discovered that an equation is a mathematical way of expressing the relationship of equality between 
quantities. If the relationship is between two quantities, the equation will contain two variables. We say that 
an equation in two variables has a solution if an ordered pair of values can be found such that when these 
two values are substituted into the equation a true statement results. This is illustrated when we observe 
some solutions to the equation y = 2x + 5. 


vc=4,y=13; — sincel3 = 2(4) + 5istrue. 
c=1l,y=7; — since7 = 2(1)+ S5istrue. 
x=0,y=5; — since5 = 2(0) + Sistrue. 
x=-6,y=-—7; since — 7 = 2(—6) +4 Sistrue. 


oes tp NS io 


5.8.3 Ordered Pairs as Solutions 


It is important to keep in mind that a solution to a linear equation in two variables is an ordered pair of 
values, one value for each variable. A solution is not completely known until the values of both variables 
are specified. 
Independent and Dependent Variables 
Recall that, in an equation, any variable whose value can be freely assigned is said to be an independent 
variable. Any variable whose value is determined once the other value or values have been assigned is said 
to be a dependent variable. If, in a linear equation, the independent variable is x and the dependent 
variable is y, and a solution to the equation is x = a and y = 8, the solution is written as the 

ORDERED PAIR (a, b) 
Ordered Pair 
In an ordered pair, (a, b), the first component, a, gives the value of the independent variable, and the 
second component, b, gives the value of the dependent variable. 

(a, 5) 


ut 
Value of the 4, accinies of the 
le 


independent variab’ dependent variable 


First component ~ Second component 


We can use ordered pairs to show some solutions to the equation y = 6x — 7. 


Example 5.60 
If c =0 and y = —7, we get a true statement upon substitution and computataion. 


’This content is available online at <http://cnx.org/content /m21982/1.3/>. 
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y = 6x-7 
—-7 = 6(0)-7 Is this correct? 
-—7 —7 Yes, this is correct. 
Example 5.61 
(8, 41). 
If x = 8 and y = 41, we get a true statement upon substitution and computataion. 
y = 6x-7 
41 6 (8) —7 Is this correct? 
41 = 48-7 Is this correct? 
41 = 41 Yes, this is correct. 
Example 5.62 
(—4, — 31). 
If c = —4 and y = —31, we get a true statement upon substitution and computataion. 
y = 6-7 
—31 6(—4) —7 Is this correct? 
—-31 = -24-7 Is this correct? 
—31 = —-31 Yes, this is correct. 


These are only three of the infintely many solutions to this equation. 


5.8.4 Sample Set A 


Find a solution to each of the following linear equations in two variables and write the solution as an ordered 


pair. 
Example 5.63 
y = 3a-—6,if*=1 
Substitute 1 for x, compute, and solve for y. 


y =3(1)-6 
=3-6 
=-3 
Hence, one solution is (1, — 3). 


Example 5.64 
y = 15 — 4a, ife = —10 


Substitute —10 for x, compute, and solve for y. 


y = 15 — 4(-10) 
= 15+ 40 
= 55 
Hence, one solution is (—10, 55). 


Example 5.65 
b= —9a+4 21, ifa=2 
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Substitute 2 for a, compute, and solve for b. 
b= —9(2) + 21 
= —18+421 
=3 
Hence, one solution is (2, 3). 


Example 5.66 
5a — 2y = 1, if =0 
Substitute 0 for x, compute, and solve for y. 


5(0)-2y = 1 
0O-2y = 1 
—2y 1 
ih 3 

Hence, one solution is (0, - s)- 


5.8.5 Practice Set A 


Find a solution to each of the following linear equations in two variables and write the solution as an ordered 
pair. 


Exercise 5.365 (Solution on p. 347.) 
y = 7x — 20, ifa =3 

Exercise 5.366 (Solution on p. 347.) 
m= -—6n+1, ifn =2 

Exercise 5.367 (Solution on p. 347.) 
b= 3a—-7, ifa=0 

Exercise 5.368 (Solution on p. 347.) 
10a — 5y — 20 = 0, ifa = —8 

Exercise 5.369 (Solution on p. 347.) 


3a + 2b+6=0, ifa = —1 


5.8.6 Exercises 


For the following problems, solve the linear equations in two variables. 
Exercise 5.370 (Solution on p. 347.) 
y = 8e4+14, ife=1 
Exercise 5.371 
y=—2e+1,ife =0 
Exercise 5.372 (Solution on p. 347.) 
y=5xe+6, ife=4 
Exercise 5.373 
t+y=7,ife¢=8 
Exercise 5.374 (Solution on p. 347.) 
3a + 4y = 0, ifa = -3 


Exercise 5.375 
-—2c+y=1,ifc= 4 
Exercise 5.376 

5a — 3y+1=0, if = -6 
Exercise 5.377 

—4r —4y = 4, ify=7 
Exercise 5.378 

22 + by = 1, ify=0 
Exercise 5.379 
-“x—-y=0,ify= a 
Exercise 5.380 
y=a,ifv=1 
Exercise 5.381 
c+y=0,if*=0 


Exercise 5.382 


y+2=a,ifa =? 


4 
Exercise 5.383 
yt+t17=<2, ife =—12 
Exercise 5.384 
—20y+ 14a = 1, if =8 
Exercise 5.385 
gy + sx=5,ife=-3 
Exercise 5.386 
ex+y=—9, ify=-1 
Exercise 5.387 
yt+7—-zr=0,ifz= * 
Exercise 5.388 
27+ 3ly—3=0,ife¢=a 
Exercise 5.389 


436x + 189y = 881, ife = —4231 


Exercise 5.390 

y =6(a—7),ife=2 
Exercise 5.391 

y =2(4¢ +5), ife=-1 
Exercise 5.392 

5y = 9(x — 3), ife=2 
Exercise 5.393 

38y =4(4¢ +1), ife =—-3 
Exercise 5.394 

—2y = 3(2¢ —5), ifr =6 
Exercise 5.395 

—8y = 7(8¢+ 2), ifr =0 
Exercise 5.396 

b= 4a—- 12, ifa = —7 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


347.) 


347.) 


347.) 


347.) 


347.) 


347.) 


347.) 


347.) 


347.) 


347.) 
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Exercise 5.397 

b= —5a+ 21, ifa = —9 

Exercise 5.398 (Solution on p. 347.) 
4b-6=2a+1,ifa=0 

Exercise 5.399 

—5m+ll=n+1,ifn=4 

Exercise 5.400 (Solution on p. 348.) 
3(t+2) =4(s—9),ifs=1 

Exercise 5.401 

7(t-—6) =10(2—s), ifs=5 

Exercise 5.402 (Solution on p. 348.) 
y=0a+5, ife=1 

Exercise 5.403 

2y = 0x — 11, ife = —7 

Exercise 5.404 (Solution on p. 348.) 
—y =02+10, if =3 

Exercise 5.405 

—5y = 02-1, if =0 

Exercise 5.406 (Solution on p. 348.) 
y =0(a@-1)+6, ife=1 

Exercise 5.407 

y =0(38a+ 9) -1, ife = 12 


5.8.6.1 Calculator Problems 


Exercise 5.408 (Solution on p. 348.) 
An examination of the winning speeds in the Indianapolis 500 automobile race from 1961 to 1970 
produces the equation y = 1.93xz + 137.60, where x is the number of years from 1960 and y is the 
winning speed. Statistical methods were used to obtain the equation, and, for a given year, the 
equation gives only the approximate winning speed. Use the equation y = 1.93x + 137.60 to find 
the approximate winning speed in 


1965 
1970 
1986 
1990 


oor 


Exercise 5.409 

In electricity theory, Ohm’s law relates electrical current to voltage by the equation y = 0.000822, 
where x is the voltage in volts and y is the current in amperes. This equation was found by 
statistical methods and for a given voltage yields only an approximate value for the current. Use 
the equation y = 0.00082 to find the approximate current for a voltage of 


a. 6 volts 
b. 10 volts 


Exercise 5.410 (Solution on p. 348.) 

Statistical methods have been used to obtain a relationship between the actual and reported 
number of German submarines sunk each month by the U.S. Navy in World War II. The equation 
expressing the approximate number of actual sinkings, y, for a given number of reported sinkings, 
xz, is y= 1.04x% + 0.76. Find the approximate number of actual sinkings of German submarines if 
the reported number of sinkings is 


a. 4 
b. 9 
c. 10 


Exercise 5.411 

Statistical methods have been used to obtain a relationship between the heart weight (in milligrams) 
and the body weight (in milligrams) of 10-month-old diabetic offspring of crossbred male mice. The 
equation expressing the approximate body weight for a given heart weight is y = 0.213a — 4.44. 
Find the approximate body weight for a heart weight of 


a. 210 mg 
b. 245 mg 


Exercise 5.412 (Solution on p. 348.) 
Statistical methods have been used to produce the equation y = 0.176x — 0.64. This equation 
gives the approximate red blood cell count (in millions) of a dog’s blood, y, for a given packed cell 
volume (in millimeters), x. Find the approximate red blood cell count for a packed cell volume of 


a. 40 mm 
b. 42 mm 


Exercise 5.413 

An industrial machine can run at different speeds. The machine also produces defective items, 
and the number of defective items it produces appears to be related to the speed at which the 
machine is running. Statistical methods found that the equation y = 0.73 — 0.86 is able to give 
the approximate number of defective items, y, for a given machine speed, x. Use this equation to 
find the approximate number of defective items for a machine speed of 


a. 9 
b. 12 


Exercise 5.414 (Solution on p. 348.) 
A computer company has found, using statistical techniques, that there is a relationship between 
the aptitude test scores of assembly line workers and their productivity. Using data accumulated 
over a period of time, the equation y = 0.89x — 41.78 was derived. The x represents an aptitude 
test score and y the approximate corresponding number of items assembled per hour. Estimate the 
number of items produced by a worker with an aptitude score of 


a. 80 
b. 95 


Exercise 5.415 

Chemists, making use of statistical techniques, have been able to express the approximate weight 
of potassium bromide, W, that will dissolve in 100 grams of water at T degrees centigrade. The 
equation expressing this relationship is W = 0.527-+54.2. Use this equation to predict the potassium 
bromide weight that will dissolve in 100 grams of water that is heated to a temperature of 


a. 70 degrees centigrade 
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b. 95 degrees centigrade 


Exercise 5.416 (Solution on p. 348.) 
The marketing department at a large company has been able to express the relationship between 
the demand for a product and its price by using statistical techniques. The department found, 
by analyzing studies done in six different market areas, that the equation giving the approximate 
demand for a product (in thousands of units) for a particular price (in cents) is y = —14.15a+257.11. 
Find the approximate number of units demanded when the price is 


a. $0.12 
b. $0.15 


Exercise 5.417 

The management of a speed-reading program claims that the approximate speed gain (in words 
per minute), G, is related to the number of weeks spent in its program, W, is given by the equation 
G = 26.68W — 7.44. Predict the approximate speed gain for a student who has spent 


a. 3 weeks in the program 
b. 10 weeks in the program 


5.8.7 Exercises for Review 


Exercise 5.418 (Solution on p. 348.) 
(Section 4.6) Find the product. (4% — 1) (8a +5). 


Exercise 5.419 
(Section 4.7) Find the product. (52 + 2) (5x — 2). 


Exercise 5.420 (Solution on p. 348.) 
(Section 5.5) Solve the equation 6 [2 (a — 4) + 1] = 3 [2 (a — 7)]. 

Exercise 5.421 

(Section 5.7) Solve the inequality —3a — (a—5) > a+ 10. 

Exercise 5.422 (Solution on p. 348.) 
(Section 5.7) Solve the compound inequality —1 < 4y+11 < 27. 


5.9 Summary of Key Concepts’ 


5.9.1 Summary of Key Concepts 


Identity (Section 5.2) 

An equation that is true for all acceptable values of the variable is called identity. «+3 = 7 +3 is an 
identity. 

Contradiction (Section 5.2) 

Contradictions are equations that are never true regardless of the value substituted for the variable. 
x+1=2 is a contradiction. 

Conditional Equation (Section 5.2) 

An equation whose truth is conditional upon the value selected for the variable is called a conditional 
equation. 


®This content is available online at <http://cnx.org/content /m21914/1.3/>. 
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Solutions and Solving an Equation (Section 5.2) 

The collection of values that make an equation true are called the solutions of the equation. An equation 
is said to be solved when all its solutions have been found. 

Equivalent Equations (Section 5.2, Section 5.3) 

Equations that have precisely the same collection of solutions are called equivalent equations. 

An equivalent equation can be obtained from a particular equation by applying the same binary operation 
to both sides of the equation, that. is, 


1. adding or subtracting the same number to or from both sides of that particular equation. 
2. multiplying or dividing both sides of that particular equation by the same non-zero number. 


Literal Equation (Section 5.2) 

A literal equation is an equation that is composed of more than one variable. 

Recognizing an Identity (Section 5.4) 

If, when solving an equation, all the variables are eliminated and a true statement results, the equation is 
an identity. 

Recognizing a Contradiction (Section 5.4) 

If, when solving an equation, all the variables are eliminated and a false statement results, the equation is a 
contradiction. 

Translating from Verbal to Mathematical Expressions (Section 5.5) 

When solving word problems it is absolutely necessary to know how certain words translate into mathematical 
symbols. 

Five-Step Method for Solving Word Problems (Section 5.6) 


Let x (or some other letter) represent the unknown quantity. 

Translate the words to mathematics and form an equation. A diagram may be helpful. 
Solve the equation. 

Check the solution by substituting the result into the original statement of the problem. 
Write a conclusion. 


Se 


Linear Inequality (Section 5.7) 

A linear inequality is a mathematical statement that one linear expression is greater than or less than 
another linear expression. 

Inequality Notation (Section 5.7) 


> Strictly greater than 
Strictly less than 


IVA 


Greater than or equal to 


< Less than equal to 


Compound Inequality (Section 5.7) 
An inequality of the form 


a<a<b 


is called a compound inequality. 

Solution to an Equation in Two Variables and Ordered Pairs (Section 5.8) 

A pair of values that when substituted into an equation in two variables produces a true statement is called 
a solution to the equation in two variables. These values are commonly written as an ordered pair. The 
expression (a, b) is an ordered pair. In an ordered pair, the independent variable is written first and the 
dependent variable is written second. 
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5.10 Exercise Supplement °° 


5.10.1 Exercise Supplement 
5.10.1.1 Solving Equations (Section 5.2) - Further Techniques in Equation Solving (Section 5.4) 


Solve the equations for the following problems. 
Exercise 5.423 (Solution on p. 348.) 
y+3=11 
Exercise 5.424 
a-T=A4 
Exercise 5.425 (Solution on p. 348.) 
r—-1=16 
Exercise 5.426 
a+2=0 
Exercise 5.427 (Solution on p. 348.) 
r+6=-4 
Exercise 5.428 
xr—-5=-6 
Exercise 5.429 (Solution on p. 348.) 
r+8=8 
Exercise 5.430 
y-4=4 
Exercise 5.431 (Solution on p. 348.) 
24 = 32 
Exercise 5.432 
4x = 24 
Exercise 5.433 (Solution on p. 348.) 
3r = —12 
Exercise 5.434 
6m = —30 
Exercise 5.435 (Solution on p. 348.) 
—5a = —30 
Exercise 5.436 
—8y = —72 
Exercise 5.437 (Solution on p. 348.) 
—xz=6 
Exercise 5.438 
—y=-10 
Exercise 5.439 (Solution on p. 348.) 
34+7=19 
Exercise 5.440 
6x2 — 1 = 29 
Exercise 5.441 (Solution on p. 349.) 
47 +2 = —2 


10This content is available online at <http://cnx.org/content/m21977/1.4/>. 


Exercise 5.442 
6x2 — 5 = —29 
Exercise 5.443 
8x2 +6 = —10 
Exercise 5.444 
9a+5 = —22 
Exercise 5.445 
%+4=8 
Exercise 5.446 
b = 
B-2=5 
Exercise 5.447 
c = 54 
Exercise 5.448 


4=-l7 
Exercise 5.449 
3 =15 


Exercise 5.450 


3a _ 
aa 9 


Exercise 5.451 


w= 12 
Exercise 5.452 
Laer, 


4 
Exercise 5.453 
6a _ 

= =11 
Exercise 5.454 
9% — § 

e = 

Exercise 5.455 
5 —8=0 
Exercise 5.456 
a +4=-1 
Exercise 5.457 
7 —15=-11 
Exercise 5.458 
2 42=14 
Exercise 5.459 
ute 7 


Exercise 5.460 
62-1 = 25 

7 
Exercise 5.461 
Ar—3 +2=—-6 
Exercise 5.462 
21... 

8 
Exercise 5.463 
4 (a +2) = 20 
Exercise 5.464 
—2(a—3) =16 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


349.) 


349.) 


349.) 


349.) 


349.) 


349.) 


349.) 


349.) 


349.) 


349.) 


349.) 
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Exercise 5.465 (Solution on p. 349.) 
—7(2a—1) = 63 

Exercise 5.466 

34+ 7 = 5a —21 

Exercise 5.467 (Solution on p. 349.) 
—(8r +1) = 33 

Exercise 5.468 

Solve J = prt for t. Find the value of t when J = 3500, P = 3000, andr = 0.05. 

Exercise 5.469 (Solution on p. 349.) 
Solve A = LW for W. Find the value of W when A = 26and L = 2. 

Exercise 5.470 

Solve p = mv for m. Find the value of m when p = 4240 and v = 260. 

Exercise 5.471 (Solution on p. 349.) 
Solve P = R — C for R. Find the value of R when P = 480 and C = 210. 

Exercise 5.472 

Solve P = nee for n. 

Exercise 5.473 (Solution on p. 349.) 
Solve y = 5a + 8for 2. 

Exercise 5.474 

Solve 3y — 6a = 12 for y. 

Exercise 5.475 (Solution on p. 349.) 
Solve 4y + 2x + 8 = Ofor y. 

Exercise 5.476 

Solve k = 4%+8 form. 


Exercise 5.477 (Solution on p. 349.) 
Solve t = °4—** for b. 


5.10.1.2 Application I - Translating from Verbal to Mathetical Expressions (Section 5.5) 


For the following problems, translate the phrases or sentences to mathematical expressions or equations. 
Exercise 5.478 
A quantity less eight. 
Exercise 5.479 (Solution on p. 349.) 
A number, times four plus seven. 
Exercise 5.480 
Negative ten minus some number. 
Exercise 5.481 (Solution on p. 349.) 
Two fifths of a number minus five. 
Exercise 5.482 
One seventh of a number plus two ninths of the number. 
Exercise 5.483 (Solution on p. 349.) 
Three times a number is forty. 


Exercise 5.484 
Twice a quantity plus nine is equal to the quantity plus sixty. 
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Exercise 5.485 (Solution on p. 349.) 
Four times a number minus five is divided by seven. The result is ten more than the number. 
Exercise 5.486 

A number is added to itself five times, and that result is multiplied by eight. The entire result is 
twelve. 

Exercise 5.487 (Solution on p. 349.) 
A number multiplied by eleven more than itself is six. 

Exercise 5.488 

A quantity less three is divided by two more than the quantity itself. The result is one less than 
the original quantity. 

Exercise 5.489 (Solution on p. 349.) 
A number is divided by twice the number, and eight times the number is added to that result. The 
result is negative one. 

Exercise 5.490 

An unknown quantity is decreased by six. This result is then divided by twenty. Ten is subtracted 
from this result and negative two is obtained. 


Exercise 5.491 (Solution on p. 350.) 
One less than some number is divided by five times the number. The result is the cube of the 
number. 


Exercise 5.492 
Nine less than some number is multiplied by the number less nine. The result is the square of six 
times the number. 


5.10.1.3 Application II - Solving Problems (Section 5.6) 


For the following problems, find the solution. 
Exercise 5.493 (Solution on p. 350.) 
This year an item costs $106, an increase of $10 over last. year’s price. What was last year’s price? 
Exercise 5.494 
The perimeter of a square is 44 inches. Find the length of a side. 
Exercise 5.495 (Solution on p. 350.) 
Nine percent of a number is 77.4. What is the number? 
Exercise 5.496 
Two consecutive integers sum to 63. What are they? 
Exercise 5.497 (Solution on p. 350.) 
Four consecutive odd integers add to 56. What are they? 
Exercise 5.498 
If twenty-one is subtracted from some number and that result is multiplied by two, the result is 
thirty-eight. What is the number? 
Exercise 5.499 (Solution on p. 350.) 
If 37% more of a quantity is 159.1, what is the quantit? 
Exercise 5.500 
A statistician is collecting data to help her estimate the number of pickpockets in a certain city. 
She needs 108 pieces of data and is 3 done. How many pieces of data has she collected? 
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Exercise 5.501 (Solution on p. 350.) 
The statistician in problem 78 is eight pieces of data short of being 2 done. How many pieces of 
data has she collected? 

Exercise 5.502 

A television commercial advertises that a certain type of light bulb will last, on the average, 200 
hours longer than three times the life of another type of bulb. If consumer tests show that the 
advertised bulb lasts 4700 hours, how many hours must the other type of bulb last for the advertiser’s 
claim to be valid? 


5.10.1.4 Linear inequalities in One Variable (Section 5.7) 


Solve the inequalities for the following problems. 
Exercise 5.503 (Solution on p. 350.) 
y+3<15 
Exercise 5.504 
x—6>12 
Exercise 5.505 (Solution on p. 350.) 
4x +3 > 23 
Exercise 5.506 
5a—14<1 
Exercise 5.507 (Solution on p. 350.) 
6a — 6 < —27 
Exercise 5.508 
—2y > 14 
Exercise 5.509 (Solution on p. 350.) 
—8a < —88 
Exercise 5.510 
ze! 
Exercise 5.511 (Solution on p. 350.) 
b <4 
=e 
Exercise 5.512 
2 
7 <6 
Exercise 5.513 (Solution on p. 350.) 
16 
“er AS 
Exercise 5.514 
—4e4+3<5 
Exercise 5.515 (Solution on p. 350.) 
—lly+4> 15 
Exercise 5.516 
3(4a —5) > —6 
Exercise 5.517 (Solution on p. 350.) 
—7 (8a +10) +2 < —32 
Exercise 5.518 
5a +4> 7x+16 


Exercise 5.519 (Solution on p. 350.) 
—x-5<3r-11 


Exercise 5.520 

4(6x+ 1) +2>-—3(x—-1)+4 
Exercise 5.521 

— (5% +6) +2%-1<3(1-42)4+11 
Exercise 5.522 


(Solution on p. 350.) 


What numbers satisfy the condition: nine less than negative four times a number is strictly greater 


than negative one? 


5.10.1.5 Linear Equations in Two Variables (Section 5.8) 


Solve the equations for the following problems. 
Exercise 5.523 
y= —5¢ +4, ifa = -3 
Exercise 5.524 
y= —10r4 11, if =—-1 
Exercise 5.525 
3a + 2b = 14, ifb=4 
Exercise 5.526 
4m + 2k = 30, ifm =8 
Exercise 5.527 
—4r+5s = —-16, ifs =0 
Exercise 5.528 
y = —2(7x —4), ife = -1 
Exercise 5.529 
—4a+19=2(6+6) —5, ifb=-1 
Exercise 5.530 
6(¢+8) =—(a—5), ifa=10 
Exercise 5.531 
—(a+b) =5, ifa=—5 
Exercise 5.532 
—a(at+1) = 2b+1, ifa = —2 


5.11 Proficiency Exam " 


5.11.1 Proficiency Exam 


Solve the equations and inequalities for the following problems. 
Exercise 5.533 
(Section 5.2) 7+8=14 
Exercise 5.534 
(Section 5.2) 6a+ 3 = —10 


Exercise 5.535 
(Section 5.3) 4 = 6 


11 This content is available online at <http://cnx.org/content /m21890/1.3/>. 
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(Solution on p. 350.) 


(Solution on p. 350.) 


(Solution on p. 351.) 
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Exercise 5.536 (Solution on p. 351.) 
(Section 5.4) 4, +16=11 
Exercise 5.537 (Solution on p. 351.) 
(Section 5.3) 4° +6=3 
Exercise 5.538 (Solution on p. 351.) 
(Section 5.4) 5b-8=7b+ 12 
Exercise 5.539 (Solution on p. 351.) 
(Section 5.4) 3(2a +4) =2(a+3) 
Exercise 5.540 (Solution on p. 351.) 
(Section 5.4) 5(y+3) — (2y—1) =—-5 
Exercise 5.541 (Solution on p. 351.) 
(Section 5.3) —4et 3-52) = 2, 
Exercise 5.542 (Solution on p. 351.) 
(Section 5.4) Solve 2p — 6g + 1 = —2for p. 
Exercise 5.543 (Solution on p. 351.) 
(Section 5.3) Solve p = 2RT for T. 
Exercise 5.544 (Solution on p. 351.) 

A+O 

=V 

(Section 5.4) Solve * for A. 
Exercise 5.545 (Solution on p. 351.) 
(Section 5.7) a—8>4 
Exercise 5.546 (Solution on p. 351.) 
(Section 5.7) —-3a+1< —5 
Exercise 5.547 (Solution on p. 351.) 
(Section 5.7) —2(a+6) <-a+11 
Exercise 5.548 (Solution on p. 351.) 


(Section 5.7) ee >= 9 


Translate the phrases or sentences into mathematical expressions or equations for the following problems. 


Exercise 5.549 (Solution on p. 351.) 
(Section 5.5) Three added to twice a number. 

Exercise 5.550 (Solution on p. 351.) 
(Section 5.5) Eight less than two thirds of a number. 

Exercise 5.551 (Solution on p. 351.) 
(Section 5.5)Two more than four times a number. 

Exercise 5.552 (Solution on p. 351.) 


(Section 5.5) A number is added to itself and this result is multiplied by the original number 
cubed. The result is twelve. 
Exercise 5.553 (Solution on p. 351.) 
(Section 5.5) A number is decreased by five and that result is divided by ten more than the 
original number. The result is six times the original number. 


Solve the following problems. 


Exercise 5.554 (Solution on p. 351.) 
(Section 5.6) Eight percent of a number is 1.2. What is the number? 
Exercise 5.555 (Solution on p. 351.) 


(Section 5.6) Three consecutive odd integers sum to 38. What are they? 
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Exercise 5.556 (Solution on p. 351.) 
(Section 5.6) Five more than three times a number is strictly less than seventeen. What is the 
number? 

Exercise 5.557 (Solution on p. 351.) 
(Section 5.8) Solve y = 8x — 11 for yifx = 3, and write the solution as an ordered pair. 
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Solutions to Exercises in Chapter 5 


Solution to Exercise 5.1 (p. 279) 
conditional, « = 9 

Solution to Exercise 5.2 (p. 279) 
conditional, y = 11 

Solution to Exercise 5.3 (p. 279) 
conditional, a = 5 

Solution to Exercise 5.4 (p. 279) 
conditional, x = 36 

Solution to Exercise 5.5 (p. 279) 
conditional, b = 3 

Solution to Exercise 5.6 (p. 279) 
identity 

Solution to Exercise 5.7 (p. 279) 
contradiction 

Solution to Exercise 5.8 (p. 279) 
identity 

Solution to Exercise 5.9 (p. 279) 
conditional, « = 0 

Solution to Exercise 5.10 (p. 279) 
conditional, m = 2 

Solution to Exercise 5.11 (p. 282) 
y=11 

Solution to Exercise 5.12 (p. 282) 
z=-13 

Solution to Exercise 5.13 (p. 282) 
m = —6 

Solution to Exercise 5.14 (p. 282) 
g=8.5 

Solution to Exercise 5.15 (p. 282) 
f =3d 

Solution to Exercise 5.16 (p. 282) 
xz =—by-1 

Solution to Exercise 5.17 (p. 282) 
y=xu+9 

Solution to Exercise 5.18 (p. 282) 
conditional 

Solution to Exercise 5.20 (p. 282) 
identity 

Solution to Exercise 5.22 (p. 283) 
identity 

Solution to Exercise 5.24 (p. 283) 
solved 

Solution to Exercise 5.26 (p. 283) 
not solved 

Solution to Exercise 5.28 (p. 283) 
not solved 

Solution to Exercise 5.30 (p. 283) 
not solved 

Solution to Exercise 5.32 (p. 283) 
k=-9 


Solution to Exercise 5.34 (p. 


y=-l17 


Solution to Exercise 5.36 (p. 


x=-14 


Solution to Exercise 5.38 (p. 


g = —287 


Solution to Exercise 5.40 (p. 


x = —443 


Solution to Exercise 5.42 (p. 


y = —18.059 


Solution to Exercise 5.44 (p. 


n=4-m 


Solution to Exercise 5.46 (p. 


b=-a+3c+d—-—2f 


Solution to Exercise 5.48 (p. 


c= 2a—3b-11 


Solution to Exercise 5.50 (p. 


4y4 
ane 


x 
Solution to Exercise 5.52 (p. 


9x? — 6x +1 


Solution to Exercise 5.54 (p. 


a=7 


Solution to Exercise 5.55 (p. 


m= —- 


Solution to Exercise 5.56 (p. 


y= —16 


Solution to Exercise 5.57 (p. 
x = 0.17 (rounded to two decimal places) 
Solution to Exercise 5.58 (p. 


_ 24 
k= 5 


Solution to Exercise 5.59 (p. 


b= —8cd 


a 
Solution to Exercise 5.60 (p. 


y = 12h 


Solution to Exercise 5.61 (p. 


m= =at0Dd 


k 
Solution to Exercise 5.62 (p. 


x= 14 


Solution to Exercise 5.64 (p. 


xr=8 


Solution to Exercise 5.66 (p. 


c= 14 


Solution to Exercise 5.68 (p. 


a=-—16 


Solution to Exercise 5.70 (p. 


p=-18 


Solution to Exercise 5.72 (p. 


a=--4 


Solution to Exercise 5.74 (p. 


C= T 


283) 
283) 
283) 
283) 
283) 
284) 
284) 
284) 


284) 


284) 
287) 
287) 
287) 
287) 
287) 
287) 
287) 
287) 
288) 
288) 
288) 
288) 
288) 
288) 


288) 
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Solution to Exercise 5.76 (p. 
k = —42 
Solution to Exercise 5.78 (p. 
x=6 
Solution to Exercise 5.80 (p. 
k = 42 
Solution to Exercise 5.82 (p. 
x = 768 
Solution to Exercise 5.84 (p. 
m = —56 
Solution to Exercise 5.86 (p. 
f = —6386 
Solution to Exercise 5.88 (p. 
k = 0.06 
Solution to Exercise 5.90 (p. 
y = 9.453 
Solution to Exercise 5.92 (p. 
_ =10 
men 
Solution to Exercise 5.94 (p. 
i= 
8 
Solution to Exercise 5.96 (p. 
or 
PG 
Solution to Exercise 5.98 (p. 
b= 24 


a 
Solution to Exercise 5.100 (p 
p = 1c 


8 
Solution to Exercise 5.102 (p. 


2 
t= —3P- 


4 
Solution to Exercise 5.104 (p. 


— 2v 


binomial; 3rd degree; 10, —7 


Solution to Exercise 5.108 (p. 


all real numbers except —7 


Solution to Exercise 5.110 (p. 


y=4 


Solution to Exercise 5.111 (p. 


m= —2 


Solution to Exercise 5.112 (p. 


— 4-3m 


n 2 


Solution to Exercise 5.113 (p. 


kp — 2hpal4h 


Solution to Exercise 5.114 (p. 


xcx=11 


Solution to Exercise 5.115 (p. 


y=19 


Solution to Exercise 5.116 (p. 


a=-—2 


Solution to Exercise 5.117 (p. 


— 10+5m 
a= 6 


3 
Solution to Exercise 5.106 (p. 
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288) 
288) 
288) 
288) 
289) 
289) 
289) 
289) 
289) 
289) 
289) 


289) 


. 289) 


289) 


289) 
290) 
290) 
292) 
292) 
292) 
292) 
293) 
293) 
293) 


293) 


Solution to Exercise 5.118 (p. 


a=-—2 


Solution to Exercise 5.119 (p. 


ae 


Solution to Exercise 5.120 (p. 


k=5 


Solution to Exercise 5.121 (p. 


identity, 3 = 3 


Solution to Exercise 5.122 (p. 


contradiction, —28 = 28 


Solution to Exercise 5.123 (p. 


identity, 0 = 0 


Solution to Exercise 5.124 (p. 


contradiction, —22 = 6 


Solution to Exercise 5.125 (p. 


= 5 


Solution to Exercise 5.127 (p. 


a=7 


Solution to Exercise 5.129 (p. 


y=-5 


Solution to Exercise 5.131 (p. 


r= -3 


Solution to Exercise 5.133 (p. 


yon? 


Solution to Exercise 5.135 (p. 


x = 36 


Solution to Exercise 5.137 (p. 


y = 24 


Solution to Exercise 5.139 (p. 


m = —44 


Solution to Exercise 5.141 (p. 


k=—5 


Solution to Exercise 5.143 (p. 


xr=-8 


Solution to Exercise 5.145 (p. 


k=-14 


Solution to Exercise 5.147 (p. 


y= —5 


Solution to Exercise 5.149 (p. 


y = 20 


Solution to Exercise 5.151 (p. 


k=-1 


Solution to Exercise 5.153 (p. 


contradiction 


Solution to Exercise 5.155 (p. 


r= --3 


Solution to Exercise 5.157 (p. 


g= io 


14 
Solution to Exercise 5.159 (p. 


k=83 
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294) 
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295) 
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Solution to Exercise 5.161 (p. 297) 


m= 2 
Solution to Exercise 5.163 (p. 297) 
R= 112 


Solution to Exercise 5.165 (p. 297) 
Se = «5, 8." = 71604 
Solution to Exercise 5.167 (p. 297) 


7 
estar 
Solution to Exercise 5.169 (p. 297) 
y = =2atl2 
Solution to Exercise 5.171 (p. 297) 
— 5m+h 
~~ 2 
Solution to Exercise 5.173 (p. 297) 
._ wA-O 
9 


Solution to Exercise 5.175 (p. 298) 
(x + 3)°(a — 2)" 
Solution to Exercise 5.177 (p. 298) 
4x? —4a+1 
Solution to Exercise 5.179 (p. 298) 
2= =H 
Solution to Exercise 5.180 (p. 300) 
ll+a 
Solution to Exercise 5.181 (p. 300) 
9-«x 
Solution to Exercise 5.182 (p. 300) 
x — 20 
Solution to Exercise 5.183 (p. 300) 
4x = 32 
Solution to Exercise 5.184 (p. 300) 
-=6 
Solistion to Exercise 5.185 (p. 300) 
10x = 8+ 5x 
Solution to Exercise 5.186 (p. 301) 
ig tl=5 
Solution to Exercise 5.187 (p. 301) 
7(2+2) =21 
Solution to Exercise 5.188 (p. 301) 
ae = 0 
Solution to Exercise 5.189 (p. 301) 
e-5 _ 17 

22+3 
Solution to Exercise 5.190 (p. 301) 
x — 52 
Solution to Exercise 5.191 (p. 301) 
ll-x=az-5 
Solution to Exercise 5.192 (p. 301) 
a—4 
Solution to Exercise 5.194 (p. 301) 
b+7 
Solution to Exercise 5.196 (p. 302) 
—5+¢ 


Solution to Exercise 5.198 (p. 


2d+14 


Solution to Exercise 5.200 (p. 


i—e 


3 
Solution to Exercise 5.202 (p. 


afr _ 
gf = 21 


Solution to Exercise 5.204 (p. 


3g =2g+9 


Solution to Exercise 5.206 (p. 


2h + 6 = 30 


Solution to Exercise 5.208 (p. 


k — 25 = 3.019 


Solution to Exercise 5.210 (p. 


m — 68 


Solution to Exercise 5.212 (p. 


nm _ 
Io — 1 


Solution to Exercise 5.214 (p. 


ce=xr+4r 


Solution to Exercise 5.216 (p. 


Q+7 _ 
“a = 22 


Solution to Exercise 5.218 (p. 


r+r 


= = 15 


5 
~,=14 


Solution to Exercise 5.222 (p. 


@41=9 


8x 
Solution to Exercise 5.224 (p. 


~+4=24 


10 
Solution to Exercise 5.226 (p. 


wt 45 = 43 


Solution to Exercise 5.228 (p. 


Ty + 2y = 90 


Solution to Exercise 5.230 (p. 


(2+16)13 __ 
a = 5D 


Solution to Exercise 5.232 (p. 


ax—1l1 a 
igs b= 8 


Solution to Exercise 5.234 (p. 


n—5 


Solution to Exercise 5.236 (p. 


m—1 


Solution to Exercise 5.238 (p. 


p—-8=3 


Solution to Exercise 5.240 (p. 


230 
2n-2 34 


Solution to Exercise 5.242 (p. 


graph 


Solution to Exercise 5.244 (p. 


a,ifa>0 


Solution to Exercise 5.220 (p. 


302) 
302) 
302) 
302) 
302) 
302) 
302) 
302) 
302) 
302) 


303) 


303) 
303) 
303) 
303) 
303) 
303) 
303) 
303) 
303) 
303) 
304) 
304) 


304) 
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Solution to Exercise 5.246 (p. 304) 
Lr=3 

Solution to Exercise 5.247 (p. 305) 
Last year’s price was $19 

Solution to Exercise 5.248 (p. 306) 
The length of a side is 18 inches. 
Solution to Exercise 5.249 (p. 306) 
The number is 450. 

Solution to Exercise 5.250 (p. 307) 
Garden A produces 87 pounds of vegetables. 
Solution to Exercise 5.251 (p. 308) 
The two numbers are 248 and 250. 
Solution to Exercise 5.252 (p. 308) 
Step 1: Let « = the unknown quantity. 


Step 2: The equation is x — 18 = 52. 

Step 3: (Solve the equation.) Add 18 to each side. 
x—18+18=52+418 

x = 70 

Step 4: (Check) 70 — 18 = 52; True. 


Step 5: The number is 70. 

Solution to Exercise 5.254 (p. 308) 

Step 5: The number is 30. 

Solution to Exercise 5.256 (p. 309) 

Step 5: The original quantity is 29. 

Solution to Exercise 5.258 (p. 309) 

Step 5: Last year’s output was 50 items. 

Solution to Exercise 5.260 (p. 309) 

Step 5: A proton weighs 4923.16 units. 

Solution to Exercise 5.262 (p. 310) 

Step 5: The radius of the earth is 6378 km. 

Solution to Exercise 5.264 (p. 310) 

Step 5: The length of the shorter piece is 3 feet, and the length of the longer piece is 9 feet. 
Solution to Exercise 5.266 (p. 311) 

Step 5: The statistician has collected 260 pieces of data. 
Solution to Exercise 5.268 (p. 311) 

Step 5: Each beaker will hold 2634 ml of chloride solution. 
Solution to Exercise 5.270 (p. 312) 

Step 5: The unknown number is 26. 

Solution to Exercise 5.272 (p. 312) 

Step 5: The unknown number is 21. 

Solution to Exercise 5.274 (p. 312) 

Step 5: The unknown number is 4. 

Solution to Exercise 5.276 (p. 312) 

Step 5: One unknown number is 6; the other is 21. 
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Solution to Exercise 5.278 (p. 312) 

Step 5: The unknown number is a 

Solution to Exercise 5.280 (p. 312) 

Step 5: The age of D is 3 months; C is 6 months; B is 36 months; A is 144 months. 
Solution to Exercise 5.282 (p. 312) 

Step 5: The first integer is 11; second is 12; third is 13. 

Solution to Exercise 5.284 (p. 312) 


(a) Step 5: The time passed in space is 0.62 days. 
(b) Step 5: 9.3 years have passed on the spacecraft. 
(c) Step 5: 96.77 years have passed on the earth. 


(d) Step 5: Earth year when she returns will be 2387. 
Solution to Exercise 5.286 (p. 313) 
conditional 
Solution to Exercise 5.288 (p. 313) 
r= -2 
Solution to Exercise 5.290 (p. 317) 
y<ll 
Solution to Exercise 5.291 (p. 317) 
x>s 
Solution to Exercise 5.292 (p. 317) 
r>4 
Solution to Exercise 5.293 (p. 317) 
y>? 
Solution to Exercise 5.294 (p. 317) 
s< 2 
2 
Solution to Exercise 5.295 (p. 317) 
h>s 
Solution to Exercise 5.296 (p. 317) 
xz > —30 
Solution to Exercise 5.297 (p. 317) 
b> 
Solution to Exercise 5.298 (p. 317) 
za 2 
Solution to Exercise 5.299 (p. 317) 
ue= = 
Solution to Exercise 5.300 (p. 318) 
9<a<17 
Solution to Exercise 5.301 (p. 318) 
-t<y<H 
Solution to Exercise 5.302 (p. 318) 
-l<a<j 
Solution to Exercise 5.303 (p. 318) 
—-8<a“< 2 
Solution to Exercise 5.304 (p. 318) 
Be<ar< 8 
Solution to Exercise 5.305 (p. 319) 
no 
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Solution to Exercise 5.306 (p. 319) 
x<sd 

Solution to Exercise 5.308 (p. 319) 
y2—17 

Solution to Exercise 5.310 (p. 319) 
r<3 

Solution to Exercise 5.312 (p. 319) 
za 4 
Solution to Exercise 5.314 (p. 319) 
xr>—A4 

Solution to Exercise 5.316 (p. 319) 
z>-tll 

Solution to Exercise 5.318 (p. 319) 
x > 48 

Solution to Exercise 5.320 (p. 319) 
x>18 

Solution to Exercise 5.322 (p. 319) 
a< g 

Solution to Exercise 5.324 (p. 319) 
b> —10 

Solution to Exercise 5.326 (p. 320) 
LS 2 
Solution to Exercise 5.328 (p. 320) 
y> a 

Solution to Exercise 5.330 (p. 320) 
y22 

Solution to Exercise 5.332 (p. 320) 
a<15 

Solution to Exercise 5.334 (p. 320) 
r>4 

Solution to Exercise 5.336 (p. 320) 
r>5 

Solution to Exercise 5.338 (p. 320) 
y< —3 

Solution to Exercise 5.340 (p. 320) 
x<6 

Solution to Exercise 5.342 (p. 320) 
x<-—T7 

Solution to Exercise 5.344 (p. 320) 
r<—4 

Solution to Exercise 5.346 (p. 320) 
z>8 

Solution to Exercise 5.348 (p. 321) 
y2—9 

Solution to Exercise 5.350 (p. 321) 
u<—-2 

Solution to Exercise 5.352 (p. 321) 
xr > -3 

Solution to Exercise 5.354 (p. 321) 
Lm -2 
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Solution to Exercise 5.356 (p. 321) 
L> 2 
Solution to Exercise 5.358 (p. 321) 
First number: any number strictly smaller that 6. 
Second number: any number strictly smaller than 30. 
No smallest possible value for either number. 
No largest possible value for either number. 
Solution to Exercise 5.360 (p. 321) 
gyi 210 
Solution to Exercise 5.362 (p. 321) 
2x? + x — 28 
Solution to Exercise 5.364 (p. 321) 
16 inches 
Solution to Exercise 5.365 (p. 324) 
(3, 1) 
Solution to Exercise 5.366 (p. 324) 
(2, —11) 
Solution to Exercise 5.367 (p. 324) 
(0, = 7) 
Solution to Exercise 5.368 (p. 324) 
(—8, — 20) 
Solution to Exercise 5.369 (p. 324) 
(—1, =) 
Solution to Exercise 5.370 (p. 324) 
(1, 22) 
Solution to Exercise 5.372 (p. 324) 
(4, 26) 
Solution to Exercise 5.374 (p. 324) 
(—3, 3) 
Solution to Exercise 5.376 (p. 325) 

29 
ae to Exercise 5.378 (p. 325) 
(1.0) 
Solution to Exercise 5.380 (p. 325) 
(1,1) 
Solution to Exercise 5.382 (p. 325) 


Solution to Exercise 5.384 (p. 325) 
(3) 

> "20 
Solution to Exercise 5.386 (p. 325) 
(—40, -1) 
Solution to Exercise 5.388 (p. 325) 
(a 320) 

> 31 
Solution to Exercise 5.390 (p. 325) 
Solution to Exercise 5.392 (p. 325) 
(2,—5) 
Solution to Exercise 5.394 (p. 325) 
(6,—%) 

2 
Solution to Exercise 5.396 (p. 325) 
(—7, —40) 
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Solution to Exercise 5.398 (p. 326) 
(0.2) 
Solution to Exercise 5.400 (p. 326) 

38 
a to Exercise 5.402 (p. 326) 
(1,5) 
Solution to Exercise 5.404 (p. 326) 
(3, —10) 
Solution to Exercise 5.406 (p. 326) 
(1,6) 
Solution to Exercise 5.408 (p. 326) 
(a) Approximately 147 mph using (5, 147.25) 
(b) Approximately 157 mph using (10, 156.9) 
(c) Approximately 188 mph using (26, 187.78) 
(d) Approximately 196 mph using (30, 195.5) 
Solution to Exercise 5.410 (p. 327) 
(a) Approximately 5 sinkings using (4, 4.92) 
(b) Approximately 10 sinkings using (9, 10.12) 
(c) Approximately 11 sinkings using (10, 11.16) 
Solution to Exercise 5.412 (p. 327) 
(a) Approximately 6.4 using (40, 6.4) 
(b) Approximately 4.752 using (42, 7.752) 
Solution to Exercise 5.414 (p. 327) 
(a) Approximately 29 items using (80, 29.42) 
(b) Approximately 43 items using (95, 42.77) 
Solution to Exercise 5.416 (p. 328) 
(a) Approximately 87 units using (12, 87.31) 
(b) Approximately 45 units using (15, 44.86) 
Solution to Exercise 5.418 (p. 328) 
12x27 + 17x —5 
Solution to Exercise 5.420 (p. 328) 
x=0 
Solution to Exercise 5.422 (p. 328) 
—38<y<4 
Solution to Exercise 5.423 (p. 330) 
y=8 
Solution to Exercise 5.425 (p. 330) 
ro l7 
Solution to Exercise 5.427 (p. 330) 
x=—10 
Solution to Exercise 5.429 (p. 330) 
xz=0 
Solution to Exercise 5.431 (p. 330) 
x= 16 
Solution to Exercise 5.433 (p. 330) 
r=—4 
Solution to Exercise 5.435 (p. 330) 
x=6 
Solution to Exercise 5.437 (p. 330) 
x=-6 


Solution to Exercise 5.439 (p. 


r=4 


Solution to Exercise 5.441 (p. 


z=-l 


Solution to Exercise 5.443 (p. 


£=—2 


Solution to Exercise 5.445 (p. 


m = 24 


Solution to Exercise 5.447 (p. 


y = 486 


Solution to Exercise 5.449 (p. 


c= 90 


Solution to Exercise 5.451 (p. 


y=-15 


Solution to Exercise 5.453 (p. 


a= —2 


c= 16 


Solution to Exercise 5.457 (p. 


x= 28 


Solution to Exercise 5.459 (p. 


ay 
(eg 


Solution to Exercise 5.461 (p. 


g=—% 


xr=3 


Solution to Exercise 5.465 (p. 


a=-4 


Solution to Exercise 5.467 (p. 


ime 


Solution to Exercise 5.469 (p. 


W =13 


Solution to Exercise 5.471 (p. 


R = 690 


Solution to Exercise 5.473 (p. 


g= us 


5 
Solution to Exercise 5.475 (p. 


y=—5r-2 


Solution to Exercise 5.477 (p. 


b=-— 2ct—10a 


3 
Solution to Exercise 5.479 (p. 


x(4+7) 


Solution to Exercise 5.481 (p. 


2 
gu —5 


Solution to Exercise 5.483 (p. 


3x2 = 40 


Solution to Exercise 5.485 (p. 


Ge-5) — 2 +10 


Solution to Exercise 5.487 (p. 


x(x+11)=6 


6 
Solution to Exercise 5.455 (p. 


4 
Solution to Exercise 5.463 (p. 


330) 
330) 
331) 
331) 
331) 
331) 
331) 
331) 
331) 
331) 
331) 
331) 
331) 
332) 
332) 
332) 
332) 
332) 
332) 
332) 
332) 
332) 
332) 
333) 


333) 
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Solution to Exercise 5.489 (p. 333) 
= +8e=-1 
Solution to Exercise 5.491 (p. 333) 
Solution to Exercise 5.493 (p. 333) 
last year’s price = $96 
Solution to Exercise 5.495 (p. 333) 
x = 860 
Solution to Exercise 5.497 (p. 333) 
x=11 
£+2=13 
a+4=15 
L+6=17 
Solution to Exercise 5.499 (p. 333) 
x = 116.13139 
Solution to Exercise 5.501 (p. 334) 
82 pieces of data 
Solution to Exercise 5.503 (p. 334) 
y<12 
Solution to Exercise 5.505 (p. 334) 
x>s 
Solution to Exercise 5.507 (p. 334) 
a<-—t! 
Solution to Exercise 5.509 (p. 334) 
a> tll 
Solution to Exercise 5.511 (p. 334) 
b> —-12 
Solution to Exercise 5.513 (p. 334) 
c>—-—9 
Solution to Exercise 5.515 (p. 334) 
y< -l 
Solution to Exercise 5.517 (p. 334) 
c> — 2 
Solution to Exercise 5.519 (p. 334) 
r> 3 
Solution to Exercise 5.521 (p. 335) 
a< Z 
Solution to Exercise 5.523 (p. 335) 
(—3, 19) 
Solution to Exercise 5.525 (p. 335) 
(2,4) 
Solution to Exercise 5.527 (p. 335) 
(4,0) 
Solution to Exercise 5.529 (p. 335) 
(3,~1) 
Solution to Exercise 5.531 (p. 335) 
(—5, 0) 
Solution to Exercise 5.533 (p. 335) 
x=6 


Solution to Exercise 5.534 (p. 


a= 233 


6 
Solution to Exercise 5.535 (p. 


a=-—16 


Solution to Exercise 5.536 (p. 


x= 10 


Solution to Exercise 5.537 (p. 


y=-3 


Solution to Exercise 5.538 (p. 


b=-—10 


Solution to Exercise 5.539 (p. 


= 3 8: 
a=—~9% 


Solution to Exercise 5.540 (p. 


oat 


Solution to Exercise 5.541 (p. 


r=9 


Solution to Exercise 5.542 (p. 


— 6q-3 
p= 73 


Solution to Exercise 5.543 (p. 


T= 


nk 
Solution to Exercise 5.544 (p. 


A=x*V-O 


Solution to Exercise 5.545 (p. 


a> 12 


Solution to Exercise 5.546 (p. 


a>2 


Solution to Exercise 5.547 (p. 


a> —23 


Solution to Exercise 5.548 (p. 


zr <6 


Solution to Exercise 5.549 (p. 


3+ 2a 


Solution to Exercise 5.550 (p. 


2 
sx —8 


Solution to Exercise 5.551 (p. 


2+ 4a 


Solution to Exercise 5.552 (p. 


2x (2) = 12 


Solution to Exercise 5.553 (p. 


LS 930-2 
x+10 7 6x 


Solution to Exercise 5.554 (p. 


x=15 


Solution to Exercise 5.555 (p. 
There are no three consecutive odd integers that add to 38. 
Solution to Exercise 5.556 (p. 


r<A 


Solution to Exercise 5.557 (p. 


(3, 13) 


335) 
335) 
335) 
336) 
336) 
336) 
336) 
336) 
336) 
336) 


336) 


336) 
336) 
336) 
336) 
336) 
336) 
336) 
336) 
336) 
336) 
336) 
337) 


337) 
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CHAPTER 5. SOLVING LINEAR EQUATIONS AND INEQUALITIES 


Chapter 6 


Factoring Polynomials 


6.1 Objectives’ 


After completing this chapter, you should 
Finding the Factors of a Monomial (Section 6.2) 


e be reminded of products of polynomials 
e be able to determine a second factor of a polynomial given a first factor 


Factoring a Monomial from a Polynomial (Section 6.3) 
e be able to factor a monomial from a polynomial 


The Greatest Common Factor (Section 6.4) 


e understand more clearly the factorization process 
e be able to determine the greatest common factor of two or more terms 


Factoring by Grouping (Section 6.5) 
e know how to factor a polynomial using the grouping method and when to try the grouping method 
Factoring Two Special Products (Section 6.6) 


e know the fundamental rules of factoring 
e be able to factor the difference of two squares and perfect square trinomials 


Factoring Trinomials with Leading Coefficient 1 (Section 6.7) 


e be able to factor trinomials with leading coefficient 1 
e become familiar with some factoring hints 


Factoring Trinomials with Leading Coefficient Other Than 1 (Section 6.8) 


e be able to factor trinomials with leading coefficient other than 1 


!This content is available online at <http://cnx.org/content /m22804/1.4/>. 
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6.2 Finding the factors of a Monomial ” 


6.2.1 Overview 


e Products of Polynomials 
e Factoring 


6.2.2 Products of Polynomials 


Previously, we studied multiplication of polynomials (Section Section 4.6). We were given factors and asked 
to find their product, as shown below. 


Example 6.1 
Given the factors 4and 8, find the product. 4-8 = 32. The product is 32. 


Example 6.2 

Given the factors 6x?and 2a — 7, find the product. 
6a? (22 — 7) = 12a? — 422? 
The product is 123 — 4227. 


Example 6.3 
Given the factors 7 — 2y and 3a + y, find the product. 
(2 —2y)(82+y) = 327+ 2y—6ry— 2y’ 


3x? — day — 2y? 
The product is 3x? — 5xy — 2y?. 
Example 6.4 
Given the factors a+ 8 and a+ 8, find the product. 
(a+ 8)? =a? + 16a+ 64 
The product is a? + 16a + 64. 


6.2.3 Factoring 


Now, let’s reverse the situation. We will be given the product, and we will try to find the factors. This 
process, which is the reverse of multiplication, is called factoring. 

Factoring 

Factoring is the process of determining the factors of a given product. 


6.2.4 Sample Set A 
Example 6.5 


The number 24 is the product, and one factor is 6. What is the other factor? 
We’re looking for a number ( ) such that 6 - ( ) = 24. We know from experience 


that, ( ) = 4. As problems become progressively more complex, our experience may not give 
us the solution directly. We need a method for finding factors. To develop this method we can use 


the relatively simple problem 6 - ( ) = 24 as a guide. 
To find the number ( i we would divide 24 by 6. 


?This content is available online at <http://cnx.org/content/m18870/1.4/>. 
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24 _ 4 
6 
The other factor is 4. 


Example 6.6 
The product is 182%y*z? and one factor is 9xvy?z. What is the other factor? 
4,2 


We know that since 9xry?z is a factor of 18x3y+z?, there must be some quantity ( ) 


such that 9xy?z ( ) = 182° y*z?. Dividing 182% y*z? by 9xry?z, we get 

1843 y427 
Ixy?z 

Thus, the other factor is 2a7y?z. 


Checking will convince us that 2x7y?z is indeed the proper factor. 
ayes) ag 2). =. Teeter 
= 18x%y*z? 
We should try to find the quotient mentally and avoid actually writing the division problem. 


= Qx7y?z 


Example 6.7 
The product is —21a°b” and 3ab* is a factor. Find the other factor. 


Mentally dividing —21a°b” by 3ab*, we get 
=21ar br pan —7q>—1pr-4 — —7atp"-4 
Thus, the other factor is —7a*b"~+. 


6.2.5 Practice Set A 


Exercise 6.1 (Solution on p. 400.) 
The product is 84 and one factor is 6. What is the other factor? 
Exercise 6.2 (Solution on p. 400.) 


The product is 14x%y?z° and one factor is 7zyz. What is the other factor? 


6.2.6 Exercises 
In the following problems, the first quantity represents the product and the second quantity represents a 
factor of that product. Find the other factor. 
Exercise 6.3 (Solution on p. 400.) 
30, 6 
Exercise 6.4 
45, 9 
Exercise 6.5 (Solution on p. 400.) 
10a, 5 
Exercise 6.6 
16a, 8 
Exercise 6.7 (Solution on p. 400.) 
21b, 7b 


Exercise 6.8 


15a, 5a 
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Exercise 6.9 (Solution on p. 400.) 

202°, 4 

Exercise 6.10 

30y*, 6 

Exercise 6.11 (Solution on p. 400.) 

8a*, 4a 

Exercise 6.12 

16y°, 2y 

Exercise 6.13 (Solution on p. 400.) 

6x7y, 3x 

Exercise 6.14 

9a*b®, 9at 

Exercise 6.15 (Solution on p. 400.) 

1522b4c’, 5a7bc® 

Exercise 6.16 

25a3b?c, 5ac 

Exercise 6.17 (Solution on p. 400.) 

1827b°, — 2xb4 

Exercise 6.18 

20p8 8 d?, = 11584 

Exercise 6.19 (Solution on p. 400.) 

—60r°b3 f?, — 15x7b* f? 

Exercise 6.20 

39x4y> zt! Bay?z19 

Exercise 6.21 (Solution on p. 400.) 

147a7°b®c!8d?, 21a%bd 

Exercise 6.22 

—121a%b8c!9, 11b%e° 

Exercise 6.23 (Solution on p. 400.) 

Tyas: Wx 8 

guy, gry 

Exercise 6.24 

Tea 2". Te ye 

Exercise 6.25 (Solution on p. 400.) 

5atb’c3d?, 5atb’ 3d 

Exercise 6.26 

l4xty3z?, 1424y3z7 

Exercise 6.27 (Solution on p. 400.) 

12a3b?c8, 12a°b?c8 

Exercise 6.28 

6(a+ 1)? (a+5), 3(a+1)? 

Exercise 6.29 (Solution on p. 400.) 
3 

8(a + y)" (a — 2y), 2(e — 2y) 

Exercise 6.30 

14(a — 3)°(a +4)”, 2(a— 3)? (a+ 4) 

Exercise 6.31 (Solution on p. 400.) 

26(x — 5y)'°(@ — 8y), — 2(a — By)" (x — 3y)! 
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Exercise 6.32 

3401 Sal 0 ee)", SAT aa) ee) 

Exercise 6.33 (Solution on p. 400.) 
(c+y)(e@-y), ey 

Exercise 6.34 

(a+3)(a—3), a—3 

Exercise 6.35 (Solution on p. 400.) 
A8ert3y2r— 1 8x3yrt> 

Exercise 6.36 

0.002424%y3"+5 22, 0.0323" y/5 


6.2.7 Exercises for Review 


Exercise 6.37 (Solution on p. 400.) 
(Section 2.6) Simplify (aty%22)°. 

Exercise 6.38 

(Section 3.3) Simplify —{- [- (—|6])]}. 

Exercise 6.39 (Solution on p. 400.) 
(Section 4.7) Find the product. (2x — 4)’. 


6.3 Factoring a Monomial from a Polynomial * 


6.3.1 Overview 


e The Factorization Process 


6.3.2 The Factorization Process 


We introduce the process of factoring a monomial from a polynomial by examining a problem: Suppose that 
122? + 202 is the product and one of the factors is 4x. To find the other factor we could set up the problem 
this way: 

Aa - ( ) = 122? + 20x 

Since the product 12x? + 20z consists of two terms, the expression multiplying 4x must consist of two 
terms, since, by the distributive property 


4x - ( ) = 12x? + 20x 


Now we see that this problem is simply an extension of finding the factors of a monomial. 


lstterm: 4x ( ere eas 2ndterm: 4x ( ) = 20x 
2 
( )= ( j= 2% 


( ) = 3e ( = 3 
Thus, 4x - (32 +5) = 122? + 202. 
Usually, these divisions can be done mentally and the terms of the factor filled in directly. 


’This content is available online at <http://cnx.org/content /m21906/1.3/>. 


358 


CHAPTER 6. FACTORING POLYNOMIALS 


6.3.3 Sample Set A 


Example 6.8 
The product is 327 — 24° + 42° — 3x4 and one factor is x4. Find the other factor. 
We have the problem: x* times "what expression" yields 32° —22°+42>—3a* ? Mathematically, 
Fea | ) = 3a" — 2a° + 425 — 324 
Since there are four terms in the product, there must be four terms inside the parentheses. To 
find each of the four terms, we’ll divide (mentally) each term of the product by x*. The resulting 
quotient will be the necessary term of the factor. 


lstterm : a = 3a7-4=32° Place 3x? intothe 1st position in the ( ) ; 
2ndterm : =e = -27? Place — 22? into the 2nd position in the ( ) : 
3rdterm : = = Ae Place 4x into the 3rd position in the ( ) , 
Athterm : ae = -3 Place — 3into the 4th position in the ( ) : 


Therefore, the other factor is 323 — 2x? + 4x — 3. 
This result can be checked by applying the distributive property. 


x. (323 — 2a? + da — 3) = 827 —2x° + 4r° — 32+ Is this correct? 
x4 + (3x3 — 2x2 + 4x — 3) 2 3x7 — 2x8 + 4x5 — 3x4 
A 


Batt —O¢4t? + 4g4t! = 8a% — 2064425 — 324 Is this correct? 
3a" — 296+ 425 —3a4 = 3a7 —2¢6+4425-—3a4 Yes, this is correct. 
Thus, 


xt (32° — 207 + 4x — 3) = 3a" — 22° + 4¢5 — 307 
Again, if the divisions can be performed mentally, the process can proceed very quickly. 


Example 6.9 
The product is 10x3y° + 15x°y* — 5x?y* and a factor is 5x?y*. Find the other factor. 
ary? - ( ) = 10x3y® + 1523 y4 — 5ax?y4 


Since there are three terms in the product, there must be three terms inside the parentheses. 
To find each of these three terms, we’ll divide each term of the product by 5a?y?. 


, 10x y® = 2 2: eae . 
lstterm: Bary 2ry- Placethe 2xy* into the 1st position in the : 
2ndterm : 15a a = 3x  Placethe3zintothe 2nd position in the ( ) : 
3rdterm : a. = -l Placethe — 1 intothe 3rd position in the ( ) ; 


The other factor is 2ry? + 32 —1, and 

bay? . (Qvy? + 8a — 1) = 102° y® + 1523y4 — 5a?y4 
Example 6.10 
The product is —4a? — 6? + 2c and a factor is —1. Find the other factor. 

—1( ) = —4a? — 6? + 2c 

Since there are three terms in the product, there must be three terms inside the parentheses. 
We will divide (mentally) each term of the product by —1. 


lstterm : ae = 4a? Place 4a? into the 1st position inside the ( ) ; 
2ndterm : = = 6 Place b? into the 2nd position inside the ( ) : 
3rdterm : ae = -2c Place — 2cintothe 3rd position inside the ( ) i 


The other factor is 4a? + b® — 2c, and 
-1 (4a? +63 2c) = —4a? — 6? + 2c 
Without writing the —1, we get 
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- (4a? +53 — 2c) = —4a? — b? + 2c 

Example 6.11 

The product is —3a2b° — 15ab? + 9a7b? and a factor is —3a?b?. Find the other factor. 
—30282(——-) = —3a2b — 15020? + 90262 
Mentally dividing each term of the original trinomial by —3a7b?, we get. b? +5a—3 as the other 


factor, and 
—3a7b? (b? + 5a — 3) = —3a7b° — 15a3b? + 9a7b? 


6.3.4 Practice Set A 


Exercise 6.40 (Solution on p. 400.) 
The product is 3x? — 6x and a factor is 3x. Find the other factor. 

Exercise 6.41 (Solution on p. 400.) 
The product is 5y* + 10y? — 15y? and a factor is 5y?. Find the other factor. 

Exercise 6.42 (Solution on p. 400.) 
The product is 4a°y? — 8a*y* + 16a7y° + 24ay’ and a factor is 4ay?. Find the other factor. 
Exercise 6.43 (Solution on p. 400.) 
The product is —25a* — 35a? +5 and a factor is —5. Find the other factor. 

Exercise 6.44 (Solution on p. 401.) 


The product is —a? + b? and a factor is —1. Find the other factor. 


6.3.5 Exercises 
For the following problems, the first quantity represents the product and the second quantity a factor. Find 
the other factor. 
Exercise 6.45 (Solution on p. 401.) 
4x+10, 2 
Exercise 6.46 
6y+18, 3 
Exercise 6.47 (Solution on p. 401.) 
5a+25, 5 
Exercise 6.48 
1l6a+64, 8 
Exercise 6.49 (Solution on p. 401.) 
3a7+9a, 3a 
Exercise 6.50 
1467 + 16b, 2b 
Exercise 6.51 (Solution on p. 401.) 
Qa? +282, Tx 
Exercise 6.52 
45y? +50y, dy 
Exercise 6.53 (Solution on p. 401.) 
18a? —4a, 2a 
Exercise 6.54 
20a? —12a, 4a 


360 CHAPTER 6. FACTORING POLYNOMIALS 


Exercise 6.55 (Solution on p. 401.) 
7x? —14e, Tx 

Exercise 6.56 

6y? —24y, 6y 

Exercise 6.57 (Solution on p. 401.) 
8a*+4a, 4a 

Exercise 6.58 

26b7 +13b, 130 

Exercise 6.59 (Solution on p. 401.) 
9x7 ++ 62+18, 6 

Exercise 6.60 

12b7+16b+20, 4 

Exercise 6.61 (Solution on p. 401.) 
Qla?+7r—14, 7 

Exercise 6.62 

3527+ 402 —5, 5 

Exercise 6.63 (Solution on p. 401.) 
14y? —28y+14, 14 

Exercise 6.64 

36a? —16a+12, 4 

Exercise 6.65 (Solution on p. 401.) 
Ady? —10y—12, 2 

Exercise 6.66 

6b? —6b-—3, 3 

Exercise 6.67 (Solution on p. 401.) 
18274202, 2x 

Exercise 6.68 

AOy? +24y, 4y 

Exercise 6.69 (Solution on p. 401.) 
16x? — 1227, 4a? 

Exercise 6.70 

lig? —llx+11, 11 

Exercise 6.71 (Solution on p. 401.) 
10a? + 12a? +16a+8, 2 

Exercise 6.72 

14b? + 16b? + 26b+ 30, 2 

Exercise 6.73 (Solution on p. 401.) 
8a° — 4a? —12a+ 16, 4 

Exercise 6.74 

25a? — 30a7+ 152-10, 5 

Exercise 6.75 (Solution on p. 401.) 
4o® + 162+ — 162, 4x 

Exercise 6.76 

9a° + 6a° — 18a* +2407, 3a? 

Exercise 6.77 (Solution on p. 401.) 
102° — 35x?, 5a? 


Exercise 6.78 

12x73 y° + 2023 y?, 4a3y? 

Exercise 6.79 

10a*b? + 4a3b*, 2ab3 

Exercise 6.80 

8a3b&c8 + 12a2b5c® — 16a7b%c5, 4a2b>c® 
Exercise 6.81 

Ag®yt +a2? +2, @ 

Exercise 6.82 

140°6* — 3a*b* + 70°, a? 

Exercise 6.83 

64a5b?c! + 56a4b+c!9 — 48a%b>c® — 8a3b2c>, 8a%b?c° 
Exercise 6.84 

3h3b? — 2h°b? — 9h2b+ hb, hb 
Exercise 6.85 


5a+10, —5 
Exercise 6.86 
6b+8, —2 


Exercise 6.87 
8x2 +127, —4er 
Exercise 6.88 
20a7b? — 10a?,  — 10a? 
Exercise 6.89 
a+b, —-1 
Exercise 6.90 
z+y, —1l 
Exercise 6.91 
a-—b+c, -1 
Exercise 6.92 
2xr+4y—z, —-1 
Exercise 6.93 


—a-—b-c, —-1 
Exercise 6.94 
g?—x+1, -1 


6.3.6 Exercises for Review 
Exercise 6.95 
(Section 4.2) How many 4y?’s are there in 24x?y3? 


Exercise 6.96 
(Section 4.7) Find the product. (2y — 3)”. 


Exercise 6.97 
(Section 5.4) Solve 2 (2a — 1) -a=7. 


Exercise 6.98 


(Solution on p. 


(Solution on p. 


(Solution on p. 


(Solution on p. 


(Solution on p. 


(Solution on p. 


(Solution on p. 


(Solution on p. 


(Solution on p. 


(Solution on p. 


(Section 6.2) Given that 3m?n is a factor of 12m°n*, find the other factor. 


401.) 


401.) 


401.) 


401.) 


401.) 


401.) 


401.) 


402.) 


402.) 


402.) 
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6.4 The Greatest Common Factor* 


6.4.1 Overview 


e Factoring Method 
e Greatest Common Factor 


6.4.2 Factoring Method 


In the last two types of problems (Sections Section 6.2 and Section 6.3), we knew one of the factors and 
were able to determine the other factor through division. Suppose, now, we’re given the product without 
any factors. Our problem is to find the factors, if possible. This procedure and the previous two procedures 
are based on the distributive property. 
a(b +c) =ab+ac 
Rha yo 
factors product 


We will use the distributive property in reverse. 

ab+ac=a(b+c) 

—_—_——_CT" OT HO 

product factors 

We notice that in the product, ais common to both terms. (In fact, ais a common factor of both terms.) 
Since ais common to both terms, we will factor it out and write 

a( ) 

Now we need to determine what to place inside the parentheses. This is the procedure of the previous 
section. Divide each term of the product by the known factor a. 

*—=b and “=c 

Thus, band care the required terms of the other factor. Hence, 

ab+ac=a(b+c) 

When factoring a monomial from a polynomial, we seek out factors that are not only common to each 
term of the polynomial, but factors that have these properties: 


1. The numerical coefficients are the largest common numerical coefficients. 
2. The variables possess the largest exponents common to all the variables. 


6.4.3 Greatest Common Factor 


A monomial factor that meets the above two requirements is called the greatest common factor of the 
polynomial. 


6.4.4 Sample Set A 


Example 6.12 
Factor 32 — 18. 


The greatest common factor is 3. 


4This content is available online at <http://cnx.org/content /m21913/1.3/>. 
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3¢—-18=3-r-3-6 Factor out 3. 
3x — 18 = 3( ) Divide each term of the product by 3. 
ae =a and = = —6 
(Try to perform this division mentally.) 
3x — 18 = 3(a—-6) 


Example 6.13 
Factor 92° + 18x? + 272. 


Notice that 9zxis the greatest. common factor. 
9x3 + 182? + 272 = 9x - x? +9x-2e+9x-3. Factor out 92. 


9x? + 18x? + 27x = Ox ( ) Mentally divide 9z into each term of the product. 
9x? + 182? + 27x = 9x (a? + 2x +3) 


Example 6.14 
Factor 10x?y? — 20xry* — 35y°. 


Notice that 5y%is the greatest. common factor. Factor out 5y%. 
10x?y? — 20ry4 — 35y> = 5y? ( ) 
Mentally divide 5y%into each term of the product and place the resulting quotients inside the 
( ). 
102743 — 20ry* — 35y> = 5y3 (2a? — dry — Ty?) 
Example 6.15 
Factor —122° + 8° — 42. 


We see that the greatest common factor is —4r?. 
—122° + 8x? — 42? = —42? ( 
Mentally dividing —4x7into each term of the product, we get 
122° + 8x3 — 4x? = —4y? (x — 24+ 1) 


6.4.5 Practice Set A 


Exercise 6.99 (Solution on p. 402.) 
Factor 4x — 48. 

Exercise 6.100 (Solution on p. 402.) 
Factor 6y? + 24y? + 36y. 

Exercise 6.101 (Solution on p. 402.) 
Factor 10a°b* — 14a*b° — 80°. 

Exercise 6.102 (Solution on p. 402.) 


Factor — 14m4 + 28m? — 7m. 
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6.4.6 


Consider this problem: factor Av + Ay.Surely, Aw + Ay = A(a+y).We know from the very beginning of 
our study of algebra that letters represent single quantities. We also know that a quantity occurring within 
a set of parentheses is to be considered as a single quantity. Suppose that the letter Ais representing the 
quantity (a + b).Then we have 
Az + Ay = A(«+y) 

(a+b)a+(a+b)y=(atd)(e+y) 

When we observe the expression 

(a+ b)a+(atb)y 

we notice that (a + b)is common to both terms. Since it is common, we factor it out. 


(a+ 6) ( ) 
As usual, we determine what to place inside the parentheses by dividing each term of the product by 
(a+). 
at+b)a a+b 
aa =x and woe wy: 
Thus, we get 


(a+b)a+ (at+b)y = (a+b) (a+y) 
This is a forerunner of the factoring that will be done in Section 5.4. 
6.4.7 Sample Set B 
Example 6.16 
Factor (« — 7)a+(a—7)b. 


Notice that (2 — 7)is the greatest common factor. Factor out (a — 7). 


(e@-Ta+(e-7)b = (e-7( |} 


(~@—7)a = (w@—7)b __ 
Then, (r=7) = aand Gay = b. 
(c-7)a+(x—-—7)b = (x—7)(a+b) 


Example 6.17 
Factor 3x? (2 + 1) — 5a (a+ 1). 


Notice that zwand (a+ 1)are common to both terms. Factor them out. We'll perform this 
factorization by letting A = x(a +1). Then we have 


30A—5A = A (3a — 5) 
But A - x(a+1),s0 
3a7(x+1)—5a(a@+1) = a(x+1)(3a—-5) 


6.4.8 Practice Set B 


Exercise 6.103 (Solution on p. 402.) 
Factor (y+ 4)a+ (y +4) b. 
Exercise 6.104 (Solution on p. 402.) 


Factor 8m? (n — 4) — 6m? (n — 4). 
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6.4.9 Exercises 


For the following problems, factor the polynomials. 
Exercise 6.105 (Solution on p. 402.) 
9a+ 18 
Exercise 6.106 
6a + 24 
Exercise 6.107 (Solution on p. 402.) 
8b + 12 
Exercise 6.108 
16x + 12 
Exercise 6.109 (Solution on p. 402.) 
4z — 6 
Exercise 6.110 
8x — 14 
Exercise 6.111 (Solution on p. 402.) 
21ly — 28 
Exercise 6.112 
16 f — 36 
Exercise 6.113 (Solution on p. 402.) 
12x? + 18x 
Exercise 6.114 
10y? + 15y 
Exercise 6.115 (Solution on p. 402.) 
8y? +18 
Exercise 6.116 
7x? — 21 
Exercise 6.117 (Solution on p. 402.) 
3y? —6 
Exercise 6.118 
Qn? —2 
Exercise 6.119 (Solution on p. 402.) 
6y? — 6y 
Exercise 6.120 
ax? —a 
Exercise 6.121 (Solution on p. 402.) 
by? +b 
Exercise 6.122 
Tby? + 14b 
Exercise 6.123 (Solution on p. 402.) 
5a2a? + 10x 
Exercise 6.124 
24ax? + 28a 
Exercise 6.125 (Solution on p. 402.) 
10x? + 5a — 15 
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Exercise 6.126 


12x? — 8x — 16 
Exercise 6.127 (Solution on p. 402.) 
15y? — 24y +9 


Exercise 6.128 

ax? +ax +a 

Exercise 6.129 (Solution on p. 402.) 
by? + by? + by +b 

Exercise 6.130 


2y? + 6y + 4xy 
Exercise 6.131 (Solution on p. 402.) 
9x? + Gry + 4x 


Exercise 6.132 

30a7b? + 40a7b? + 50a7b? 

Exercise 6.133 (Solution on p. 402.) 
1327y°¢ — 26x7y°c — 39x7y° 

Exercise 6.134 

—4g? — 129 —8 

Exercise 6.135 (Solution on p. 402.) 
—6y? — 8y? — 14y + 10 

Exercise 6.136 

Ab + Ac 

Exercise 6.137 (Solution on p. 403.) 
Nx+Ny 

Exercise 6.138 

Qu + Qy 

Exercise 6.139 (Solution on p. 403.) 
Ax — Ay 

Exercise 6.140 

(a+ 4)b+(a+4)c 

Exercise 6.141 (Solution on p. 403.) 
(a —9)at+(ax—9)b 

Exercise 6.142 

(2a +7)a+(2x+7)b 

Exercise 6.143 (Solution on p. 403.) 
(9a — b) w — (9a — b) x 

Exercise 6.144 

(5-—v)X+(5-v)Y 

Exercise 6.145 (Solution on p. 403.) 
3a°y* — 124% y+ 27a y? — 6x74 

Exercise 6.146 

8a3bl> + 24a7b!4 + 48a3b° — 20a3b" + 80a4b® — 4a3b7 + 4a2b 

Exercise 6.147 (Solution on p. 403.) 
—8x3y? — 3a3y? + 1624y? + 2x7y 
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6.4.10 Exercises for Review 
Exercise 6.148 
(Section 5.6) A quantity plus 21% more of that quantity is 26.25. What is the original quantity? 
Exercise 6.149 (Solution on p. 403.) 
(Section 5.8) Solve the equation 6 (t — 1) =4(5—s) ifs =2. 


Exercise 6.150 
(Section 6.3) Given that 4a°is a factor of 8a? — 12a?,find the other factor. 


6.5 Factoring by Grouping’ 


6.5.1 Overview 


e Using Grouping to Factor a Polynomial 
e Knowing when to Try the Grouping Method 


6.5.2 Using Grouping to Factor a Polynomial 


Sometimes a polynomial will not have a particular factor common to every term. However, we may still be 
able to produce a factored form for the polynomial. 

The polynomial x? + 3x? — 6a — 18has no single factor that is common to every term. However, we notice 
that if we group together the first two terms and the second two terms, we see that each resulting binomial 
has a particular factor common to both terms. 


x?°+3x? — 6x-—18 
x?iscommon —6 is common 


Factor x? out of the first two terms, and factor —6 out of the second two terms. 
x? (x+3) —6(4+3) 
Now look closely at this binomial. Each of the two terms contains the factor (x + 3). 
Factor out (a + 3). 
(c +3) (a? — 6) is the final factorization. 
x? + 3x7 — 62-18 = (« +3) (2? —6) 


6.5.3 Knowing when to Try the Grouping Method 
We are alerted to the idea of grouping when the polynomial we are considering has either of these qualities: 


1. no factor common to all terms 
2. an even number of terms 


When factoring by grouping, the sign (+ or —)of the factor we are taking out will usually (but not always) 
be the same as the sign of the first term in that group. 


>This content is available online at <http://cnx.org/content/m21901/1.3/>. 
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6.5.4 Sample Set A 


Example 6.18 
Factor 8a7b+ — 4b4 + 14a? — 7. 


. We notice there is no factor common to all terms. 

. We see there are four terms, an even number. 

. We see that terms 1 and 2 have +4b+in common (since the 1st term in the group is +8a7b*. 

. We notice that the 3rd and 4th terms have +7 in common (since the 1st term in the group is 
+14a?). 


8a*b* — 4b* + 14a? — 7 = 4b4(2a? — 1) + 7(2a® — 1) 
* 


BwWrw re 


(2a* — 1) is common 


8a2b* — 4b4 + 14a2 —7 = (2a?-1)(4b*+7) 


6.5.5 Practice Set A 


Use the grouping method to factor the following polynomials. 


Exercise 6.151 (Solution on p. 403.) 
ax + ay + ba + by 

Exercise 6.152 (Solution on p. 403.) 
2am + 8m + 5an + 20n 

Exercise 6.153 (Solution on p. 403.) 
a?x3 + 4a7y? + 3bx? + 12by3 

Exercise 6.154 (Solution on p. 403.) 
15mz + 10nz — 6my — 4ny 

Exercise 6.155 (Solution on p. 403.) 
A0abx — 24abry — 35c7x + 21c? xy 

Exercise 6.156 (Solution on p. 403.) 


When factoring the polynomial 8a7b4— 4b4 + 14a? —7 in Sample Set A, we grouped together terms1 

and 2 and 3 and 4. Could we have grouped together terms1 and 3 and 2 and 4? Try this. 

8a7b* — 4b4 + 14a? — 7 = 
Do we get the same result? If the results do not look precisely the same, recall the commutative property of 
multiplication. 


6.5.6 Exercises 
For the following problems, use the grouping method to factor the polynomials. Some polynomials may not 
be factorable using the grouping method. 


Exercise 6.157 (Solution on p. 403.) 
2ab + 3a + 18b + 27 

Exercise 6.158 

xy — Tx + Ay — 28 

Exercise 6.159 (Solution on p. 403.) 
ty+x+3yt+3 


Exercise 6.160 

mp + 38mq + np + 3nq 
Exercise 6.161 

ar + 4as + 5br + 20bs 
Exercise 6.162 

14ax — 6ba + 2lay — 9by 
Exercise 6.163 

12ma — 6ba + 2lay — 9by 
Exercise 6.164 

36ak — 8ah — 27bk + 6bh 
Exercise 6.165 

a’b? + 2a? + 3b? +6 
Exercise 6.166 

3n? +6n + 9m? + 12m 
Exercise 6.167 

8y* — By? + 1227 — 10z 
Exercise 6.168 

x? +4e — 3y2+y 

Exercise 6.169 

x? — 324+ cy — 3y 

Exercise 6.170 

Qn? + 12n — 5mn — 30m 
Exercise 6.171 

Apq — 7p + 3q? — 21 
Exercise 6.172 

8x? + l6xry — 5a — 10y 
Exercise 6.173 

12s? — 27s — 8st + 18t 
Exercise 6.174 

15a? — 122 — 10zry + 8y 
Exercise 6.175 

a*b* + 3a°b° + 2a7b? + 6a3b3 
Exercise 6.176 

4a be — 14a7bc® + 10abc? — 35bc4* 
Exercise 6.177 

5a2yz + 3803 yw — 10y3z? — 6Bwayz 
Exercise 6.178 

a®b?cd + abe? dx — a*bay — cx? y 
Exercise 6.179 


5m nl? p3 _ mon p* a 40m*n! gt? + 8pqt? 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 
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6.5.7 Exercises for Review 


Exercise 6.180 

(Section 2.6) Simplify («°y?) (xy). 

Exercise 6.181 (Solution on p. 404.) 
(Section 3.8) Use scientific notation to find the product of (3 x 107°) (2 x 107). 


Exercise 6.182 
. . . . oe 6 
(Section 4.8) Find the domain of the equation y = >is. 
Exercise 6.183 (Solution on p. 404.) 
(Section 5.8) Construct the graph of the inequality y > —2. 


> i. 


Exercise 6.184 
(Section 6.4) Factor 8a4b4 + 12a%b° — 8a?b?. 


6.6 Factoring Two Special Products ° 


6.6.1 Overview 


e The Difference of Two Squares 
e Fundamental Rules of Factoring 
e Perfect Square Trinomials 


6.6.2 The Difference of Two Squares 


Recall that when we multiplied together the two binomials (a+ 6) and (a — 6), we obtained the product 
a? — b?. 

(a+b) (a—b) =a?—-0? 
Perfect Square 
Notice that the terms a? and b? in the product can be produced by squaring a and b, respectively. A term 
that is the square of another term is called a perfect square. Thus, both a? and b? are perfect squares. 
The minus sign between a? and 6? means that we are taking the difference of the two squares. 
Since we know that (a + b) (a — b) = a? —b?, we need only turn the equation around to find the factorization 
form. 


a? — b? = (a+b) (a—b) 

The factorization form says that we can factor a? — b?, the difference of two squares, by finding the 
terms that produce the perfect squares and substituting these quantities into the factorization form. 
When using real numbers (as we are), there is no factored form for the sum of two squares. That is, using 
real numbers, 


a? + b? cannot be factored 
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6.6.3 Sample Set A 


Example 6.19 
Factor x? — 16. Both x? and 16 are perfect squares. The terms that, when squared, produce x 
and 16 are x and 4, respectively. Thus, 
x? —16 = (4 +4) (x — 4) 
We can check our factorization simply by multiplying. 
(2+4)(e@-4) = 2?-4r+4r—-16 


= 2-16. 


2 


Example 6.20 
49a?b* — 121. Both 49a?b* and 121 are perfect squares. The terms that, when squared, produce 
49a?b* and 121 are 7ab? and 11, respectively. Substituting these terms into the factorization form 
we get 

49a?b* — 121 = (Tab? + 11)(7ab? — 11) 

We can check our factorization by multiplying. 

(7ab? +11) (7ab?—11) = 49a?b4 — 11ab? + 1lab? — 121 
A49a?b* — 121 


Example 6.21 
3a? — 27. This doesn’t look like the difference of two squares since we don’t readily know the terms 
that. produce 32? and 27. However, notice that 3 is common to both the terms. Factor out 3. 


3 (x? — 9) 
Now we see that x? — 9 is the difference of two squares. Factoring the x? — 9 we get 
37-27 = 3(x?-9) 


= 3(#+3)(x-3) 
Be careful not to drop the factor 3. 


6.6.4 Practice Set A 


If possible, factor the following binomials completely. 


Exercise 6.185 (Solution on p. 404.) 
m? — 25 

Exercise 6.186 (Solution on p. 404.) 
36p? — 81q? 

Exercise 6.187 (Solution on p. 404.) 
49a4 — b?c? 

Exercise 6.188 (Solution on p. 404.) 
x8 y4 — 100w!? 

Exercise 6.189 (Solution on p. 404.) 
3a? — 75 

Exercise 6.190 (Solution on p. 404.) 


a®b*m — am3n? 
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6.6.5 Fundamental Rules of Factoring 
There are two fundamental rules that we follow when factoring: 
Fundamental Rules of Factoring 


1. Factor out all common monomials first. 
2. Factor completely. 


6.6.6 Sample Set B 
Factor each binomial completely. 
Example 6.22 
4a®b — 360°. Factor out the common factor 4b. 
4b (a® — 9b*) 
Now we can see a difference of two squares, whereas in the original polynomial we could not. 
We'll complete our factorization by factoring the difference of two squares. 


4a®b — 360° Ab (a8 = 9b*) 
4b (a* + 3b?) (a* — 3b?) 


Example 6.23 


gi6 — x8, Factor this difference of two squares. 
gi6_y8 = (a8 + y*) (x8 = y*) 


Sum of two squares Difference of two squares 
Does not factor Factor it! 
= (a8 +y*) (et +y?) (et -y) 
Factor again! 
= (x +y") (et +") (2 +9) (2? —y) 
Finally, the factorization is complete. 


These types of products appear from time to time, so be aware that you may have to factor 
more than once. 


6.6.7 Practice Set B 


Factor each binomial completely. 


Exercise 6.191 (Solution on p. 404.) 
m4 —n4 
Exercise 6.192 (Solution on p. 404.) 
16y> — 1 


6.6.8 Perfect Square Trinomials 


Recall the process of squaring a binomial. 
(ab)” = a? + 2ab + b? (ab)? = a? — 2ab4+ B? 
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Our Method Is We Notice 


Square the first term. The first term of the product should be a perfect 
square. 


Take the product of the two terms and double it. The middle term of the product should be divisible 
by 2 (since it’s multiplied by 2). 


Square the last term. The last term of the product should be a perfect 
square. 


Table 6.1 


Perfect square trinomials always factor as the square of a binomial. 
To recognize a perfect square trinomial, look for the following features: 


1. The first and last terms are perfect squares. 
2. The middle term is divisible by 2, and if we divide the middle term in half (the opposite of doubling 
it), we will get the product of the terms that when squared produce the first and last terms. 


In other words, factoring a perfect square trinomial amounts to finding the terms that, when squared, produce 
the first and last terms of the trinomial, and substituting into one of the formula 


a2 + 2ab+b? = (a+b)? a? —2ab+b? = (a—b)* 


6.6.9 Sample Set C 
Factor each perfect square trinomial. 


Example 6.24 
x? + 62+9. This expression is a perfect square trinomial. The x? and 9 are perfect. squares. 

The terms that when squared produce x? and 9 are x and 3, respectively. 

The middle term is divisible by 2, and oe = 32. The 32 is the product of x and 3, which are 
the terms that produce the perfect squares. 

a? +6 +9 = (443) 
Example 6.25 
x* —10x7y? + 25y°. This expression is a perfect square trinomial. The «+ and 25y° are both perfect 
squares. The terms that when squared produce «+ and 25y® are x? and 5y°, respectively. 

23.3: 

The middle term —10x?y° is divisible by 2. In fact, 82% = —522y3. Thus, 

x* — 1027y3 + 25y® = (x? - 5y8)” 
Example 6.26 
x? +102 +16. This expression is not a perfect square trinomial. Although the middle term is 


divisible by 2, 2 ie = 5a, the 5 and z are not the terms that when squared produce the first and 
last terms. (This expression would be a perfect square trinomial if the middle term were 82.) 


Example 6.27 

4da* + 32a?b — 64b?. This expression is not a perfect square trinomial since the last term —64b? is 

not a perfect square (since any quantity squared is always positive or zero and never negative). 
Thus, 4a* + 32a7b — 64b? cannot be factored using this method. 
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6.6.10 Practice Set C 


Factor, if possible, the following trinomials. 


Exercise 6.193 (Solution on p. 404.) 
m? — 8m + 16 

Exercise 6.194 (Solution on p. 404.) 
k? + 10k + 25 

Exercise 6.195 (Solution on p. 404.) 
4a? + 12a+9 

Exercise 6.196 (Solution on p. 404.) 
9x? — 24ry + 16y? 

Exercise 6.197 (Solution on p. 404.) 
2wz + 16w2? + 32w23 

Exercise 6.198 (Solution on p. 404.) 
x? + 12 + 49 


6.6.11 Exercises 


For the following problems, factor the binomials. 
Exercise 6.199 (Solution on p. 404.) 
a? —9 
Exercise 6.200 
a* — 25 
Exercise 6.201 (Solution on p. 404.) 
x? — 16 
Exercise 6.202 
y? — 49 
Exercise 6.203 (Solution on p. 404.) 
a” — 100 
Exercise 6.204 
b? — 36 
Exercise 6.205 (Solution on p. 404.) 
4a? — 64 
Exercise 6.206 
2b? — 32 
Exercise 6.207 (Solution on p. 404.) 
327 — 27 
Exercise 6.208 
5a? — 125 
Exercise 6.209 (Solution on p. 404.) 
4a? — 25 
Exercise 6.210 
9x? — 100 


Exercise 6.211 (Solution on p. 404.) 
36y? — 25 


Exercise 6.212 
121a? —9 
Exercise 6.213 
12a? — 75 
Exercise 6.214 
10y? — 320 
Exercise 6.215 
8y? — 50 
Exercise 6.216 
a’b? —9 
Exercise 6.217 
xy? — 25 
Exercise 6.218 
gty* — 36 
Exercise 6.219 
gty4* — 9a? 
Exercise 6.220 
a’b* — 16y4 
Exercise 6.221 
4a2b? — 9b? 
Exercise 6.222 
16x? — 25y? 
Exercise 6.223 
a? — b? 
Exercise 6.224 
a* —o4 
Exercise 6.225 
4,4 
x y 
Exercise 6.226 
a8 — y? 
Exercise 6.227 
a® — y? 
Exercise 6.228 
pe oa y? 
Exercise 6.229 
pe _ 4 
Exercise 6.230 
9— x? 
Exercise 6.231 
25 — a? 
Exercise 6.232 
49 — 16a? 
Exercise 6.233 
100 — 364 
Exercise 6.234 
128 — 32a? 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 
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Exercise 6.235 (Solution on p. 405.) 

xt — 16 

Exercise 6.236 

2ab? — ab 

Exercise 6.237 (Solution on p. 405.) 
4 pt 

a 

Exercise 6.238 

ql6 — pf 


Exercise 6.239 (Solution on p. 405.) 
gi? — yl? 
Exercise 6.240 
a’c — 9e 
Exercise 6.241 (Solution on p. 405.) 
ac? — 25ac? 
Exercise 6.242 
a*h+c?d? — 36x7y 
Exercise 6.243 (Solution on p. 405.) 
AQx?y*z6 — 64a*b2c8 1° 
For the following problems, factor, if possible, the trinomials. 
Exercise 6.244 
x? + 824+ 16 
Exercise 6.245 (Solution on p. 405.) 
x? + 102 + 25 
Exercise 6.246 
a®? + 4a+4 
Exercise 6.247 (Solution on p. 405.) 
a? + 124+ 36 
Exercise 6.248 
b? + 18b + 81 
Exercise 6.249 (Solution on p. 405.) 
y? + 20y + 100 
Exercise 6.250 
+6c4+9 
Exercise 6.251 (Solution on p. 405.) 
a® — 4a +4 
Exercise 6.252 
b? —6b4+ 9 
Exercise 6.253 (Solution on p. 405.) 
x? — 102 + 25 
Exercise 6.254 
b? — 22b4 121 
Exercise 6.255 (Solution on p. 405.) 
a* — 24a + 144 
Exercise 6.256 
ax +2a+1 


Exercise 6.257 
x? +2¢4+1 
Exercise 6.258 
x? —Qa4+1 
Exercise 6.259 
b?—2b+1 
Exercise 6.260 
4a? + 12a+9 
Exercise 6.261 
9x? +6241 
Exercise 6.262 
Ax? + 28a + 49 
Exercise 6.263 
16a? — 24a +9 
Exercise 6.264 
25a? — 20a + 4 
Exercise 6.265 
9x? + Gry + y? 
Exercise 6.266 


16x? + 24xy + Oy? 


Exercise 6.267 


36a? + 60ab + 25b? 


Exercise 6.268 
Ax? — 122y + 9y? 
Exercise 6.269 
12a? — 60a + 75 
Exercise 6.270 
16a? + 82 +1 
Exercise 6.271 
32x? + 16x + 2 
Exercise 6.272 
et+etl 
Exercise 6.273 
4a? +a+9 
Exercise 6.274 
9a? — 21a4+ 49 
Exercise 6.275 
x + 824 + 1623 
Exercise 6.276 


12a?b — 48a2b? + 48ab? 
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6.6.12 EXERCISES FOR REVIEW 
Exercise 6.277 (Solution on p. 406.) 
(Section 6.4) Factor (m — 3) x —(m-— 3) y. 
Exercise 6.278 
(Section 6.5) Factor 8xm + 16xn + 3ym + 6yn by grouping. 


6.7 Factoring Trinomials with Leading Coefficient 1° 


6.7.1 Overview 


e Method 
e Factoring Hints 


6.7.2 Method 
Let’s consider the product of the two binomials (a + 4) and (# +7). 


(x + 4)(x + 7) = x? + Tx + 4x + 28 


— =x2+11x+ 28 


Notice that the first term in the resulting trinomial comes from the product of the first terms in 
the binomials: x-2 = 2%. The last term in the trinomial comes from the product of the last terms in 
the binomials: 4-7 = 28. The middle term comes from the addition of the outer and inner products: 
7x + 4x = 112. Also, notice that the coefficient of the middle term is exactly the sum of the last terms in 
the binomials: 4+ 7 = 11. 

The problem we’re interested in is that given a trinomial, how can we find the factors? When the leading 
coefficient (the coefficient of the quadratic term) is 1, the observations we made above lead us to the following 


method of factoring. 
Method of Factoring 


1. Write two sets of parentheses: ( 


2. Place a binomial into each set of parentheses. The first term of each binomial is a factor of the first 
term of the trinomial. 

3. Determine the second terms of the binomials by determining the factors of the third term that when 
added together yield the coefficient of the middle term. 


6.7.3 Sample Set A 


Factor the following trinomials. 
Example 6.28 
z?+5xr+6 
1. Write two sets of parentheses: 
2. Place the factors of x? into the first position of each set of parentheses: 


(a (a 


“This content is available online at <http://cnx.org/content /m21904/1.3/>. 


3. The third term of the trinomial is 6. We seek two numbers whose 
(a) product is 6 and 
(b) sum is 5. 
The required numbers are 3 and 2. Place +3 and + 2 into the parentheses. 
x*+52+6=(x+3) (x4 2) 
The factorization is complete. We’ll check to be sure. 
(v+3) (©@+2) = a2?+2r+3r+6 


= 2?+5r2+6 


Example 6.29 
y? — 2y — 24 


1. Write two sets of parentheses: ( ) ( }. 
2. Place the factors of y? into the first position of each set of parentheses: 
@ ty 
3. The third term of the trinomial is —24. We seek two numbers whose 
(a) product is —24 and 
(b) sum is —2. 
The required numbers are —6and 4. Place —6and + 4 into the parentheses. 
y” — 2y — 24 = (y—6) (y+ 4) 
The factorization is complete. We’ll check to be sure. 
(y—6) (y+4) = y+ 4y—6y—24 
= yr—2y-24 


Notice that the other combinations of the factors of —24(some of which are —2, 12;3, —8; and — 4, 6) 


do not work. For example, 
(y — 2) (y+ 12) y? +] 10y |— 24 
(y+3)(y—-8) = y?—| dy |- 24 
(y—4)(y+6) = y+] 2y |- 24 
In all of these equations, the middle terms are incorrect. 


Example 6.30 
a? — 11la+ 30 


1. Write two sets of parentheses: 


2. Place the factors of a? into the first. position of each set of parentheses: 
(a (a 
3. The third term of the trinomial is +30. We seek two numbers whose 
(a) product is 30 and 
(b) sum is —11. 
The required numbers are —5and — 6. Place —5and — 6into the parentheses. 
a? —1la+30=(a—5) (a—6) 
The factorization is complete. We’ll check to be sure. 


(a—5) (a—6) = a?—6a—5a4+30 
a? — 1la+30 


Example 6.31 
3x? — 15x — 42 
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Before we begin, let’s recall the most basic rule of factoring: factor out common monomial 
factors first. Notice that 3 is the greatest common monomial factor of every term. Factor out 3. 
3x? — 154 — 42 = 3 (a? — 5a — 14) 


Now we can continue. 


1. Write two sets of parentheses:3 ( 


2. Place the factors of «into the first position of each set of parentheses: 
3 (a (a 
3. The third term of the trinomial is —14. We seek two numbers whose 
(a) product is —14 and 
(b) sum is —5. 
The required numbers are —7and 2. Place —7and + 2into the parentheses. 
3a? — 152 —42 =3(a4—7) (x@+2) 
The factorization is complete. We’ll check to be sure. 


3(e—7) (e+2) = 3(2?+2x-7x—-14) 
= 3(2?—5ax—-14) 
3n7 — 15a — 42 


6.7.4 Practice Set A 


Factor, if possible, the following trinomials. 


Exercise 6.279 (Solution on p. 406.) 
k? + 8k +15 

Exercise 6.280 (Solution on p. 406.) 
y? + Ty — 30 

Exercise 6.281 (Solution on p. 406.) 
m? + 10m + 24 

Exercise 6.282 (Solution on p. 406.) 
m? — 10m +4 16 


6.7.5 Factoring Hints 


Factoring trinomials may take some practice, but with time and experience, you will be able to factor much 
more quickly. 

There are some clues that are helpful in determining the factors of the third term that when added yield 
the coefficient of the middle term. 
Factoring Hints 
Look at the sign of the last term: 


a. If the sign is positive, we know that the two factors must have the same sign, since (+) (+) = 
(+) and (—) (—) = (+). The two factors will have the same sign as the sign of the middle term. 
b. If the sign is negative, we know that two factors must have opposite signs, since (+) (—) = 


(—) and (—) (+) = (-). 


6.7.6 Sample Set B 


Example 6.32 
Factor «7 — 7x + 12. 


1. Write two sets of parentheses: ( 


2. The third term of the trinomial is +12. The sign is positive, so the two factors of 12 we are 
looking for must have the same sign. They will have the sign of the middle term. The sign 
of the middle term is negative, so both factors of 12 are negative. They are —12and —1, — 
6and — 2, or — 4and — 3. Only the factors —4and — 3addto — 7,so —4and — 3 are the 
proper factors of 12 to be used. 

x? —Tr+12=(x—4) (4-3) 


6.7.7 Practice Set B 


Factor, if possible, the following trinomials. 


Exercise 6.283 (Solution on p. 406.) 
Ak? + 32k + 28 

Exercise 6.284 (Solution on p. 406.) 
3y4 + 24y3 + 36y? 

Exercise 6.285 (Solution on p. 406.) 
x? — xy — 6y? 

Exercise 6.286 (Solution on p. 406.) 


—5a°b — 10a*b? + 15a2b3 


6.7.8 Exercises 


For the following problems, factor the trinomials when possible. 
Exercise 6.287 (Solution on p. 406.) 
x2 +4x2+3 
Exercise 6.288 
x?+6r+8 
Exercise 6.289 (Solution on p. 406.) 
x2 +7x +12 
Exercise 6.290 
x? +6x2+5 
Exercise 6.291 (Solution on p. 406.) 
y? + 8y +12 
Exercise 6.292 
y? — 5y + 6 
Exercise 6.293 (Solution on p. 406.) 
y? — Sy +4 
Exercise 6.294 
a? +a—6 
Exercise 6.295 (Solution on p. 406.) 
a? +3a—4 
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Exercise 6.296 

x? + 4x— 21 

Exercise 6.297 (Solution on p. 406.) 
x? — 4x — 21 

Exercise 6.298 

x2 +7x +12 

Exercise 6.299 (Solution on p. 406.) 
y? + 10y + 16 

Exercise 6.300 

x? + 6x — 16 

Exercise 6.301 (Solution on p. 406.) 
y? —8y+7 

Exercise 6.302 

y? — 5y — 24 

Exercise 6.303 (Solution on p. 406.) 
a? +a— 30 

Exercise 6.304 

a? —3a+2 

Exercise 6.305 (Solution on p. 406.) 
a? — 12a+ 20 

Exercise 6.306 

y? — 4y — 32 

Exercise 6.307 (Solution on p. 406.) 
x? + 132 + 42 

Exercise 6.308 

x? + 2x — 35 

Exercise 6.309 (Solution on p. 407.) 
x? + 132 +40 

Exercise 6.310 

y? + 6y — 27 

Exercise 6.311 (Solution on p. 407.) 
b? + 15b + 56 

Exercise 6.312 

3a? + 24a + 36 

(Hint: Always search for a common factor.) 

Exercise 6.313 (Solution on p. 407.) 
Ax? +127+8 

Exercise 6.314 

2a? — 18a + 40 

Exercise 6.315 (Solution on p. 407.) 
5y? — 70y + 440 

Exercise 6.316 

6x? — 54x + 48 

Exercise 6.317 (Solution on p. 407.) 
x? + 627 + 8x 


Exercise 6.318 
xv? — 8x? + 152 
Exercise 6.319 

4 3 2 
a* + 9x" + 149 
Exercise 6.320 
2a? + 12a? + 10a 
Exercise 6.321 
4a® — 40a? + 84a 
Exercise 6.322 
3am? + 33am 4+ 54a 
Exercise 6.323 
Qy?n2 — 10y?n — 48y? 
Exercise 6.324 
4da* — 4203 + 1440? 
Exercise 6.325 
y? + 13y4 + 42y3 
Exercise 6.326 
4a?a® — 48a7a° + 2522704 


6.7.9 Exercises for Review 
Exercise 6.327 
(Section 6.5) Factor 6xry + 2ax — 3ay — a?. 
Exercise 6.328 
(Section 6.6) Factor 8a? — 50. 


Exercise 6.329 
(Section 6.6) Factor 4x? + 17x — 15. 


6.8 Factoring Trinomials with Leading Coefficient Other Than 1 °* 


6.8.1 Overview 


e The Method of Factorization 


6.8.2 The Method of Factorization 
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In the last section we saw that we could easily factor trinomials of the form x? + bx +c by finding the factors 
of the constant c that add to the coefficient of the linear term b, as shown in the following example: 


Factor x? — 4x — 21. 
The third term of the trinomial is —21. We seek two numbers whose 
(a) product is —21 and 
(b) sum is —4. 
The required numbers are —7 and +3. 
x? — 4x — 21 = (x& — 7) (x +3) 


®This content is available online at <http://cnx.org/content /m21912/1.3/>. 
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The problem of factoring the polynomial ax? + bx +c, a #1, becomes more involved. We will study two 
methods of factoring such polynomials. Each method produces the same result, and you should select the 
method you are most comfortable with. The first method is called the trial and error method and requires 
some educated guesses. We will examine two examples (Sample Sets A and B). Then, we will study a second 
method of factoring. The second method is called the collect and discard method, and it requires less 
guessing than the trial and error method. Sample Set C illustrates the use of the collect and discard method. 


6.8.2.1 The Trial and Error Method of Factoring ax? + bx +c 


Trial and Error Method 
Consider the product 


(4x + 3)(5x + 2) = 4x 5x +4x-24+3-5x4+3-2 
= 20x? + 8x + 15x +6 


= 20x? + 23x +6 


Examining the trinomial 202? + 232 + 6, we can immediately see some factors of the first and last terms. 


20a? 6 
20x”, x 6, 1 
10x, 2x” | 3, 2 
5x, 4x 

Table 6.2 


Our goal is to choose the proper combination of factors of the first and last terms that yield the middle 
term 232. 
Notice that the middle term comes from the sum of the outer and inner products in the multiplication of 
the two binomials. 
outer product 
8x 


Sra 
(4x + 3)(5x + 2) 
tJ 


15x 
inner product 


This fact provides us a way to find the proper combination. 
Look for the combination that when multiplied and then added yields the middle term. 
The proper combination we’re looking for is 


20x? 6 
20x, x 6, 1 
10x, x 3, 2 

5x, 4x | 

LL 15x 

+8x 


23x 
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6.8.3 Sample Set A 


Example 6.33 
Factor 62? + 2 — 12. 


Factor the first and last terms. 


6x? —12 
6x, x —12,1 
3x, 2x 12,—1 

—6,2 
6, —2 
—4,3 
4,-—3 
— 8x 
+9x 
x 


Thus, 3x and 3 are to be multiplied, 2x and —4 are to be multiplied. 


627 +2—-12 = Put the factors of the leading term in immediately. 
= 3x 22 Since 3z and 3 are to be multiplied, they must be located in differer 
— ( 3a ) ( 22 + 3 ) Placethe — 4in the remaining set of parentheses. 
= ( 3a — A ) ( 2e + 3 ) 
6742-12 = (32 — 4)( 2 + 3} 
Check: (3a—4)(22+3) = 627492 —-8x—-12 
= 627+2-12 


Example 6.34 
Factor 82? — 30x — 27. 


Find the factors of the first and last terms. 


8x? —27 
8x, x —27, 1 
4x, 2x 27,—1 

—9,3 
9,-3 
— 36x 
+ 6x 
— 30x 


Thus, the 4x and —9 are to be multiplied, and 2x and 3 are to be multiplied. 
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8x? — 30x — 27 


I 
a 


4c) ( 22 ) 
40 )( 2 - 9) 
4 (2 2 2 


l| 
a 


ne 


check: (4a + 3) (2a — 9) 


Example 6.35 
Factor 15a? + 442 + 32. 


Before we start finding the factors of the first and last terms, notice that the constant term 
is +32. Since the product is positive, the two factors we are looking for must have the same sign. 
They must both be positive or both be negative. Now the middle term, +442, is preceded by a 
positive sign. We know that the middle term comes from the sum of the outer and inner products. 
If these two numbers are to sum to a positive number, they must both be positive themselves. If 
they were negative, their sum would be negative. Thus, we can conclude that the two factors of 
+32 that we are looking for are both positive numbers. This eliminates several factors of 32 and 
lessens our amount of work. 

Factor the first and last terms. 


15x? 32 
15x, x 32, 1 
5x, 3x 16, 2 
| f 8, 4 
U— 24x | 
+ 20x 
44x 


After a few trials we see that 5” and 4 are to be multiplied, and 3x and 8 are to be multiplied. 
15x? + 44x + 32 = (5x + 8) (32 + 4) 


Example 6.36 
Factor 1827 — 56x + 6. 


We see that each term is even, so we can factor out 2. 

2 (9x? — 28a + 3) 

Notice that the constant term is positive. Thus, we know that the factors of 3 that we are 
looking for must have the same sign. Since the sign of the middle term is negative, both factors 
must be negative. 

Factor the first and last terms. 


9x? = 


9x, x —< —iag —] 
3x, 3x 
+— +—212 


— 28x 


There are not many combinations to try, and we find that 9x and —3 are to be multiplied and 
x and —1 are to be multiplied. 


18a? —56a+6 = 2 (9x? — 28x + 3) 
2 (9% — 1) (a — 3) 
If we had not factored the 2 out first, we would have gotten the factorization 
18x? — 56x + 6 = (9x — 1) (2x — 6) 
= 


2 is common 
The factorization is not complete since one of the factors may be factored further. 
18x7 —562+6 = (9x—-1)(2x—-6) 
= (9x—1)-2(a-3) 
2(9%-—1)(#-3) (Bythecommutative property of multiplication.) 


The results are the same, but it is much easier to factor a polynomial after all common factors 
have been factored out first. 


Example 6.37 
Factor 3a? + 2 — 14. 


There are no common factors. We see that the constant term is negative. Thus, the fac- 
tors of —14 must have different signs. 
Factor the first and last terms. 


After a few trials, we see that 32 and —2 are to be multiplied and x and 7 are to be multiplied. 
3a? +4 — 14 = (32 +7) (x — 2) 


Example 6.38 
Factor 8a? — 26ry + 15y?. 


We see that the constant term is positive and that the middle term is preceded by a minus 
sign. 

Hence, the factors of 15y? that we are looking for must both be negative. 

Factor the first and last terms. 
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8x? 15y? 
8x, x — 15y, —y 
4x, 2x — By, —3y 
U —20xy = 
+ —6xy 
— 26xy 
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After a few trials, we see that 4% and —5y are to be multiplied and 2% and —3y are to be 
multiplied. 


8x? — 26xy + 15y? = (4x — 3y) (2a — Sy) 


6.8.4 Practice Set A 


Factor the following, if possible. 
Exercise 6.330 


Qu? 4 


+ 132 —7 


Exercise 6.331 


3a? 4 


tar—A4 


Exercise 6.332 
4a? — 25a — 21 
Exercise 6.333 


16b? 


—22b-—3 


Exercise 6.334 


10y? 


—19y —15 


Exercise 6.335 
6m? + 40m? — 14m 


Exercise 6.336 


14p? 


+ 3lpq — 10¢? 


Exercise 6.337 
—24w?z? + 14wz3 — 224 
Exercise 6.338 
3a? + Gry + 2y? 


As you get more practice factoring these types of polynomials you become faster at picking the proper 


combinations. It takes a lot of practice! 


(Solution on p. 407.) 
(Solution on p. 407.) 
(Solution on p. 407.) 
(Solution on p. 407.) 
(Solution on p. 407.) 
(Solution on p. 407.) 
(Solution on p. 407.) 
(Solution on p. 407.) 


(Solution on p. 407.) 


There is a shortcut that may help in picking the proper combinations. This process does not always work, 
but it seems to hold true in many cases. After you have factored the first and last terms and are beginning 
to look for the proper combinations, start with the intermediate factors and not the extreme ones. 


6.8.5 Sample Set B 


Example 6.39 
Factor 2427 — 41x + 12. 


Factor the first and last terms. 
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24x? 12 
242, x —12, -1 
La 2e —6, -—2 
8x, 3x —4, -3 
6x, 4x 

Table 6.3 


Rather than starting with the 24x%,x7 and —12,—1, pick some intermediate values, 82 and 3z, 
the 6x and 42, or the —6 and —2, or the —4 and —3. 
24x? — 41x + 12 = (8% — 3) (3a — 4) 


6.8.6 Practice Set B 


Exercise 6.339 (Solution on p. 407.) 
Factor 48x? + 22x — 15. 

Exercise 6.340 (Solution on p. 407.) 
Factor 54y? + 39yw — 28w?. 


6.8.6.1 The Collect and Discard Method of Factoring ax? + bx + ¢ 


Collect and Discard Method 
Consider the polynomial 6x? + x — 12. We begin by identifying a and c. In this case, a = 6 and c = —12. 
We start out as we would with a= 1. 


6x2 +x—-12: ( 6x ) ( 6x ) 
Now, compute a-c. 


a-c= (6) (—12) = —72 
Find the factors of —72 that add to 1, the coefficient of x, the linear term. The factors are 9 and —8. 
Include these factors in the parentheses. 


627+ 2-12: (62+ 9) (6x — 8) 
But we have included too much. We must eliminate the surplus. Factor each parentheses. 


6a? +a2—12: 3(24+3)-2(3x —4) 
Discard the factors that multiply to a = 6. In this case, 3 and 2. We are left with the proper factorization. 


6a? + x — 12 = (2x + 3) (32 — 4) 


6.8.7 Sample Set C 


Example 6.40 
Factor 10a? + 23a — 5. 


Identify a= 10 and b= —5. 
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10a? + 23” — 5; ( 10x ) ( 10x ) 

Compute 

a-c= (10) (—5) = —50 

Find the factors of —50 that add to +23, the coefficient of x, the linear term. The factors are 
25 and —2. Place these numbers into the parentheses. 

10x? +232 —5: (10x + 25) (10x — 2) 

We have collected too much. Factor each set of parentheses and eliminate the surplus. 

10x? +232 —5: (5) (2x +5): (2) (52-1) 

Discard the factors that multiply to a = 10. In this case, 5 and 2. 

10x? + 232 —5 = (2x +5) (52-1) 


Example 6.41 
Factor 82? — 30x — 27. 


Identify a = 8 and c= —27. 

8x? —30n-27: (8x )(8e ) 

Compute 

a-c= (8) (—27) = —216 

Find the factors of —216 that add to —30, the coefficient of x, the linear term. This requires 
some thought. The factors are —36 and 6. Place these numbers into the parentheses. 

8x? — 302 — 27: (8x — 36) (8x + 6) 

We have collected too much. Factor each set of parentheses and eliminate the surplus. 


8a? — 302 — 27: (4) (2x —9) - (2) (4x + 3) 


Discard the factors that multiply to a = 8. In this case, 4 and 2. 
8a? — 30x — 27 = (2x — 9) (4r + 3) 

Example 6.42 

Factor 182? — 5ay — 2y?. 


Identify a = 18 and c= —2. 

1822 — Bey — 2y?: ( 180 ) ( 182 ) 

Compute 

a-c= (18) (—2) = —36 

Find the factors of —36 that add to —5, the coefficient of xy. In this case, —9 and 4. Place 
these numbers into the parentheses, affixing y to each. 

18x? —5ay —2y?: (18¢ — 9y) (18x + 4y) 

We have collected too much. Factor each set of parentheses and eliminate the surplus. 

18x? — 5xy —2y2: (9) (2x — y) - (2) (9x + 2y) 

Discard the factors that multiply to a = 18. In this case, 9 and 4. 

18x? — 5xy — 2y? = (2x — y) (9x + 2y) 


6.8.8 Practice Set C 


Exercise 6.341 (Solution on p. 407.) 
Factor 6x2? + 7x — 3. 

Exercise 6.342 (Solution on p. 407.) 
Factor 14x? — 31x — 10. 

Exercise 6.343 (Solution on p. 407.) 


Factor 482? + 22x — 15. 


Exercise 6.344 
Factor 10a? — 23aw + 12w?. 


6.8.9 Exercises 


Factor the following problems, if possible. 


Exercise 6.345 
v?+3n+4+2 
Exercise 6.346 
v2 +7x +12 
Exercise 6.347 
Qa7 + 7a +5 
Exercise 6.348 
307 +4741 
Exercise 6.349 
Qe? +1la+12 


Exercise 6.350 
10x? + 33a + 20 
Exercise 6.351 
307 —a2 —4 
Exercise 6.352 
3a7 ++a—4 
Exercise 6.353 
4a? + 8x2 — 21 
Exercise 6.354 
2a? —a—3 
Exercise 6.355 
9a? —7a4+2 


Exercise 6.356 
16a? + 16a +3 
Exercise 6.357 
16y? — 26y +3 
Exercise 6.358 
By? + 14y—5 
Exercise 6.359 
10x? + 29x + 10 
Exercise 6.360 
14y? + 29y — 15 
Exercise 6.361 


8la? + 19a +2 
Exercise 6.362 
24x? + 34a +5 


Exercise 6.363 
24x? — 34a +5 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


408.) 


408.) 


408.) 


408.) 


408.) 


408.) 


408.) 


408.) 


408.) 


408.) 


408.) 
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Exercise 6.364 

2427 — 262 — 5 

Exercise 6.365 (Solution on p. 408.) 
24x? + 264 — 5 

Exercise 6.366 

6a? + 13a4+ 6 

Exercise 6.367 (Solution on p. 408.) 
6a? + Bay + y? 

Exercise 6.368 

6a? — ay — y? 


For the following problems, the given trinomial occurs when solving the corresponding applied problem. 
Factor each trinomial. You do not need to solve the problem. 


Exercise 6.369 (Solution on p. 408.) 
5r? — 24r — 5. 


It takes 5 hours to paddle a boat 12 miles downstream and then back. The current flows 
at the rate of 1 mile per hour. At what rate was the boat paddled? 


Exercise 6.370 
xv? +5ax — 84. 


The length of a rectangle is 5 inches more than the width of the rectangle. If the area of 
the rectangle is 84 square inches, what are the length and width of the rectangle? 


Exercise 6.371 (Solution on p. 408.) 
x? + 24a — 145. 


A square measures 12 inches on each side. Another square is to be drawn around this 
square in such a way that the total area is 289 square inches. What is the distance from the edge 
of the smaller square to the edge of the larger square? (The two squares have the same center.) 


Exercise 6.372 
x? + 8x — 20. 


A woman wishes to construct a rectangular box that is open at the top. She wishes it to 
be 4 inches high and have a rectangular base whose length is three times the width. The material 
used for the base costs $2 per square inch, and the material used for the sides costs $1.50 per 
square inch. The woman will spend exactly $120 for materials. Find the dimension of the box 
(length of the base, width of the base, and height). 


For the following problems, factor the trinomials if possible. 
Exercise 6.373 (Solution on p. 408.) 
16x? — 8xry — 3y? 
Exercise 6.374 
6a + Tab + 2b? 
Exercise 6.375 (Solution on p. 408.) 
12a? + Tab + 126? 
Exercise 6.376 
9x? + 182ry 4+ 8y? 
Exercise 6.377 (Solution on p. 408.) 
8a? + 10ab — 6b? 
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Exercise 6.378 
12a? + 54a — 90 


Exercise 6.379 (Solution on p. 408.) 
12b* + 30b2a + 12a? 

Exercise 6.380 

30a*b* — 3a2b? — 6c? 

Exercise 6.381 (Solution on p. 408.) 
3a® — 3a3b? — 18b4 

Exercise 6.382 

20ab? + 2abc? — 6a?c* 

Exercise 6.383 (Solution on p. 408.) 
14a2z? — 40a3z? — 46a*z? 


6.8.10 Exercises for Review 
Exercise 6.384 r 
(Section 2.7) Simplify (a?b°)”. 
Exercise 6.385 (Solution on p. 408.) 
(Section 4.6) Find the product. x? (x — 3) (2 + 4). 


Exercise 6.386 

(Section 4.7) Find the product. (5m — 3n)’. 

Exercise 6.387 (Solution on p. 408.) 
(Section 5.3) Solve the equation 5 (2% — 1) —4(a+4+ 7) =0. 


Exercise 6.388 
(Section 6.7) Factor x° — 824 + 72°. 


6.9 Summary of Key Concepts ° 


6.9.1 Summary of Key Concepts 


Factoring (Section 6.2) 

Factoring is the process of determining the factors of some product. Factoring is the reverse of multiplication. 
Greatest Common Factor (Section 6.4) 

The greatest common factor of a polynomial is the factor that is common to every term of the polynomial 
and also is such that, 


1. The numerical coefficient is the largest number common to each term. 
2. The variables possess the largest exponents that are common to all the variables. 


Factoring a Monomial from a Polynomial (Section 6.4) 
If A is the greatest common factor of Ax + Ay, then 


Ax + Ay = A(a+y) 


Factoring by Grouping (Section 6.5) 
We are alerted to the idea of factoring by grouping when the polynomial we are considering 


®This content is available online at <http://cnx.org/content /m21910/1.3/>. 
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1. Has no factor common to all terms. 
2. Has an even number of terms. 


Ar+Ay + Br+By = A(xt+y)+B(r+y) 
[U+23B5] [U+23B5] [U+23B5] 
Ais common Bis common «+y iscommon 


= (x+y)(A4+B) 


Ax+Ay + Bxt By = A(x +») + Bix +9) 


A is common Bis common x+y commons 


Special products (Section 6.6) 


a? — b? = (a+b) (a—b) 
a2 +2ab+b2 = (a+b)? 
a2 —2ab+b2 = (a—b)? 


Fundamental Rule of Factoring (Section 6.6) 


1. Factor out all common monomials first. 
2. Factor completely. 


Factoring Trinomials (Section 6.7, Section 6.8) 
One method of factoring a trinomial is to list all the factor pairs of both of the first and last terms and then 
choose the combination that when multiplied and then added produces the middle term. 


6.10 Exercise Supplement * 


6.10.1 Exercise Supplement 
6.10.1.1 Finding the factors of a Monomial (Section 6.2) 


For the following problems, the first quantity represents the product and the second quantity represents a 
factor. Find the other factor. 


Exercise 6.389 (Solution on p. 408.) 
32a*b, 2b 

Exercise 6.390 
35a y?, 7x? 

Exercise 6.391 (Solution on p. 408.) 


44a?b?c, 110? 
Exercise 6.392 
50min p4tg, 10m>q 
Exercise 6.393 (Solution on p. 409.) 
5l(a+1)7°(b+3)', 3(a+1) 
Exercise 6.394 
26(a + 2y)°"(a—y)", —13(%—-y) 
Exercise 6.395 (Solution on p. 409.) 
—82°y4(a+y) (w+ 3y)°, —2e(a@ty) (x + 3y) 
Exercise 6.396 
10 8 vA ve ii x6 
—(6a — 5b)” (7a — b)"(a+ 3b)’, —(6a — 5b)’ (7a — b)' (a+ 3b) 


10This content is available online at <http://cnx.org/content /m21899/1.4/>. 
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Exercise 6.397 (Solution on p. 409.) 
1Qart6y2r—5 Bart lynt3 


Exercise 6.398 
AQ pe 8 AEE: Oar nr ean 
Exercise 6.399 (Solution on p. 409.) 
16x — 32, 16 
Exercise 6.400 
35a—45, 513 
Exercise 6.401 (Solution on p. 409.) 
24a? —6a, 6a 
Exercise 6.402 
8824 — 33a3 4 44274552, lle 
Exercise 6.403 (Solution on p. 409.) 
9y? — 27y? + 36y, —3y 
Exercise 6.404 
Am® — 16m4+16m?, 4m 
Exercise 6.405 (Solution on p. 409.) 
—5axty3 + 10c3y? — 1522y?, —5a7y? 
Exercise 6.406 
—21a5b8c4(a + 2)? + 35a°bc?(a +2)", —7atb(a + 2)? 
Exercise 6.407 (Solution on p. 409.) 
x — 2y—c?, 1 
Exercise 6.408 
a+ 3b, —1l 


6.10.1.2 Factoring a Monomial from a Polynomial (Section 6.3) - The Greatest Common Factor 
(Section 6.4) 


For the following problems, factor the polynomials. 
Exercise 6.409 (Solution on p. 409.) 
8a+4 
Exercise 6.410 
10x + 10 
Exercise 6.411 (Solution on p. 409.) 
3y? + 27y 
Exercise 6.412 
6a2b? + 18a? 
Exercise 6.413 (Solution on p. 409.) 
21(#+5)+9 
Exercise 6.414 
14 (2a+ 1) + 35 
Exercise 6.415 (Solution on p. 409.) 


ma? —m 
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Exercise 6.416 

15y? — 24y + 24 

Exercise 6.417 

r(r +1)? —3r(r +1)? +r41 
Exercise 6.418 

Pa+ Pb+ Pec 


Exercise 6.419 
(10 — 3x) (2+ 2) + 3(10 — 3x) (74+ 2) 


6.10.1.3 Factoring by Grouping (Section 6.5) 


For the following problems, use the grouping method to factor the polynomials. Some may not be factorable. 


Exercise 6.420 

4dax+2+4ay+y 

Exercise 6.421 

xy + 4x — 3y — 12 

Exercise 6.422 

2ab — 8b — 3ab — 12a 

Exercise 6.423 

a? — 7a + ab — 7b 

Exercise 6.424 

m+5m+nm+5n 

Exercise 6.425 

r2 +rs—-Tr—s 

Exercise 6.426 

8a7be + 20a7be + 10ab3c + 25a3b? 
Exercise 6.427 

a(a+6) —(a+6) +a(a—4) —(a—4) 
Exercise 6.428 
a(2x+7)—4(2%+4+7) +a(a— 10) — 4(# — 10) 


6.10.1.4 Factoring Two Special Products (Section 6.6) - Factoring Trinomials with Leading 


Coefficient Other Than 1 (Section 6.8) 


For the following problems, factor the polynomials, if possible. 
Exercise 6.429 
m? — 36 
Exercise 6.430 
r? — 81 
Exercise 6.431 
a? + 8a+16 
Exercise 6.432 
c+ 10ce+ 25 
Exercise 6.433 
m+mti 


(Solution on p. 409.) 


(Solution on p. 409.) 


(Solution on p. 409.) 


(Solution on p. 409.) 


(Solution on p. 409.) 


(Solution on p. 409.) 


(Solution on p. 409.) 


(Solution on p. 409.) 


(Solution on p. 409.) 


Exercise 6.434 
r2—r—6 
Exercise 6.435 
a? + 9a + 20 
Exercise 6.436 
s?+9s +18 
Exercise 6.437 
x? + 142 + 40 
Exercise 6.438 
a? — 12a + 36 
Exercise 6.439 
n? — 14n+ 49 
Exercise 6.440 
a? + 6a+5 
Exercise 6.441 
a? — 9a + 20 
Exercise 6.442 
6a? +5241 
Exercise 6.443 
4a? — 9a — 9 
Exercise 6.444 
4a? + 7x +3 
Exercise 6.445 
42a? +5a—2 
Exercise 6.446 
30y? + 7y — 15 
Exercise 6.447 
56m? + 26m + 6 
Exercise 6.448 
27r? — 33r —4 
Exercise 6.449 
Ax? + dry — 3y? 
Exercise 6.450 
25a? + 25ab + 6b? 
Exercise 6.451 
2x? + 6x — 20 
Exercise 6.452 
—2Qy? + 4y + 48 
Exercise 6.453 
x? + 3x2? — 4x 
Exercise 6.454 


3y* — 27y? + 24y? 


Exercise 6.455 
15a7b? — ab — 2b 
Exercise 6.456 
4x? — 16x? + 16x 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


409.) 


409.) 


409.) 


409.) 


410.) 


410.) 


410.) 


410.) 


410.) 


410.) 


410.) 
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Exercise 6.457 (Solution on p. 410.) 
18a —6a+ 3 

Exercise 6.458 

a* + 16a7b + 16b? 

Exercise 6.459 (Solution on p. 410.) 
Ax? — 122y + 9y? 

Exercise 6.460 

49b* — 84b? + 36 

Exercise 6.461 (Solution on p. 410.) 
6 58 As 6r3.s*p2q® si 9p*q!? 

Exercise 6.462 

a* — 2a7b — 150? 

Exercise 6.463 (Solution on p. 410.) 
81a8b!2c19 = 25x20 y18 


6.11 Proficiency Exam 


6.11.1 Proficiency Exam 


Exercise 6.464 (Solution on p. 410.) 
(Section 6.2) The product is 27a? + 9a? + 9a and a factor is 3a. Find the other factor. 
Exercise 6.465 (Solution on p. 410.) 


Section 6.2) The product is 152”+°y3"—?. Find the other factor. 
¥y 


For the following problems, factor, if possible, the polynomials. 


Exercise 6.466 (Solution on p. 410.) 
(Section 6.4) —1427y4b — 28x7y3b — 4227y? 

Exercise 6.467 (Solution on p. 410.) 
(Section 6.4) (y+2)a+(y+2)c 

Exercise 6.468 (Solution on p. 410.) 
(Section 6.5) 627y?z + 5x7y3 — 12xyz — 10xy? 

Exercise 6.469 (Solution on p. 410.) 
(Section 6.6) 4a? — 16c? 

Exercise 6.470 (Solution on p. 410.) 
(Section 6.6) m*— n+ 

Exercise 6.471 (Solution on p. 410.) 
(Section 6.6) b? + 8b+ 16 

Exercise 6.472 (Solution on p. 410.) 
(Section 6.6) 9y? — 30y + 25 

Exercise 6.473 (Solution on p. 410.) 
(Section 6.7) 2? + 5a —15 

Exercise 6.474 (Solution on p. 410.) 
(Section 6.7) x? — x — 30 

Exercise 6.475 (Solution on p. 410.) 


(Section 6.8) 4x° — 362+ + 80x? 


11 This content is available online at <http://cnx.org/content /m21908/1.3/>. 
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Exercise 6.476 (Solution on p. 410.) 
(Section 6.8) 9x? + 25x — 6 
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Solutions to Exercises in Chapter 6 


Solution to Exercise 6.1 (p. 355) 


14 

Solution to Exercise 6.2 (p. 355) 
Qx2yz4 

Solution to Exercise 6.3 (p. 355) 
5 

Solution to Exercise 6.5 (p. 355) 
2a 

Solution to Exercise 6.7 (p. 355) 
3 

Solution to Exercise 6.9 (p. 355) 
ba 

Solution to Exercise 6.11 (p. 356) 
223 

Solution to Exercise 6.13 (p. 356) 
2xry 

Solution to Exercise 6.15 (p. 356) 
3b%c 

Solution to Exercise 6.17 (p. 356) 
—9xb 

Solution to Exercise 6.19 (p. 356) 
Axo f? 

Solution to Exercise 6.21 (p. 356) 
Talc! 

Solution to Exercise 6.23 (p. 356) 
1! 

Solution to Exercise 6.25 (p. 356) 
d 

Solution to Exercise 6.27 (p. 356) 
1 

Solution to Exercise 6.29 (p. 356) 
A(x + y)° 


Solution to Exercise 6.31 (p. 356) 
13(@ — 5y)°(a — 3y)” 

Solution to Exercise 6.33 (p. 357) 

(x+y) 

Solution to Exercise 6.35 (p. 357) 

6a y—§ 

Solution to Exercise 6.37 (p. 357) 

pl26 

Solution to Exercise 6.39 (p. 357) 

4x? — 16x + 16 

Solution to Exercise 6.40 (p. 359) 
x—2 

Solution to Exercise 6.41 (p. 359) 
y? +2y-—3 

Solution to Exercise 6.42 (p. 359) 
xt — Qa3y + day? + 6y4 


Solution to Exercise 6.43 (p. 


5a4 + 7a? —1 


Solution to Exercise 6.44 (p. 


a? — b? 


Solution to Exercise 6.45 (p. 


24+5 


Solution to Exercise 6.47 (p. 


r+5 


Solution to Exercise 6.49 (p. 


a+3 


Solution to Exercise 6.51 (p. 


344+4 


Solution to Exercise 6.53 (p. 


9a — 2 


Solution to Exercise 6.55 (p. 


x—2 


Solution to Exercise 6.57 (p. 


2a+1 


Solution to Exercise 6.59 (p. 


se7 +243 


Solution to Exercise 6.61 (p. 


327 +4-—2 


Solution to Exercise 6.63 (p. 


y? —2y+1 


Solution to Exercise 6.65 (p. 


2Qy? — 5y —6 


Solution to Exercise 6.67 (p. 


9x? + 10 


Solution to Exercise 6.69 (p. 


4x — 3 


Solution to Exercise 6.71 (p. 


5a? + 6a? + 8a + 4 


Solution to Exercise 6.73 (p. 


2a? — a? — 3a +4 


Solution to Exercise 6.75 (p. 


x +423 —4 


Solution to Exercise 6.77 (p. 


2x2 —7 


Solution to Exercise 6.79 (p. 


5a + 2b 


Solution to Exercise 6.81 (p. 


Agtyt +a+1 


Solution to Exercise 6.83 (p. 


8a2bc® + 7ab2c® — 6b3c4* — 1 


Solution to Exercise 6.85 (p. 


—a—2 


Solution to Exercise 6.87 (p. 


—24 —3 


Solution to Exercise 6.89 (p. 


—a—b 


359) 
359) 
359) 
359) 
359) 
359) 
359) 
359) 
360) 
360) 
360) 
360) 
360) 
360) 
360) 
360) 
360) 
360) 
360) 
361) 
361) 
361) 
361) 
361) 


361) 
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Solution to Exercise 6.91 (p. 
—a+b—ce 

Solution to Exercise 6.93 (p. 
a+b+e 

Solution to Exercise 6.95 (p. 
6a7y 

Solution to Exercise 6.97 (p. 
a=3 

Solution to Exercise 6.99 (p. 
4 (a — 12) 


Solution to Exercise 6.100 (p. 


6y (y? + 4y + 6) 


Solution to Exercise 6.101 (p. 


2v4 (5a° — Ta*b — 4b”) 


Solution to Exercise 6.102 (p. 


—7m (2m3 — 4m +1) 


Solution to Exercise 6.103 (p. 


(y + 4) (a + B) 


Solution to Exercise 6.104 (p. 


2m? (n — 4) (4m — 3) 


Solution to Exercise 6.105 (p. 


9(a+ 2) 


Solution to Exercise 6.107 (p. 


4 (2b + 3) 


Solution to Exercise 6.109 (p. 


2 (2x — 3) 


Solution to Exercise 6.111 (p. 


7 (3y — 4) 


Solution to Exercise 6.113 (p. 


6x (2x + 3) 


Solution to Exercise 6.115 (p. 


2 (4y? + 9) 


Solution to Exercise 6.117 (p. 


3 (y? — 2) 


Solution to Exercise 6.119 (p. 


6y (y — 1) 


Solution to Exercise 6.121 (p. 


b(y? +1) 


Solution to Exercise 6.123 (p. 


5x (a?x + 2) 


Solution to Exercise 6.125 (p. 


5 (2a? + x — 3) 


Solution to Exercise 6.127 (p. 


3 (5y? — 8y + 3) 


Solution to Exercise 6.129 (p. 


by +y+yt1) 


Solution to Exercise 6.131 (p. 


x (9x + 6y + 4) 


Solution to Exercise 6.133 (p. 


13x7y° (—c — 3) 
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363) 
364) 
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365) 
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Solution to Exercise 6.135 (p. 
—2 (3y3 + 4y? + Ty — 5) 
Solution to Exercise 6.137 (p. 
N(a+y) 

Solution to Exercise 6.139 (p. 
A(xz—y) 

Solution to Exercise 6.141 (p. 
(a — 9) (a+b) 

Solution to Exercise 6.143 (p. 
(9a — b) (w — x) 

Solution to Exercise 6.145 (p. 
327y? (ay — day + 923 — 2y3) 
Solution to Exercise 6.147 (p. 
—x7y (llay — 1627y? — 2) 
Solution to Exercise 6.149 (p. 
t=3 

Solution to Exercise 6.151 (p. 
(+8) (o+4) 

Solution to Exercise 6.152 (p. 
(2m+5n) (a+ 4) 

Solution to Exercise 6.153 (p. 
(a? + 3b) (so? + 4y?) 

Solution to Exercise 6.154 (p. 
(5x — 2y) (38m + 2n) 

Solution to Exercise 6.155 (p. 
a (8ab — 7c?) (5 — 3y) 

Solution to Exercise 6.156 (p. 
yes 

Solution to Exercise 6.157 (p. 
(2b + 3) (a+ 9) 

Solution to Exercise 6.159 (p. 
(y+) (+3) 

Solution to Exercise 6.161 (p. 
(a + 5b) (r + 4s) 

Solution to Exercise 6.163 (p. 


3 (4ma — 2ba + Tay — 3by) Not factorable by grouping 


Solution to Exercise 6.165 (p. 
(a? + 3) (b? + 2) 

Solution to Exercise 6.167 (p. 
Not factorable by grouping 
Solution to Exercise 6.169 (p. 
(+9) (e— 3) 

Solution to Exercise 6.171 (p. 
Not factorable by grouping 
Solution to Exercise 6.173 (p. 
(4s — 9) (3s — 2t) 

Solution to Exercise 6.175 (p. 
a’b? (a2b? + 2) (1 + 3ab) 
Solution to Exercise 6.177 (p. 
y (5y2z + 3xw) (2? — 22) 
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Solution to Exercise 6.179 (p 
(m°n7p? — 8qt?) (5m4n1° — p) 
Solution to Exercise 6.181 (p 
6x 10-* 

Solution to Exercise 6.183 (p 


-3 -2 -1 0 1 2 


Solution to Exercise 6.185 (p 
(m+ 5) (m-—5) 


Solution to Exercise 6.186 (p. 


9(2p — 3q (2p + 3q) 


Solution to Exercise 6.187 (p. 


(7a? + bc) (7a? — bc) 


Solution to Exercise 6.188 (p. 


(aty? + 10w®) (a*y? — 10w®) 


Solution to Exercise 6.189 (p. 


3 (a +5) (a — 5) 


Solution to Exercise 6.190 (p. 


am (ab? + mn) (ab? _ mn) 


Solution to Exercise 6.191 (p. 


(m? +n?) (m—n) (m+n) 


Solution to Exercise 6.192 (p. 


(4y4 + 1) (2y? + 1) (2y? — 1) 


Solution to Exercise 6.193 (p. 


(m— 4)” 


Solution to Exercise 6.194 (p. 


(k +5)? 


Solution to Exercise 6.195 (p. 


(2a +3)? 


Solution to Exercise 6.196 (p. 


(3a — dy)? 


Solution to Exercise 6.197 (p. 


Qwz(w +42)? 


Solution to Exercise 6.198 (p. 


not possible 


Solution to Exercise 6.199 (p. 


(a +3) (a—3) 


Solution to Exercise 6.201 (p. 


(x +4) («—4) 


Solution to Exercise 6.203 (p. 


(a + 10) (a — 10) 


Solution to Exercise 6.205 (p. 


4(a+ 4) (a—4) 


Solution to Exercise 6.207 (p. 


3 (a + 3) (a — 3) 


Solution to Exercise 6.209 (p. 


(2a + 5) (2a — 5) 


Solution to Exercise 6.211 (p. 


(6y + 5) (6y — 5) 


Solution to Exercise 6.213 (p. 


3 (2a + 5) (2a —5) 


. 369) 
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. 371) 


371) 
371) 
371) 
371) 
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Solution to Exercise 6.215 (p. 375) 

2 (2y + 5) (2y — 5) 

Solution to Exercise 6.217 (p. 375) 

(xy + 5) (xy — 5) 

Solution to Exercise 6.219 (p. 375) 

(a?y? + 3a) (aro? - 3a) 

Solution to Exercise 6.221 (p. 375) 

b? (2a + 3) (2a — 3) 

Solution to Exercise 6.223 (p. 375) 

(a + b) (a — b) 

Solution to Exercise 6.225 (p. 375) 

(x? + y?) (w+) («@—y) 

Solution to Exercise 6.227 (p. 375) 

(a? +y) (at —y) 

Solution to Exercise 6.229 (p. 375) 

(b? + 2) (b? — 2) 

Solution to Exercise 6.231 (p. 375) 

(5 +a) (5 — a) 

Solution to Exercise 6.233 (p. 375) 

4 (5 + 3b?) (5 — 3b?) 

Solution to Exercise 6.235 (p. 375) 

(a? + 4) (x + 2) (a — 2) 

Solution to Exercise 6.237 (p. 376) 

(a? + b*) (a+b) (a—b) 

Solution to Exercise 6.239 (p. 376) 

(28 +28) («+ 9?) (e? ~ P) 

Solution to Exercise 6.241 (p. 376) 

ac? (a+ 5) (a—5) 

Solution to Exercise 6.243 (p. 376) 

(7xy?z3 + 8a*bc*d”) (Payee a 8a*bc*d?) 

Solution to Exercise 6.245 (p. 376) 

(a +5)” 

Solution to Exercise 6.247 (p. 376) 

(a +6) 

Solution to Exercise 6.249 (p. 376) 
2 

(y + 10) 

Solution to Exercise 6.251 (p. 376) 

(a -2)° 

Solution to Exercise 6.253 (p. 376) 

(a — 5)” 

Solution to Exercise 6.255 (p. 376) 

(a= 19)" 

Solution to Exercise 6.257 (p. 376) 

(a +1)” 

Solution to Exercise 6.259 (p. 377) 

(6-1)? 

Solution to Exercise 6.261 (p. 377) 

(3a + 1)” 

Solution to Exercise 6.263 (p. 377) 

(4a — 3)? 
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Solution to Exercise 6.265 (p. 


(3a + y)* 


Solution to Exercise 6.267 (p. 


(6a + 5b)? 


Solution to Exercise 6.269 (p. 


3(2a — 5)” 


Solution to Exercise 6.271 (p. 


2(4x + 1)? 


Solution to Exercise 6.273 (p. 


not factorable 


Solution to Exercise 6.275 (p. 


a3(a +4)? 


Solution to Exercise 6.277 (p. 


(m — 3) (#—y) 


Solution to Exercise 6.279 (p. 


(k+3) (K+5) 


Solution to Exercise 6.280 (p. 


(y+10) (y—3) 


Solution to Exercise 6.281 (p. 


(m+6) (m+ 4) 


Solution to Exercise 6.282 (p. 


(m — 8) (m— 2) 


Solution to Exercise 6.283 (p. 


4(k+7) (k+1) 


Solution to Exercise 6.284 (p. 


3y° (y +2) (y+6) 


Solution to Exercise 6.285 (p. 


(z+ 2y) (x — 3y) 


Solution to Exercise 6.286 (p. 


—5a%b(a+ 3b) (a— 6) 


Solution to Exercise 6.287 (p. 


(x + 3) (a + 1) 


Solution to Exercise 6.289 (p. 


(+3) (0 +4) 


Solution to Exercise 6.291 (p. 


(y + 6) (y + 2) 


Solution to Exercise 6.293 (p. 


(y—4)(y—1) 


Solution to Exercise 6.295 (p. 


(a+ 4)(a—1) 


Solution to Exercise 6.297 (p. 


(x — 7) (x +3) 


Solution to Exercise 6.299 (p. 


(y + 8) (y + 2) 


Solution to Exercise 6.301 (p. 


(y—7)(y—1) 


Solution to Exercise 6.303 (p. 


(a +6) (a—5) 


Solution to Exercise 6.305 (p. 


(a — 10) (a — 2) 
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Solution to Exercise 6.307 (p. 


(x + 6) (4 + 7) 


Solution to Exercise 6.309 (p. 


(a + 5) (a + 8) 


Solution to Exercise 6.311 (p. 


(b+ 8) (b+ 7) 


Solution to Exercise 6.313 (p. 


4(a+2)(a+1) 


Solution to Exercise 6.315 (p. 


5) (y? — l4y+ 88) 


Solution to Exercise 6.317 (p. 


x (a +4) (a + 2) 


Solution to Exercise 6.319 (p. 


x? (a +7) (z +2) 


Solution to Exercise 6.321 (p. 


4a(a— 7) (a—3) 


Solution to Exercise 6.323 (p. 


2y? (n — 8) (n+3) 


Solution to Exercise 6.325 (p. 


y? (y + 6) (y +7) 


Solution to Exercise 6.327 (p. 


(22 — a) (3y + a) 


Solution to Exercise 6.329 (p. 


(4a — 3) (a +5) 


Solution to Exercise 6.330 (p. 


(2x — 1) (x +7) 


Solution to Exercise 6.331 (p. 


(3a + 4) (a — 1) 


Solution to Exercise 6.332 (p. 


(4a + 3) (a—7) 


Solution to Exercise 6.333 (p. 


(8b + 1) (2b — 3) 


Solution to Exercise 6.334 (p. 


(5y + 3) (2y — 5) 


Solution to Exercise 6.335 (p. 


2m (3m — 1) (m+ 7) 


Solution to Exercise 6.336 (p. 


(7p — 2q) (2p + 5q) 


Solution to Exercise 6.337 (p. 


—2z? (4w — z) (3w — z) 


Solution to Exercise 6.338 (p. 


not factorable 


Solution to Exercise 6.339 (p. 


(6a + 5) (8a — 3) 


Solution to Exercise 6.340 (p. 


(9y — 4w) (6y + 7w) 


Solution to Exercise 6.341 (p. 


(3x — 1) (22 + 3) 


Solution to Exercise 6.342 (p. 


(7a + 2) (2a — 5) 
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Solution to Exercise 6.343 (p. 
(6a + 5) (8a — 3) 

Solution to Exercise 6.344 (p. 
(5a — 4w) (2a — 3w) 

Solution to Exercise 6.345 (p. 
(a + 2) (x +1) 

Solution to Exercise 6.347 (p. 
(2a + 5) (a + 1) 

Solution to Exercise 6.349 (p. 
(2a + 3) (a + 4) 

Solution to Exercise 6.351 (p. 
(3a — 4) (a + 1) 

Solution to Exercise 6.353 (p. 
(2x — 3) (2x + 7) 

Solution to Exercise 6.355 (p. 
not factorable 

Solution to Exercise 6.357 (p. 
(8y — 1) (2y — 3) 

Solution to Exercise 6.359 (p. 
(5a + 2) (2% + 5) 

Solution to Exercise 6.361 (p. 
not factorable 

Solution to Exercise 6.363 (p. 
(6a — 1) (4a — 5) 

Solution to Exercise 6.365 (p. 
(6x — 1) (42 +5) 

Solution to Exercise 6.367 (p. 
(3a + y) (2a + y) 

Solution to Exercise 6.369 (p. 
(5r + 1) (r — 5) 

Solution to Exercise 6.371 (p. 
(a + 29) (a — 5) 

Solution to Exercise 6.373 (p. 
(da + y) (Aa — 3y) 

Solution to Exercise 6.375 (p. 
not factorable 

Solution to Exercise 6.377 (p. 
2 (4a? + 5ab — 3b?) 

Solution to Exercise 6.379 (p. 
6 (2b? + a) (b? + 2a) 

Solution to Exercise 6.381 (p. 
3 (a? + 262) (a? — 302) 

Solution to Exercise 6.383 (p. 


Qa? z? (7 — 20a — 23a?) or — 2a?z? (23a? + 20a — 7) 


Solution to Exercise 6.385 (p. 
xt + a3 — 122? 

Solution to Exercise 6.387 (p. 
= 

Solution to Exercise 6.389 (p. 
16a+ 
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Solution to Exercise 6.391 (p. 
4ac 

Solution to Exercise 6.393 (p. 
17 (a+ 1) (b+3)* 

Solution to Exercise 6.395 (p. 
Axty*(a + y)°(a + 3y)” 

Solution to Exercise 6.397 (p. 
—4x° yr 

Solution to Exercise 6.399 (p. 
(r —2) 

Solution to Exercise 6.401 (p. 
4a—1 

Solution to Exercise 6.403 (p. 
—3y? + 9y — 12 

Solution to Exercise 6.405 (p. 
xy —2x+3 

Solution to Exercise 6.407 (p. 
gt2y+¢ 

Solution to Exercise 6.409 (p. 
4 (2a +1) 

Solution to Exercise 6.411 (p. 
3y (y + 9) 

Solution to Exercise 6.413 (p. 
3 (7x + 38) 

Solution to Exercise 6.415 (p. 
m (a3 = 1) 

Solution to Exercise 6.417 (p. 


(r+) [P(r+ 1)? -3r(r +1) +4] 


Solution to Exercise 6.419 (p. 
(10 — 32) (23 + 42) 

Solution to Exercise 6.421 (p. 
(@ — 3) (y+ 4) 

Solution to Exercise 6.423 (p. 
(a+b) (a—7) 

Solution to Exercise 6.425 (p. 
(r 1) (r-+8) 

Solution to Exercise 6.427 (p. 
2(a+1)(a-1) 

Solution to Exercise 6.429 (p. 
(m + 6) (m — 6) 

Solution to Exercise 6.431 (p. 
(a+4)° 

Solution to Exercise 6.433 (p. 
not factorable 

Solution to Exercise 6.435 (p. 
(a+5)(a+4) 

Solution to Exercise 6.437 (p. 
(a + 10) (a + 4) 

Solution to Exercise 6.439 (p. 
(n— 7)" 
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Solution to Exercise 6.441 (p 
(a5) (a—4) 

Solution to Exercise 6.443 (p 
(4a + 3) (a — 8) 

Solution to Exercise 6.445 (p 
(6a — 1) (7a + 2) 

Solution to Exercise 6.447 (p 
2 (28m? + 13m + 3) 

Solution to Exercise 6.449 (p 
(2x + 3y) (2x — y) 

Solution to Exercise 6.451 (p 
2(a — 2) (a +5) 

Solution to Exercise 6.453 (p 
x (x + 4) (a — 1) 

Solution to Exercise 6.455 (p 
b (15a2b — a — 2) 

Solution to Exercise 6.457 (p 
(6a — 1) (3a — 5) 

Solution to Exercise 6.459 (p 
(2a — 3y)? 

Solution to Exercise 6.461 (p 
(r3.s4 + 3p2q°) 

Solution to Exercise 6.463 (p 
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(9a4b%c% on 5049) (9a4b%c% _ 520°) 


Solution to Exercise 6.464 (p 
9a + 3a +3 

Solution to Exercise 6.465 (p 
batty 3 

Solution to Exercise 6.466 (p 
—1427y? (yb + 2yb+ 3) 
Solution to Exercise 6.467 (p 
(a +0) (y +2) 

Solution to Exercise 6.468 (p 
vy (wy — 2) (6z + 5y) 

Solution to Exercise 6.469 (p 
4 (a+ 2c) (a — 2c) 

Solution to Exercise 6.470 (p 
(m? +n?) (m+n) (m—n) 
Solution to Exercise 6.471 (p 
(b+4)° 

Solution to Exercise 6.472 (p 
(3y — 5)" 

Solution to Exercise 6.473 (p 
not factorable 

Solution to Exercise 6.474 (p 
(a — 6) (x + 5) 

Solution to Exercise 6.475 (p 
Ax? (x? — 5) (x + 2) (a — 2) 
Solution to Exercise 6.476 (p 
(9x — 2) (a +3) 
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Chapter 7 


Graphing Linear Equations and 
Inequalities in One and ‘Two Variables 


7.1 Objectives’ 


After completing the chapter, you should 
Graphing Linear Equations and Inequalities In One Variable (Section 7.2) 


e understand the concept of a graph and the relationship between axes, coordinate systems, and dimen- 
sion 
e be able to construct one-dimensional graphs 


Plotting Points in the Plane (Section 7.3) 


e be familiar with the plane 
e know what is meant by the coordinates of a point 
e be able to plot points in the plane 


Graphing Linear Equations in Two Variables (Section 7.8) 


be able to relate solutions to a linear equation to lines 

know the general form of a linear equation 

be able to construct the graph of a line using the intercept method 

be able to distinguish, by their equations, slanted, horizontal, and vertical lines 


The Slope-Intercept Form of a Line (Section 7.5) 


e be more familiar with the general form of a line 

e be able to recognize the slope-intercept form of a line 

e be able to interpret the slope and intercept of a line 

e be able to use the slope formula to find the slope of a line 


Graphing Equations in Slope-Intercept Form (Section 7.6) 


e be able to use the slope and intercept to construct the graph of a line 


Finding the Equation of a Line (Section 7.7) 


'This content is available online at <http://cnx.org/content /m22790/1.4/>. 
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e be able to find the equation of line using either the slope-intercept form or the point-slope form of a 
line 


Graphing Linear Inequalities in Two Variables (Section 7.8) 


e be able to locate solutions linear inequalitites in two variables using graphical techniques 


7.2 Graphing Linear Equations and Inequalities in One Variable ° 


7.2.1 Overview 


e Graphs 
e Axes, Coordinate Systems, and Dimension 
e Graphing in One Dimension 


7.2.2 Graphs 


We have, thus far in our study of algebra, developed and used several methods for obtaining solutions to 
linear equations in both one and two variables. Quite often it is helpful to obtain a picture of the solutions 
to an equation. These pictures are called graphs and they can reveal information that may not be evident 
from the equation alone. 

The Graph of an Equation 

The geometric representation (picture) of the solutions to an equation is called the graph of the equation. 


7.2.3 Axes, Coordinate Systems, and Dimension 


Axis 

The basic structure of the graph is the axis. It is with respect to the axis that all solutions to an equation 
are located. The most fundamental type of axis is the number line. 

The Number Line is an Axis 


This number line 
Pg is an axis. 
-§ -4 -3 -2 -1 0 1 2 8 4 #65 
We have the following general rules regarding axes. 
Number of Variables and Number of Axes 


An equation in one variable requires one axis. 

An equation in two variables requires two axes. 
An equation in three variables requires three axes. 
... An equation in n variables requires n axes. 


We shall always draw an axis as a straight line, and if more than one axis is required, we shall draw them 
so they are all mutually perpendicular (the lines forming the axes will be at 90° angles to one another). 
Coordinate System 
A system of axes constructed for graphing an equation is called a coordinate system. 

The Phrase, Graphing an Equation 
The phrase graphing an equation is used frequently and should be interpreted as meaning geometrically 
locating the solutions to an equation. 


?This content is available online at <http://cnx.org/content/m18877/1.4/>. 
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Relating the Number of Variables and the Number of Axes 
We will not start actually graphing equations until Section Section 7.3, but in the following examples we will 
relate the number of variables in an equation to the number of axes in the coordinate system. 


1. One-Dimensional Graphs: If we wish to graph the equation 52 + 2 = 17, we would need to construct 
a coordinate system consisting of a single axis (a single number line) since the equation consists of 
only one variable. We label the axis with the variable that appears in the equation. 


-2 1 


Graphs are points. 
This axis is a line and lines 
are one-dimensional —length. 


-4 -3 -1 O 2 


We might interpret an equation in one variable as giving information in one-dimensional space. Since 
we live in three-dimensional space, one-dimensional space might be hard to imagine. Objects in one- 
dimensional space would have only length, no width or depth. 

2. Two-Dimensional Graphs: To graph an equation in two variables such as y = 2% — —3, we would 
need to construct a coordinate system consisting of two mutually perpendicular number lines (axes). 
We call the intersection of the two axes the origin and label it with a 0. The two axes are simply 
number lines; one drawn horizontally, one drawn vertically. 


LT TT TT py yy 


Sth. el i BP, a 
RRERE 


|_ +--+ In general, graphs are 


Seer nay aaa curves (straight or curved). 
Lt} tt tt fe 4ERe 


| | | | | | A | | <+—+-+-4This is a plane and planes 
PPh ei a are two-dimensional —length 
LTT TTA TT tT Sand width. 


Recall that an equation in two variables requires a solution to be a pair of numbers. The solutions can 
be written as ordered pairs (x,y). Since the equation y = 2% — —3 involves the variables x and y, we 
label one axis x and the other axis y. In mathematics it is customary to label the horizontal axis with 
the independent variable and the vertical axis with the dependent variable. 
We might interpret equations in two variables as giving information in two-dimensional space. Objects 
in two-dimensional space would have length and width, but no depth. 

3. Three-Dimensional Graphs: An equation in three variables, such as 32? — —4y? + 5z = 0, requires 
three mutually perpendicular axes, one for each variable. We would construct the following coordinate 
system and graph. 
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ad a 
7 


/ 
a 
ih . 
i. types of graphs as they 
ae are too complicated to draw. 


Graphs are surfaces. 


This is 3-dimensional— 
length, width, & depth. 


We won't consider these 


We might interpret equations in three variables as giving information about three-dimensional space. 
4. Four-Dimensional Graphs: To graph an equation in four variables, such as 3x — —2y + 82 — —5w = 

— —7, would require four mutually perpendicular number lines. These graphs are left to the imagination. 

We might interpret equations in four variables as giving information in four-dimensional space. Four- 

dimensional objects would have length, width, depth, and some other dimension. 

Black Holes 

These other spaces are hard for us to imagine, but the existence of “black holes” makes the possibility of 

other universes of one-, two-, four-, or n-dimensions not entirely unlikely. Although it may be difficult 

for us “3-D” people to travel around in another dimensional space, at least we could be pretty sure that 

our mathematics would still work (since it is not restricted to only three dimensions)! 


7.2.4 Graphing in One Dimension 


Graphing a linear equation in one variable involves solving the equation, then locating the solution on the axis 
(number line), and marking a point at this location. We have observed that graphs may reveal information 
that may not be evident from the original equation. The graphs of linear equations in one variable do not 
yield much, if any, information, but they serve as a foundation to graphs of higher dimension (graphs of two 
variables and three variables). 


7.2.5 Sample Set A 


Example 7.1 
Graph the equation 32 — —5 = 10. 

Solve the equation for x and construct an axis. Since there is only one variable, we need only 
one axis. Label the axis zx. 


3x—-—-5 = 10 
3x = 15 
x = 5 


-—E«G =f © 13 32 4 & & F* 


Example 7.2 
Graph the equation 3x +4+ 7x —--1+8=831. 
Solving the equation we get, 


10z%¢+11 = 31 
10x = 20 
£ = 22 


7.2.6 Practice Set A 


Exercise 7.1 (Solution on p. 513.) 
Graph the equation 42 + 1 = —7. 
———— oo 


7.2.7 Sample Set B 


Example 7.3 
Graph the linear inequality 4a > 12. 
We proceed by solving the inequality. 


4x > 12 Divide each side by 4. 
x > 3 


As we know, any value greater than or equal to 3 will satisfy the original inequality. Hence we 
have infinitely many solutions and, thus, infinitely many points to mark off on our graph. 


Se ood 
-4 -3 -2 -1 012 83 4 5&5 6#* 


The closed circle at 3 means that 3 is included as a solution. All the points beginning at 3 
and in the direction of the arrow are solutions. 


Example 7.4 
Graph the linear inequality — — 2y — —1 > 3. 
We first solve the inequality. 


—-2y--1 > 3 

——-—2y > 4 

y < -—2 The inequality symbol reversed direction because we divided by —2. 
Thus, all numbers strictly less than —2 will satisfy the inequality and are thus solutions. 


Since —2 itself is not to be included as a solution, we draw an open circle at —2. The solutions 
are to the left of —2 so we draw an arrow pointing to the left of —2 to denote the region of solutions. 


ee ee 
-B -4 -$ -2 -1 0132 83 4657 
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Example 7.5 
Graph the inequality --2<y+1<l. 

We recognize this inequality as a compound inequality and solve it by subtracting 1 from all 
three parts. 


—-2<y41<l 
—--3<y<0 


Thus, the solution is all numbers between —3 and 0, more precisely, all numbers greater than 
or equal to —3 but strictly less than 0. 


oe es 
-5B -4 -$ -2 -1 0132 3 467 


Example 7.6 
Graph the linear equation 52 = — — 125. 
The solution is x = — — 25. Scaling the axis by units of 5 rather than 1, we obtain 


—25 
—50 -40 -30-20-10 0 10 20 30 40 507 


7.2.8 Practice Set B 


Exercise 7.2 (Solution on p. 513.) 
Graph the inequality 32 < 18. 


a 


Exercise 7.3 (Solution on p. 513.) 
Graph the inequality —3m +1 < 13. 
—— SS nS 


Exercise 7.4 (Solution on p. 513.) 
Graph the inequality -3 < 7-5 <5. 
—e—_—_——— 


Exercise 7.5 (Solution on p. 513.) 
Graph the linear equation —6y = 480. 


—————— iS On 0  — — — — — — e 


7.2.9 Exercises 


For problems 1 - 25, graph the linear equations and inequalities. 
Exercise 7.6 (Solution on p. 513.) 
4¢+7=19 


—_—_—_—_—_——__,,. 


Exercise 7.7 


8x-1=7 
—_—_—_——————___.__,. 

Exercise 7.8 

24+3=4 
—_—_—_—_— _.___,., 

Exercise 7.9 

xr+3=15 
—_—_—_—_—_—_——__.__,. 

Exercise 7.10 

6by+3=y+8 
—_—_—_—_—_—_—_——————__._.__,. 


Exercise 7.11 
2x = 0 


—_—_——___,, 


Exercise 7.12 
4+1-4=32z 


—_—_—_—_—_—_——___,., 


Exercise 7.13 
rtint 


—_—_—_—_————___._.__,, 

Exercise 7.14 
a5 

r= a 

—_—_—_—_—_————————————___._.__,. 
Exercise 7.15 
2% -6= 2 

—_—_—_—_—_— __._.__,, 


Exercise 7.16 
r+7<12 


, : 


(Solution on p. 513.) 


(Solution on p. 513.) 


(Solution on p. 513.) 


(Solution on p. 513.) 


(Solution on p. 514.) 


417 


CHAPTER 7. GRAPHING LINEAR EQUATIONS AND INEQUALITIES IN 


418 ONE AND TWO VARIABLES 


Exercise 7.17 
y-5<3 


, : 


Exercise 7.18 (Solution on p. 514.) 
L+19>2 


, : 


Exercise 7.19 
z+5>11 


‘ : 
Exercise 7.20 (Solution on p. 514.) 
3m —7<8 
4 e 
Exercise 7.21 
—5t > 10 
—_—_—_—_—_—_———__._._,, 


Exercise 7.22 (Solution on p. 514.) 
—8xz — 6 > 34 


—_—_—_——————____._,, 
Exercise 7.23 
$ <2 

—_—_—_—_—_——__,. 
Exercise 7.24 (Solution on p. 514.) 
¥<3 

4 a 

Exercise 7.25 
2 
ye4 

ai , 
Exercise 7.26 (Solution on p. 514.) 
“esd 


—_—_—_—_—_——————————___._,. 
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Exercise 7.27 
fc 4 


—_—_—_—— _._.__,. 


Exercise 7.28 (Solution on p. 514.) 
—-l<2-3<0 


—_—_—_—_—_———————————___.__,. 


Exercise 7.29 
6<a4+4<7 


—_—_—_—_————————————____,. 


Exercise 7.30 (Solution on p. 514.) 
12 < —2%—-2<-8 


7.2.10 Exercises for Review 


Exercise 7.31 
(Section 2.6) Simplify (3x°y?)”. 
Exercise 7.32 (Solution on p. 515.) 
(Section 4.2) List, if any should appear, the common factors in the expression 1024 — 15a? +52°. 
Exercise 7.33 
(Section 5.7) Solve the inequality —4 (x +3) < -—3a+4+1. 
Exercise 7.34 (Solution on p. 515.) 
Section 5.8) Solve the equation y = —5a+ 8ifa = —2. 
y 
Exercise 7.35 
(Section 5.8) Solve the equation 2y = 5(3a+47) ifa =—-1. 


7.3 Plotting Points in the Plane * 


7.3.1 Overview 


e The Plane 
e Coordinates of a Point 
e Plotting Points 


’This content is available online at <http://cnx.org/content /m21993/1.3/>. 


CHAPTER 7. GRAPHING LINEAR EQUATIONS AND INEQUALITIES IN 


420 ONE AND TWO VARIABLES 


7.3.2 The Plane 


Ordered Pairs 

We are now interested in studying graphs of linear equations in two variables. We know that solutions to 
equations in two variables consist of a pair of values, one value for each variable. We have called these pairs 
of values ordered pairs. Since we have a pair of values to graph, we must have a pair of axes (number 
lines) upon which the values can be located. 

Origin 

We draw the axes so they are perpendicular to each other and so that they intersect each other at their 0’s. 
This point is called the origin. 


O 


Rectangular Coordinate System 

These two lines form what is called a rectangular coordinate system. They also determine a plane. 
zry-plane 

A plane is a flat surface, and a result from geometry states that through any two intersecting lines (the 
axes) exactly one plane (flat surface) may be passed. If we are dealing with a linear equation in the two 
variables x and y, we sometimes say we are graphing the equation using a rectangular coordinate system, or 
that we are graphing the equation in the xry-plane. 

Quadrant 

Notice that the two intersecting coordinate axes divide the plane into four equal regions. Since there are 
four regions, we call each one a quadrant and number them counterclockwise using Roman numerals. 


Il IV 


Recall that when we first studied the number line we observed the following: 

For each real number there exists a unique point on the number line, and for each point on the number 
line we can associate a unique real number. 

We have a similar situation for the plane. 
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For each ordered pair (a, b), there exists a unique point in the plane, and to each point in the plane we 
can associate a unique ordered pair (a, b) of real numbers. 


7.3.3 Coordinates of a Point 


Coordinates of a Point 


The numbers in an ordered pair that are associated with a particular point are called the coordinates of 
the point. The first number in the ordered pair expresses the point’s horizontal distance and direction 
(left or right) from the origin. The second number expresses the point’s vertical distance and direction 
(up or down) from the origin. 

The Coordinates Determine Distance and Direction 

A positive number means a direction to the right or up. A negative number means a direction to the 
left or down. 


Thia point is located 
2 unite to the left af 
the origin and 3 unite 
up from the origin. 


7.3.4 Plotting Points 


Since points and ordered pairs are so closely related, the two terms are sometimes used interchangeably. The 
following two phrases have the same meaning: 


1. Plot the point (a, 6). 
2. Plot the ordered pair (a, 6). 


Plotting a Point 
Both phrases mean: Locate, in the plane, the point associated with the ordered pair (a, b) and draw a mark 
at that position. 


7.3.5 Sample Set A 


Example 7.7 
Plot the ordered pair (2, 6). 

We begin at the origin. The first number in the ordered pair, 2, tells us we move 2 units to the 
right (+2 means 2 units to the right) The second number in the ordered pair, 6, tells us we move 
6 units up (+6 means 6 units up). 
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sesasscsss. Tae H 
. lol ttt 1111. tt to sometimes 
SEEDS ga focesseeees 


7.3.6 Practice Set A 


Exercise 7.36 (Solution on p. 515.) 
Plot the ordered pairs. 


9) 5E = 0D) 
jae 


—4, 0). 


made 


7.3.7 Exercises 


Exercise 7.37 (Solution on p. 515.) 
Plot the sovONIS ordered pairs. (Do not draw the arrows as in Practice Set A.) 


SGUSeuseueTUseRuensses 
ESEeeeee saan 
aan Hoo 
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Exercise 7.38 
As accurately as possible, state the coordinates of the points that have been plotted on the 
following graph. 


Exercise 7.39 (Solution on p. 515.) 
Using ordered pair notation, what are the coordinates of the origin? 


Exercise 7.40 

We know that solutions to linear equations in two variables can be expressed as ordered pairs. 
Hence, the solutions can be represented as points in the plane. Consider the linear equation y = 
2x —1. Find at least ten solutions to this equation by choosing x-values between —4 and 5 and 
computing the corresponding y-values. Plot these solutions on the coordinate system below. Fill 
in the table to help you keep track of the ordered pairs. 


Table 7.1 


Keeping in mind that there are infinitely many ordered pair solutions to y = 2x — 1, spec- 
ulate on the geometric structure of the graph of all the solutions. Complete the following statement: 


The name of the type of geometric structure of the graph of all the solutions to the linear 
equation 
y = 2a — 1 seems to be 


Where does this figure cross the y-axis? Does this number appear in the equation y = 2x — 1? 
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Place your pencil at any point on the figure (you may have to connect the dots to see the 
figure clearly). Move your pencil exactly one unit to the right (horizontally). To get back onto 
the figure, you must move your pencil either up or down a particular number of units. How many 
units must you move vertically to get back onto the figure, and do you see this number in the 
equation y = 2x — 1? 

Exercise 7.41 (Solution on p. 515.) 
Consider the xy-plane. 


y 


Il IV 


Complete the table by writing the appropriate inequalities. 


I II | Il | Iv 
z>O);/a2<0/ 2 x 
y>O}y y ly 

Table 7.2 


In the following problems, the graphs of points are called scatter diagrams and are frequently 
used by statisticians to determine if there is a relationship between the two variables under con- 
sideration. The first component of the ordered pair is called the input variable and the second 
component is called the output variable. Construct the scatter diagrams. Determine if there 
appears to be a relationship between the two variables under consideration by making the following 
observations: A relationship may exist if 


a. as one variable increases, the other variable increases 
b. as one variable increases, the other variable decreases 


Exercise 7.42 

A psychologist, studying the effects of a placebo on assembly line workers at a particular industrial 
site, noted the time it took to assemble a certain item before the subject was given the placebo, 
x, and the time it took to assemble a similar item after the subject was given the placebo, y. The 
psychologist’s data are 


ag y 
10 8 
12 9 
11 9 
10 7 
14 | 11 
15 | 12 
13 | 10 
Table 7.3 
10 11 12 13 14 15 * 
Exercise 7.43 (Solution on p. 515.) 


The following data were obtained in an engineer’s study of the relationship between the amount 
of pressure used to form a piece of machinery, x, and the number of defective pieces of machinery 
produced, y. 


90 
100 


x 
oO 
ov} orf orp Re] wl] wmlR |] oye 


Table 7.4 
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50 60 70 80 90 100 * 


Exercise 7.44 
The following data represent the number of work days missed per year, x, by the employees of an 
insurance company and the number of minutes they arrive late from lunch, y. 


aola}lp®leflwlrwmtlrwolalels 
Blrmofowl Al Ale | wlrm] mBl]wie 


aD 


Table 7.5 


Exercise 7.45 (Solution on p. 516.) 
A manufacturer of dental equipment has the following data on the unit cost (in dollars), y, of a 
particular item and the number of units, x, manufactured for each order. 
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v y 
1 85 
3 92 
5 99 
3 91 
4 | 100 
1 87 
6 | 105 
8 | 111 
8 | 114 
Table 7.6 
12345678910 * 
7.3.8 Exercises for Review 
Exercise 7.46 
. : : 182° y® 5 
(Section 2.7) Simplify ( oatyt ) , 
Exercise 7.47 (Solution on p. 516.) 
Section 4.3) Supply the missing word. An is astatement that two algebraic expressions 
& gs 


are equal. 


Exercise 7.48 
(Section 4.4) Simplify the expression 5xy (xy — 2x + 3y) — 2xy (3xy — 4x) — 152ry?. 


Exercise 7.49 (Solution on p. 516.) 
(Section 5.2) Identify the equation «+2 = «+1 as an identity, a contradiction, or a conditional 
equation. 


Exercise 7.50 
(Section 7.2) Supply the missing phrase. A system of axes constructed for graphing an equation 
is called a 
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7.4 Graphing Linear Equations in Two Variables * 


7.4.1 Overview 


Solutions and Lines 

General form of a Linear Equation 

The Intercept Method of Graphing 
Graphing Using any Two or More Points 
Slanted, Horizontal, and Vertical Lines 


7.4.2 Solutions and Lines 


We know that solutions to linear equations in two variables can be expressed as ordered pairs. Hence, the 
solutions can be represented by point in the plane. We also know that the phrase “graph the equation” means 
to locate the solution to the given equation in the plane. Consider the equation y — 2% = —3. We’ll graph 
six solutions (ordered pairs) to this equation on the coordinates system below. We’ll find the solutions by 
choosing 2-values (from —1to + 4), substituting them into the equation y — 2% = —3, and then solving to 
obtain the corresponding y-values. We can keep track of the ordered pairs by using a table. 

y—22=-3 


If <= | Then y= | Ordered Pairs 

—1 —5 (—1, —5) 
0 —3 (0, — 3) 

1 —1 (1, —1) 

2 1 (2, 1) 

3 3 (3, 3) 

4 5 (4, 5) 

Table 7.7 
We have plotted only six solutions to the equation y — 2x = —3. There are, as we know, infinitely many 


solutions. By observing the six points we have plotted, we can speculate as to the location of all the other 
points. The six points we plotted seem to lie on a straight line. This would lead us to believe that all 
the other points (solutions) also lie on that same line. Indeed, this is true. In fact, this is precisely why 
first-degree equations are called linear equations. 


“This content is available online at <http://cnx.org/content/m21995/1.3/>. 
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Linear Equations Produce Straight Lines 


Line 


Linear 


7.4.3 General Form of a Linear Equation 


General Form of a Linear Equation in Two Variables 
There is a standard form in which linear equations in two variables are written. Suppose that a, b, and c 
are any real numbers and that a and 6 cannot both be zero at the same time. Then, the linear equation in 
two variables 

ax + by=c 

is said to be in general form. 

We must stipulate that a and b cannot both equal zero at the same time, for if they were we would have 

Ox + 0y=c 

O=c 

This statement is true only if c= 0. If c were to be any other number, we would get a false statement. 

Now, we have the following: 

The graphing of all ordered pairs that solve a linear equation in two variables produces a straight line. 

This implies, 

The graph of a linear equation in two variables is a straight line. 

From these statements we can conclude, 

If an ordered pair is a solution to a linear equations in two variables, then it lies on the graph of the 
equation. 

Also, 

Any point (ordered pairs) that lies on the graph of a linear equation in two variables is a solution to that 
equation. 


7.4.4 The Intercept Method of Graphing 


When we want to graph a linear equation, it is certainly impractical to graph infinitely many points. Since 
a straight line is determined by only two points, we need only find two solutions to the equation (although 
a third point is helpful as a check). 

Intercepts 

When a linear equation in two variables is given in general from, ax + by = c, often the two most convenient 
points (solutions) to fine are called the Intercepts: these are the points at which the line intercepts the 
coordinate axes. Of course, a horizontal or vertical line intercepts only one axis, so this method does not 
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apply. Horizontal and vertical lines are easily recognized as they contain only one variable. (See Sample Set 


y-Intercept 

The point at which the line crosses the y-axis is called the y-intercept. The z-value at this point is zero 
(since the point is neither to the left nor right of the origin). 

az-Intercept 

The point at which the line crosses the x-axis is called the x-intercept and the y-value at that point is zero. 
The y-intercept can be found by substituting the value 0 for x into the equation and solving for y. The 
x-intercept can be found by substituting the value 0 for y into the equation and solving for x. 

Intercept Method 

Since we are graphing an equation by finding the intercepts, we call this method the intercept method 


7.4.5 Sample Set A 


Graph the following equations using the intercept method. 


Example 7.8 
y—22=-3 
To find the y-intercept, let « = 0 and y = b. 
b—2(0) = -3 
b-0 = -8 
b= -3 


Thus, we have the point (0, — 3). So, if#=0, y=b= -3. 
To find the x-intercept, let y = 0 and x =a. 


Divide by -2. 


fb | | 
Bins i slon see w 


a = 


Thus, we have the point (2,0). So, if r=a= 3, y=0. 
Construct a coordinate system, plot these two points, and draw a line through them. Keep in 
mind that every point on this line is a solution to the equation y — 2a = —3. 
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Example 7.9 
—24 + 38y=3 
To find the y-intercept, let c = 0 and y= b. 
—2(0)+3b = 3 


0+3b = 8 
3b = 3 
Oe Eh 


Thus, we have the point (0, 1). So, if«=0, y=b=1. 
To find the x-intercept, let y= 0 and x =a. 


—2a+3(0) = 3 
—2a+0 = 3 
—2a = 3 

a= + 

a= -3 


Thus, we have the point (-3, 0). So, ifv=a= —3, y=0. 
Construct a coordinate system, plot these two points, and draw a line through them. Keep in 
mind that all the PTT to the equation —2x + 3y = 8 are precisely on this line. 


Example 7.10 
4a +y=5 
To find the y-intercept, let « = 0 and y = b. 
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4(0)+b = 5 
O+b = 5 
b= 5 


Thus, we have the point (0, 5). So, if«=0, y=b=5. 
To find the x-intercept, let y = 0 and x =a. 


4a+0 = 
4a = 5 
ges 


Thus, we have the point (3, 0). So, ifr=a= 3, y = 0. 
Construct a coordinate system, plot these two points, and draw a line through them. 


T y 
ITI i 


7.4.6 Practice Set A 


Exercise 7.51 (Solution on p. 516.) 
Graph 32+ y = 3 using the intercept method. 


7.4.7 Graphing Using any Two or More Points 


The graphs we have constructed so far have been done by finding two particular points, the intercepts. 
Actually, any two points will do. We chose to use the intercepts because they are usually the easiest to work 
with. In the next example, we will graph two equations using points other than the intercepts. We’ll use 
three points, the extra point serving as a check. 
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7.4.8 Sample Set B 


Example 7.11 

x — 3y = —10. 

We can find three points by choosing three x-values and computing to find the corresponding 
y-values. We’ll put our results in a table for ease of reading. 


Since we are going to choose z-values and then compute to find the corresponding y-values, it 
will be to our advantage to solve the given equation for y. 


x—3y = —10 Subtract x from both sides. 
—3y = -x-10 Divide both sides by — 3. 
y= getZ 
: y (x, y) 
1 | Ife=1, then y = ; (1) ” = $ | ” = 4 er i) 
—3 | If x =—3, then y= $(-3)+ P=-14+2=8 | (-3,2) 
3 | fc =3, then y= 3 (3) + P=1+2=% (3, 2) 
Table 7.8 


Thus, we have the three ordered pairs (points), (1, it), ( 3, t). 


Example 7.12 


4x + 4y = 0 
We solve for y. 
4y = —4ax 
Yi sso Te 


Table 7.9 
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Notice that the x— and y-intercepts are the same point. Thus the intercept method does not 
provide enough information to construct this graph. 

When an equation is given in the general form ax + by = c, usually the most efficient approach 
to constructing the graph is to use the intercept method, when it works. 


7.4.9 Practice Set B 


Graph the following equations. 
Exercise 7.52 (Solution on p. 517.) 


(Solution on p. 517.) 
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Exercise 7.54 (Solution on p. 517.) 


7.4.10 Slanted, Horizontal, and Vertical Lines 


In all the graphs we have observed so far, the lines have been slanted. This will always be the case when 
both variables appear in the equation. If only one variable appears in the equation, then the line will be 
either vertical or horizontal. To see why, let’s consider a specific case: 

Using the general form of a line, az + by = c, we can produce an equation with exactly one variable by 
choosing a = 0, b= 5, and c= 15. The equation ax + by = c then becomes 

Ox + 5y = 15 

Since 0 - (any number) = 0, the term 02 is 0 for any number that is chosen for x. 

Thus, 


Ox + 5y = 15 

becomes 

0+5y=15 

But, 0 is the additive identity and 0 + 5y = 5y. 
Sy = 15 

Then, solving for y we get 

y=3 


This is an equation in which exactly one variable appears. 

This means that regardless of which number we choose for x, the corresponding y-value is 3. Since the 
y-value is always the same as we move from left-to-right through the z-values, the height of the line above 
the z-axis is always the same (in this case, 3 units). This type of line must be horizontal. 

An argument similar to the one above will show that if the only variable that appears is x, we can expect 
to get a vertical line. 


7.4.11 Sample Set C 


Example 7.13 

Graph y = 4. 

The only variable appearing is y. Regardless of which x-value we choose, the y-value is always 4. 
All points with a y-value of 4 satisfy the equation. Thus we get a horizontal line 4 unit above the 
x-axis. 
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z | y | (ty) 
3. | 4-| (=3,4) 
Sat ape) 
es tale: ae se) 
0 | 4] (0,4) 
1 |4/] (1,4) 
2 |4 | (2,4) 
3 | 4] (3,4) 
4 |4 | (4,4) 
Table 7.10 


ee | 


Example 7.14 

Graph x = —2. 

The only variable that appears is x. Regardless of which y-value we choose, the x-value will always 
be —2. Thus, we get a vertical line two units to the left of the y-axis. 


ce |y | (ey) 
Dl sa | (20, 2) 
rae ee 
Dell 297 | (9 Oy 
Pa eniglle er seee) 
25.) 308 20) 
0 |) | Gs, 1 
=) II 20) 
25 -l wean) 
29: | 8 Ay 


Table 7.11 
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7.4.12 Practice Set C 


Exercise 7.55 (Solution on p. 517.) 
Graph y = 2. 

SERG0F URE 
mp 


Exercise 7.56 (Solution on p. 518.) 
Graph x = —4. 


Summarizing our results we can make the following observations: 


1. When a linear equation in two variables is written in the form ax + by = c, we say it is written in 
general form. 
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2. To graph an equation in general form it is sometimes convenient to use the intercept method. 
3. A linear equation in which both variables appear will graph as a slanted line. 
4. A linear equation in which only one variable appears will graph as either a vertical or horizontal line. 


x =a graphs as a vertical line passing through a on the z-axis. 
y = b graphs as a horizontal line passing through b on the y-axis. 


7.4.13 Exercises 


For the following problems, graph the equations. 
Exercise 7.57 (Solution on p. 518.) 


3x — 2y =6 


TO 
PCO 
Co 


Exercise 7.59 (Solution on p. 518.) 
—2a+y=4 
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(Solution on p. 519.) 
2x2 — 3y =6 


Exercise 7.62 
2x + 5y = 10 
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(Solution on p. 519.) 


Exercise 7.64 
—2¢ + 3y = —12 


Exercise 7.65 (Solution on p. 519.) 
ytr=l 


2a—y+t+4=0 


Exercise 7.68 
—2x + dy = 0 


(Solution on p. 520.) 
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(Solution on p. 520.) 


Exercise 7.71 
Ox + 2y = 2 


(Solution on p. 520.) 
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Exercise 7.73 (Solution on p. 521.) 
4x + Oy = 16 


Exercise 7.74 
$x +0y=-1 
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(Solution on p. 521.) 


Exercise 7.77 (Solution on p. 521.) 
ees 


r=—A4 


Exercise 7.80 
—32 = —9 


(Solution on p. 522.) 
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(Solution on p. 522.) 


Exercise 7.82 
Construct the graph of all the points that have coordinates (a, a), that is, for each point, the 2— 
and y-values are the same. 


— 
7.4.13.1 | Calculator Problems 


Exercise 7.83 (Solution on p. 522.) 
2.532 + 4.77y = 8.45 


Exercise 7.84 
1.962 + 2.05y = 6.55 


Exercise 7.85 
4.142 —6.6y = ay 5 


Exercise 7.86 
626.01a — 506.73y = 2443.50 


(Solution on p. 523.) 
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7.4.14 Exercises for Review 


Exercise 7.87 (Solution on p. 523.) 
(Section 2.3) Name the property of real numbers that makes 4+ 2 = x + 4 a true statement. 
Exercise 7.88 

(Section 3.3) Supply the missing word. The absolute value of a number a, denoted |a|, is the 
from a to 0 on the number line. 
Exercise 7.89 (Solution on p. 523.) 
(Section 4.6) Find the product (3a + 2) (x — 7). 

Exercise 7.90 

(Section 5.4) Solve the equation 3 [3 (a — 2) + 4a] — 24 = 0. 

Exercise 7.91 (Solution on p. 523.) 
(Section 7.3) Supply the missing word. The coordinate axes divide the plane into four equal 
regions called 


7.5 The Slope-Intercept Form of a Line’ 


7.5.1 Overview 


The General Form of a Line 

The Slope-Intercept Form of a Line 
Slope and Intercept 

The Formula for the Slope of a Line 


7.5.2 The General Form of a Line 


We have seen that the general form of a linear equation in two variables is ax + by = c (Section Section 7.4). 
When this equation is solved for y, the resulting form is called the slope-intercept form. Let’s generate this 
new form. 


>This content is available online at <http://cnx.org/content /m22014/1.3/>. 
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ax+by = c Subtract ax from both sides. 
by = -axr+c Divide both sides by b 

by _ =ar 4c 

0 => IE b 

yoy _ -ar | ¢ 

yo ~~  »’ b 

yp = Se ee 

b b 

y = =H +e 

ane b 


This equation is of the form y = ma + b if we replace 5° with m and constant ¢ with b. (Note: The 


fact that we let b = ¢ is unfortunate and occurs beacuse of the letters we have chosen to use in the general 
form. The letter 6 occurs on both sides of the equal sign and may not represent the same value at all. This 
problem is one of the historical convention and, fortunately, does not occur very often.) 


The following examples illustrate this procedure. 


Example 7.15 
Solve 3x + 2y = 6 for y. 


3a4+2y = 6 Subtract 3x from both sides. 
2y = —3¢+6 Divide both sides by 2. 
y = —3r +3 
This equation is of the form y = ma + b. In this case, m = 3 and b= 3. 


Example 7.16 
Solve —15a + 5y = 20 for y. 


—lbr+5y = 20 
sy = 15474 20 
y= 3a +4 


This equation is of the form y = ma + b. In this case, m = 3 and b= 4. 


Example 7.17 
Solve 4x — y = 0 for y. 


4r-y = 0 
-y = —42 
y= 4x 


This equation is of the form y = ma + b. In this case, m = 4 and b = 0. Notice that we can 
write y = 4a as y= 40 + 0. 


7.5.3 The Slope-Intercept Form of a Line 


The Slope-Intercept Form of a Line y = mz +b 
A linear equation in two variables written in the form y = mz + 0 is said to be in slope-intercept form. 


7.5.4 Sample Set A 
The following equations are in slope-intercept form: 


Example 7.18 
y=6x—7. Inthiscasem = 6and b= —7. 
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Example 7.19 
y=—22+9. Inthiscasem = —2andb= 9. 
Example 7.20 
y= zx + 4.8 Inthiscasem = : and b= 4.8. 
Example 7.21 
y= 7x. Inthiscasem = 7and b = Osince wecan write y = 7rasy = 7x + 0. 
The following equations are not in slope-intercept form: 
Example 7.22 
2y=4a-—1. Thecoefficient of yis2. Tobeinslope-intercept form, the coefficient of y must be 1. 


Example 7.23 


y+4x2=5. Theequation is not solved for y. The x and y appear on the same side of the equal sign. 


Example 7.24 


y+1= 2a. Theequation is not solved for y. 


7.5.5 Practice Set A 


The following equation are in slope-intercept form. In each case, specify the slope and y-intercept. 


Exercise 7.92 (Solution on p. 523.) 
y=2e+7; m= b= 

Exercise 7.93 (Solution on p. 523.) 
y=—-4¢4+2; m= b= 

Exercise 7.94 (Solution on p. 523.) 
y= —bsa—-1;5 m= b= 

Exercise 7.95 (Solution on p. 523.) 
y= 2a —-10; m= b= 

Exercise 7.96 (Solution on p. 523.) 
y= Su + $3 m= b= 

Exercise 7.97 (Solution on p. 523.) 
y= 32; m= b= 


7.5.6 Slope and Intercept 


When the equation of a line is written in slope-intercept form, two important properties of the line can 
be seen: the slope and the intercept. Let’s look at these two properties by graphing several lines and 
observing them carefully. 


7.5.7 Sample Set B 


Example 7.25 
Graph the line y = x — 3. 


e jy | (x,y) 
Ge |= 3. tor 3) 
4-1 | Qn 
2 | 25 aoe Ss) 
Table 7.12 


Looking carefully at this line, answer the following two questions. 


Problem 1 


At what number does this line cross the y-axis? Do you see this number in the equation? 


Solution 
The line crosses the y-axis at —3. 


Problem 2 


Place your pencil at any point on the line. Move your pencil exactly one unit horizontally to the 
right. Now, how many units straight up or down must you move your pencil to get back on the 


line? Do you see this number in the equation? 


Solution 


After moving horizontally one unit to the right, we must move exactly one vertical unit up. This 


number is the coefficient of x. 


Example 7.26 
Graph the line y = 2a +1. 


ze |y | (2, y) 

iD, PO) 

ao eae ae 3) 
Seb (oR say 
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Table 7.13 


“ey 


Looking carefully at this line, answer the following two questions. 


Problem 1 
At what number does this line cross the y-axis? Do you see this number in the equation? 


Solution 
The line crosses the y-axis at +1. 


Problem 2 

Place your pencil at any point on the line. Move your pencil exactly one unit horizontally to the 
right. Now, how many units straight up or down must you move your pencil to get back on the 
line? Do you see this number in the equation? 


Solution 
After moving horizontally one unit to the right, we must move exactly 2 unit upward. This number 
is the coefficient of x. 


7.5.8 Practice Set B 


Example 7.27 
Graph the line y = —32 +4 4. 


y | (x,y) 


wm] wy, o}Ts 


Table 7.14 
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4 


+} jj ji) 


—t 
} 
4 


Looking carefully at this line, answer the following two questions. 


Exercise 7.98 (Solution on p. 523.) 
At what number does the line cross the y-axis? Do you see this number in the equation? 


Exercise 7.99 (Solution on p. 523.) 
Place your pencil at any point on the line. Move your pencil exactly one unit horizontally to the 
right. Now, how many units straight up or down must you move your pencil to get back on the 
line? Do you see this number in the equation? 


In the graphs constructed in Sample Set B and Practice Set B, each equation had the form y = ma + b. We 


can answer the same questions by using this form of the equation (shown in the diagram). 
¥ 


y-Intercept 
Exercise 7.100 
At what number does the line cross the y-axis? Do you see this number in the equation? 


Solution 

In each case, the line crosses the y-axis at the constant b. The number 6 is the number at which 
the line crosses the y-axis, and it is called the y-intercept. The ordered pair corresponding to the 
y-intercept is (0, 0). 


Exercise 7.101 

Place your pencil at any point on the line. Move your pencil exactly one unit horizontally to the 
right. Now, how many units straight up or down must you move your pencil to get back on the 
line? Do you see this number in the equation? 


Solution 
To get back on the line, we must move our pencil exactly m vertical units. 
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Slope 

The number m is the coefficient of the variable x. The number m is called the slope of the line and it is the 
number of units that y changes when x is increased by 1 unit. Thus, if « changes by 1 unit, y changes by m 
units. 

Since the equation y = ma -+ 6 contains both the slope of the line and the y-intercept, we call the form 
y = maz +b the slope-intercept form. 

The Slope-Intercept Form of the Equation of a Line 

The slope-intercept form of a straight line is 

y=ma+b 

The slope of the line is m, and the y-intercept is the point (0, b). 

The Slope is a Measure of the Steepness of a Line 

The word slope is really quite appropriate. It gives us a measure of the steepness of the line. Consider two 
lines, one with slope 4 and the other with slope 3. The line with slope 3 is steeper than is the line with slope 
5: Imagine your pencil being placed at any point on the lines. We make a 1-unit increase in the z-value 
by moving the pencil one unit to the right. To get back to one line we need only move vertically 4 unit, 
whereas to get: back onto the other line we need to move vertically 3 units. 


tf ef 1 | 


7.5.9 Sample Set C 

Find the slope and the y-intercept of the following lines. 
Example 7.28 
y= 2c+7. 


The line is in the slope-intercept form y = maz + b. The slope is m, the coefficient of 2. 
Therefore, m = 2. The y-intercept is the point (0, b). Since b = 7, the y-intercept is (0, 7). 
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Slope : 2 
y-intercept : (0, 7) 
Example 7.29 


y= —4¢ +1. 
The line is in slope-intercept form y = mz + b. The slope is m, the coefficient of x. So, 
m = —4. The y-intercept is the point (0, b). Since b = 1, the y-intercept is (0, 1). 

Slope : —4 


y-intercept : (0, 1) 


Example 7.30 
3a + 2y = 5. 


The equation is written in general form. We can put the equation in slope-intercept form 
by solving for y. 


3@a+2y = 5 
2y = —3@+5 
y= —pat5 


Now the equation is in slope-intercept form. 
lead 
Slope: — 5 
y-intercept: (0, 3) 


7.5.10 Practice Set C 


Exercise 7.102 (Solution on p. 524.) 
Find the slope and y-intercept of the line 2x + 5y = 15. 


7.5.11 The Formula for the Slope of a Line 


We have observed that the slope is a measure of the steepness of a line. We wish to develop a formula for 
measuring this steepness. 
It seems reasonable to develop a slope formula that produces the following results: 


Steepness of line 1 > steepness of line 2. 
y 
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Consider a line on which we select any two points. We’ll denote these points with the ordered pairs 
(x1, y1) and (x2, y2). The subscripts help us to identify the points. 
(x1, y1 ) is the first point. Subscript 1 indicates the first point. 


(2, y2) is the second point. Subscript 2 indicates the second point. 
y 


The difference in x values (x2 — x1) gives us the horizontal change, and the difference in y values (y2 — yi) 
gives us the vertical change. If the line is very steep, then when going from the first point to the second 
point, we would expect a large vertical change compared to the horizontal change. If the line is not very 
steep, then when going from the first point to the second point, we would expect a small vertical change 


compared to the horizontal change. 
y 


Vertical 
change 
yon-n 


Horizontal change 
%- 


Vertical change 
y2- V1 


Horizontal change 
%— % 


We are comparing changes. We see that we are comparing 


The verticalchange to the horizontal change 
The change in y to thechangein x 


Yy2—- Yi to %-2 
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This is a comparison and is therefore a ratio. Ratios can be expressed as fractions. Thus, a measure of 
the steepness of a line can be expressed as a ratio. 
The slope of a line is defined as the ratio 


change i 
Sipe ee 
change in x 
Mathematically, we can write these changes as 
Slope = yo 
LQ — Ly 


Finding the Slope of a Line 
The slope of a nonvertical line passing through the points (x,y, ) and (x2, y2) is found by the formula 


— Y2-y 
TQ — £1 


m 


7.5.12 Sample Set D 


For the two given points, find the slope of the line that passes through them. 


Example 7.31 
(0,1) and (1,3). 


Looking left to right on the line we can choose (x, y,) to be (0,1), and (a2 y2) to be 
(1,3) .Then, 


This line has slope 2. It appears fairly steep. When the slope is written in fraction form, 2 = 2, 
we can see, by recalling the slope formula, that as 2 changes 1 unit to the right (because of the 
+1) y changes 2 units upward (because of the +2). 


_ changeiny — 2 


Se changeinz 1 
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Notice that as we look left to right, the line rises. 


Example 7.32 
(2,2) and (4,3) . 


Looking left to right on the line we can choose (2, y; ) to be (2,2) and (x2, yo) to be (4,3). Then, 


This line has slope 5. Thus, as x changes 2 units to the right (because of the +2), y changes 1 
unit upward (because of the +1). 


_ changeiny — 1 


~ changeinz 2 


Notice that in examples 1 and 2, both lines have positive slopes, +2 and +3, and both 
lines rise as we look left to right. 


Example 7.33 
(—2, 4) and (1, 1). 


Looking left to right on the line we can choose (#1,y,) to be (—2,4) and (x2,y2) to be 
(1, 1). Then, 


(po 1-4 —3 —3 
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This line has slope —1. 


When the slope is written in fraction form, m = —-1 = =, we can see that as x changes 1 
unit to the right (because of the +1), y changes 1 unit downward (because of the —1). 
Notice also that this line has a negative slope and declines as we look left to right. 


Example 7.34 
(1,3) and (5,3). 


This line has 0 slope. This means it has no rise and, therefore, is a horizontal line. This does 
not mean that the line has no slope, however. 


Example 7.35 
(4,4) and (4,0). 


This problem shows why the slope formula is valid only for nonvertical lines. 
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Since division by 0 is undefined, we say that vertical lines have undefined slope. Since there is no 
real number to represent the slope of this line, we sometimes say that. vertical lines have undefined 
slope, or no slope. 


7.5.13 Practice Set D 


Exercise 7.103 (Solution on p. 524.) 
Find the slope of the line passing through (2, 1) and (6,3). Graph this line on the graph of problem 
2 below. 

Exercise 7.104 (Solution on p. 524.) 


Find the slope of the line passing through (3,4) and (5,5). Graph this line. 
| | 7 TIITtgT 
+—{ 


}-—}+_+_+_++_-++—- 


Exercise 7.105 (Solution on p. 524.) 
Compare the lines of the following problems. Do the lines appear to cross? What is it called when 
lines do not meet (parallel or intersecting)? Compare their slopes. Make a statement about the 
condition of these lines and their slopes. 

Before trying some problems, let’s summarize what we have observed. 


Exercise 7.106 

The equation y = mz + bis called the slope-intercept form of the equation of a line. The number 
m is the slope of the line and the point (0, b) is the y-intercept. 

Exercise 7.107 

The slope, m, of a line is defined as the steepness of the line, and it is the number of units that y 
changes when x changes 1 unit. 
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Exercise 7.108 
The formula for finding the slope of a line through any two given points (x1, y1) and (22, y2)is 


Exercise 7.109 
The fraction a represents the Chanseiny 


Change in x * 
Exercise 7.110 
As we look at a graph from left to right, lines with positive slope rise and lines with negative slope 
decline. 


Exercise 7.111 

Parallel lines have the same slope. 
Exercise 7.112 

Horizontal lines have 0 slope. 


Exercise 7.113 
Vertical lines have undefined slope (or no slope). 


7.5.14 Exercises 


For the following problems, determine the slope and y-intercept of the lines. 
Exercise 7.114 (Solution on p. 524.) 
y=3r+4 
Exercise 7.115 
y=2xr+9 
Exercise 7.116 (Solution on p. 524.) 
y= 9r+1 
Exercise 7.117 
y = 7x +10 
Exercise 7.118 (Solution on p. 524.) 
y= —4¢4+5 
Exercise 7.119 
y= —-24+8 
Exercise 7.120 (Solution on p. 524.) 
y=—6x—-1 
Exercise 7.121 
y=—-x—-6 
Exercise 7.122 (Solution on p. 524.) 
y=-r+2 
Exercise 7.123 
2y=4r+8 
Exercise 7.124 (Solution on p. 524.) 
4y = 16x + 20 
Exercise 7.125 
—d5y = 1bx% + 55 
Exercise 7.126 (Solution on p. 524.) 
—3y = 12x — 27 
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Exercise 7.127 


y= 3x —8 
Exercise 7.128 (Solution on p. 524.) 
y= 22 —12 


Exercise 7.129 
y= pers 
Exercise 7.130 (Solution on p. 525.) 
y= se-3 
Exercise 7.131 
—3y =524+8 
Exercise 7.132 (Solution on p. 525.) 
—l0y = —-12%4 1 
Exercise 7.133 
—-y=a2+1 
Exercise 7.134 (Solution on p. 525.) 
—y=-2+3 
Exercise 7.135 
32 —-y=7 
Exercise 7.136 (Solution on p. 525.) 
5a + 3y = 6 
Exercise 7.137 
—6x2 —7y = —-12 
Exercise 7.138 (Solution on p. 525.) 
—“x+4y=-1 
For the following problems, find the slope of the line through the pairs of points. 
Exercise 7.139 
(1, 6), (4,9) 
Exercise 7.140 (Solution on p. 525.) 
(1, 3), (4,7) 
Exercise 7.141 
(3, 5), (4,7) 
Exercise 7.142 (Solution on p. 525.) 
(6, 1), (2,8) 
Exercise 7.143 
(0, 5), (2,—6) 
Exercise 7.144 (Solution on p. 525.) 
(—2, 1), (0,5) 
Exercise 7.145 
(3, —9), (5,1) 
Exercise 7.146 (Solution on p. 525.) 
(4, —6), (—2,1) 
Exercise 7.147 
(—5, 4), (—1,0) 
Exercise 7.148 (Solution on p. 525.) 
(—3, 2), (—4,6) 


Exercise 7.149 

(9, 12), (6,0) 
Exercise 7.150 

(0, 0), (6,6) 
Exercise 7.151 
(—2, —6), (—4,-1) 
Exercise 7.152 
(-1, —7), (—2,-9) 
Exercise 7.153 
(—6, —6), (—5,—4) 
Exercise 7.154 
(—1, 0), (—2, —-2) 
Exercise 7.155 
(—4, — 2), (0,0) 
Exercise 7.156 

(2, 3), (10,3) 
Exercise 7.157 

(4, —2), (4,7) 
Exercise 7.158 

(8, —1), (8,3) 
Exercise 7.159 

(4, 2), (6,2) 
Exercise 7.160 

(5, —6), (9,-6) 
Exercise 7.161 

Do lines with a positive slope rise or decline as we look left to right? 
Exercise 7.162 

Do lines with a negative slope rise or decline as we look left to right? 


Exercise 7.163 
Make a statement about the slopes of parallel lines. 


7.5.14.1 #3 Calculator Problems 


(Solution on p. 525.) 


(Solution on p. 525.) 


(Solution on p. 525.) 


(Solution on p. 525.) 


(Solution on p. 525.) 


(Solution on p. 525.) 


(Solution on p. 525.) 
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For the following problems, determine the slope and y-intercept of the lines. Round to two decimal places. 


Exercise 7.164 

3.82 + 12.ly = 4.26 
Exercise 7.165 

8.092 + 5.57y = —1.42 
Exercise 7.166 

10.813x — 17.0y = —45.99 
Exercise 7.167 

—6.003x — 92.388y = 0.008 


(Solution on p. 525.) 


(Solution on p. 525.) 


For the following problems, find the slope of the line through the pairs of points. Round to two decimal 


places. 
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Exercise 7.168 (Solution on p. 525.) 
(5.56, 9.37), (2.16, 4.90) 

Exercise 7.169 

(33.1, 8.9), (42.7, — 1.06) 

Exercise 7.170 (Solution on p. 525.) 
(155.89, 227.61) , (157.04, 227.61) 

Exercise 7.171 

(0.00426, — 0.00404) , (—0.00191, — 0.00404) 

Exercise 7.172 (Solution on p. 525.) 
(88.81, — 23.19), (88.81, — 26.87) 

Exercise 7.173 

(—0.0000567, — 0.0000567) , (—0.00765, 0.00764) 


7.5.15 Exercises for Review 


Exercise 7.174 (Solution on p. 525.) 
(Section 2.7) Simplify (a?y3w*)”. 
Exercise 7.175 
(Section 5.4) Solve the equation 3x — 4(2— x) —3(#— 2) +4=0. 
Exercise 7.176 (Solution on p. 525.) 
(Section 5.6) When four times a number is divided by five, and that result is decreased by eight, 
the result is zero. What is the original number? 
Exercise 7.177 
(Section 5.8) Solve —3y+ 10=2+2 if x= —4. 
Exercise 7.178 (Solution on p. 526.) 
(Section 7.4) Graph the linear equation x + y = 3. 

a — 


7 TIT 


7.6 Graphing Equations in Slope-Intercept Form * 


7.6.1 Overview 


e Using the Slope and Intercept to Graph a Line 


®This content is available online at <http://cnx.org/content /m22000/1.3/>. 
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7.6.2 Using the Slope and Intercept to Graph a Line 


When a linear equation is given in the general form, az + by = c, we observed that an efficient graphical 
approach was the intercept method. We let « = 0 and computed the corresponding value of y, then let y = 0 
and computed the corresponding value of zx. 

When an equation is written in the slope-intercept form, y = mz + 0, there are also efficient ways of 
constructing the graph. One way, but less efficient, is to choose two or three x-values and compute to find 
the corresponding y-values. However, computations are tedious, time consuming, and can lead to errors. 
Another way, the method listed below, makes use of the slope and the y-intercept for graphing the line. It 
is quick, simple, and involves no computations. 


Graphing Method 


1. Plot the y-intercept (0, 6). 
2. Determine another point by using the slopem. 
3. Draw a line through the two points. 


Recall that we defined the slope m as the ratio = The numerator y2 — y; represents the number of units 
that y changes and the denominator x2 — x1 represents the number of units that x changes. Suppose m = . 
Then p is the number of units that y changes and q is the number of units that x changes. Since these 
changes occur simultaneously, start with your pencil at the y-intercept, move p units in the appropriate 
vertical direction, and then move q units in the appropriate horizontal direction. Mark a point at this 
location. 


7.6.3 Sample Set A 
Graph the following lines. 
Example 7.36 
y= 3x +2 
Step 1: The y-intercept is the point (0, 2). Thus the line crosses the y-axis 2 units above the origin. 
Mark a point at (0, 2). 


r ¥ Y y ’ 


a ee 4 - a | | ) 


Step 2: The slope, m, is This means that if we start at any point on the line and move our 
pencil 3 units up and then 4 units to the right, we’ll be back on the line. Start at a 
known point, the y-intercept (0,2). Move up 3 units, then move 4 units to the right. 
Mark a point at this location. (Note also that 3 a =. This means that if we start 
at any point on the line and move our pencil 3 units down and 4 units to the left, 


H100 


we'll be back on the line. Note also that 3 = = 4, This means that if we start at any point 


on the line and move to the right 1 unit, we ‘ll have to move up 3/4 unit to get back on the line.) 
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). Thus the line crosses the y-axis f units above the origin. 


4; 


Step 1: The y-intercept is the point (0 
0 


7 
7) 
Mark a point at (0, t). or ( ; 35 


Step 2: The slope, m, is —4. We can write —4 a 


5 5 =. Thus, we start at a known point, the 


s 
2 

y-intercept (0, 33) , move down one unit (because of the —1), then move right 2 units. 

Mark a point at this location. 
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Example 7.38 
y= 3x 


Step 1: We can put this equation into explicit slope-intercept by writing it as y = 2a +0. 


The yintercept is the point (0,0), the origin. This line goes right through the ori- 
gin. 


Step 2: The slope, m, is 2. Starting at the origin, we move up 2 units, then move to the right 5 


units. Mark a point at this location. 
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Step 3: Draw a line through the two points. 


Example 7.39 
y=2x—4 


Step 1: The y-intercept is the point (0, —4). Thus the line crosses the y-axis4 units below the 
origin. Mark a point at (0, — 4). 


THE 


| 


LI 


r 


Step 2: The slope, m, is 2. If we write the slope as a fraction, 2 = 2, we can read how to make the 
changes. Start at the known point (0, — 4), move up 2 units, then move right 1 unit. Mark 
a point at this location. 


Step 3: Draw a line through the two points. 
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7.6.4 Practice Set A 


Use the y-intercept and the slope to graph each line. 
Exercise 7.179 (Solution on p. 526.) 
y= Ha +4 


+ 


Exercise 7.180 (Solution on p. 526.) 
g25 33 
Y= qe 


+ 


7.6.5 Excercises 


For the following problems, graph the equations. 


Exercise 7.181 (Solution on p. 526.) 
y= 2a +1 
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y= yr-—2 


Exercise 7.183 (Solution on p. 527.) 
y= da—4 


Exercise 7.184 
—_ 6 
y=—3r-—3 
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Exercise 7.185 
y= 3a-5 


y= sr+2 


Exercise 7.187 
y=—8r+4 


(Solution on p. 527.) 


(Solution on p. 527.) 
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Exercise 7.189 (Solution on p. 528.) 
y= la-4 


oe 


Exercise 7.190 
y= -2e+1 


See8F Ue 
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y=x+t2 


Exercise 7.193 
y= 32 


(Solution on p. 528.) 


(Solution on p. 528.) 
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Exercise 7.194 
yr 


(Solution on p. 529.) 


; 


Exercise 7.196 
3y — 2x4 = -3 


A475 


Exercise 7.197 (Solution on p. 529.) 
6x + 10y = 30 


Exercise 7.198 
zt+y=0 


7.6.6 Excersise for Review 


Exercise 7.199 (Solution on p. 529.) 
(Section 5.7) Solve the inequality 2 — 4a > x — 3. 
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Exercise 7.200 
(Section 7.2) Graph the inequality y+ 3 > 1. 


—————— EE e___” 


Exercise 7.201 (Solution on p. 529.) 
(Section 7.4) Graph the equation y = —2. 


Exercise 7.202 
(Section 7.5) Determine the slope and y-intercept of the line —4y — 3a = 16. 


Exercise 7.203 (Solution on p. 530.) 
(Section 7.5) Find the slope of the line passing through the points (—1, 5) and (2, 3). 


7.7 Finding the Equation of a Line ’ 


7.7.1 Overview 


e The Slope-Intercept and Point-Slope Forms 


7.7.2 The Slope-Intercept and Point-Slope Forms 


In the pervious sections we have been given an equation and have constructed the line to which it corresponds. 
Now, however, suppose we’re given some geometric information about the line and we wish to construct the 
corresponding equation. We wish to find the equation of a line. 

We know that the formula for the slope of a line is m = paw can find the equation of a line using 
the slope formula in either of two ways: 


Example 7.40 

If we’re given the slope, m, and any point (21, y1) on the line, we can substitute this information 
into the formula for slope. 

Let (1, y1) be the known point on the line and let (x,y) be any other point on the line. Then 
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m= = Multiply both sides by x — 21. 
m(e—m) = J@=m)- eh 
m(z—2i) = yy For convenience, we’ll rewrite the equation. 
y-y = m(x—21) 


Since this equation was derived using a point and the slope of a line, it is called the point-slope 
form of a line. 


Example 7.41 
If we are given the slope, m, y-intercept, (0,b), we can substitute this information into the formula 


for slope. 
Let (0,6) be the y-intercept and (x,y) be any other point on the line. Then, 
m= 
= 
m= ut Multiply both sides by z. 
m:n = )a - = 
mz = y—b Solve for y. 
maz+b = y Forconvenience, we'll rewrite this equation. 
y = mxzt+b 


Since this equation was derived using the slope and the intercept, it was called the slope- 
intercept form of a line. 
We summarize these two derivations as follows. 


Forms of the Equation of a Line 
We can find the equation of a line if we’re given either of the following sets of information: 


1. The slope, m,and the y-intercept, (0,6) ,by substituting these values into) y= max +b 


This is the slope-intercept form. 


2. The slope, m,and any point, (1, y1) ,by substituting these values into | y — y, = m (a — 21) 


This is the point-slope form. 


Notice that both forms rely on knowing the slope. If we are given two points on the line we may still find 
the equation of the line passing through them by first finding the slope of the line, then using the point-slope 
form. 

It is customary to use either the slope-intercept form or the general form for the final form of the line. 
We will use the slope-intercept form as the final form. 


7.7.3 Sample Set A 
Find the equation of the line using the given information. 


Example 7.42 
m=6 ,y-intercept (0,4) 
Since we’re given the slope and the y-intercept,we’ll use the slope-intercept form. m = 6,6 = 4. 
y=mat+b 
y=6r+4 
Example 7.43 
m= —3, y-intercept (0, 3) 
Since we’re given the slope and the y-intercept,we’ll use the slope-intercept form. m = =>, 
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y = maxt+db 
y= —32 ate : 


Example 7.44 
m= 2, thepoint (4,3). 
Write the equation in slope-intercept form. 
Since we’re given the slope and some point, we’ll use the point-slope form. 


y-y = m(ax—21) Let (21, y1) be (4,3). 
y-3 = 2(4-4) Put this equation in slope-intercept form by solving for y. 
y—-3 = 2-8 

y = Ww-5 


Example 7.45 
m=-—5, the point (—3,0). 
Write the equation in slope-intercept form. 
Since we’re given the slope and some point, we’ll use the point-slope form. 


y-Yy = m(x—21) Let (21, y1) be (-3,0). 
y-0 = ~5fe—-(-2)] 

= —5(#+3) Solve for y. 

= —5a—15 


Example 7.46 
m=-1, the point (0,7). 
Write the equation in slope-intercept form. 

We’re given the slope and a point, but careful observation reveals that this point is actually the 
y-intercept. Thus, we’ll use the slope-intercept form. If we had not seen that this point was the 
y-interceptwe would have proceeded with the point-slope form. This would create slightly more 
work, but still give the same result. 


Slope-intercept form Point-slope form 
U U 


y = ma+b y-y = m(x—2)) 
y = —lx+7 y-7 = -1(#-0) 
y = -“+7 y-T = -& 

y = -£+7 


Example 7.47 
The two points (4, 1)and (8,5). 
Write the equation in slope-intercept form. 


Since we’re given two points, we’ll find the slope first. 

m Y2-Y1 5-1 4 4 

LQ-Ly 3-4 -1 2 . : is, 

Now, we have the slope and two points. We can use either point and the point-slope form. 


Using (4, 1) Using (3, 5) 
y-y = m(x-21) YM m (x — 2) 
y-1l = -4(4—-4) y-5 = -4(#—-3) 
y-1l = -4r+4 16 y-5 = —4x%+4+12 
Yy = —4¢+17 y = —-4¢+17 

Table 7.15 


We can see that the use of either point gives the same result. 


7.7.4 Practice Set A 
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Find the equation of each line given the following information. Use the slope-intercept form as the final form 


of the equation. 


Exercise 7.204 (Solution 
m = 5, y-intercept (0,8). 

Exercise 7.205 (Solution 
m = —8, y-intercept (0,3). 

Exercise 7.206 (Solution 
m = 2, y-intercept (0,—7). 

Exercise 7.207 (Solution 
m = 1, yintercept (0,—1). 

Exercise 7.208 (Solution 
m = —1, y-intercept (0,—10). 

Exercise 7.209 (Solution 
m = 4,the point (5,2). 

Exercise 7.210 (Solution 
m = —6,the point (—1,0). 

Exercise 7.211 (Solution 
m = —1,the point (—5,—5). 

Exercise 7.212 (Solution 
The two points (4, l)and (6,5). 

Exercise 7.213 (Solution 


The two points (—7,—1l)and (—4,8). 


7.7.5 Sample Set B 


Example 7.48 
Find the equation of the line passing through the point (4, —7)having slope 0. 
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on p. 


on p. 
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530.) 


530.) 


530.) 


530.) 


530.) 


530.) 


530.) 


530.) 


530.) 


530.) 


We’re given the slope and some point, so we’ll use the point-slope form. With m = Oand 


(21, y1)as (4, —7) ,we have 
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y- Yi = 771 (a i x1) 
y—(-7) = O0(x-4) 
y+7 = 0 
y =a et 


This is a horizontal line. 


Example 7.49 
Find the equation of the line passing through the point (1,3)given that the line is vertical. 

Since the line is vertical, the slope does not exist. Thus, we cannot use either the slope-intercept 
form or the point-slope form. We must recall what we know about vertical lines. The equation of 
this line is simply « = 1. 


7.7.6 Practice Set B 


Exercise 7.214 (Solution on p. 530.) 
Find the equation of the line passing through the point (—2,9)having slope 0. 
Exercise 7.215 (Solution on p. 530.) 


Find the equation of the line passing through the point (—1,6)given that the line is vertical. 


7.7.7 Sample Set C 


Example 7.50 
Reading only from the graph, determine the equation of the line. 
The slope of the line is 2, and the line crosses the y-axisat the point (0,—3) .Using the slope- 
intercept form we get 
y= 2a —3 
Ter) 


3° 


7.7.8 Practice Set C 


Exercise 7.216 (Solution on p. 530.) 
Reading only from the graph, determine the equation of the line. 


7.7.9 Exercises 


Exercise 7.217 

m = 3, y-intercept (0, 4) 
Exercise 7.218 

m = 2, y-intercept (0,5) 
Exercise 7.219 

m = 8, y-intercept (0, 1) 
Exercise 7.220 

m = 5, y-intercept (0, —3) 
Exercise 7.221 

m = —6, y-intercept (0, —1) 
Exercise 7.222 

m = —4, y-intercept (0,0) 
Exercise 7.223 

m= —3, y-intercept (0,0) 
Exercise 7.224 

m= 3, (1, 4) 

Exercise 7.225 

m=1, (3, 8) 

Exercise 7.226 

m= 2, (1, 4) 

Exercise 7.227 

m= 8, (4, 0) 

Exercise 7.228 

m = —3, (3,0) 

Exercise 7.229 

m=-—l, (6, 0) 

Exercise 7.230 

m = —6, (0,0) 


(Solution on p. 530.) 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


on p. 


on p. 


on p. 


on p. 
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For the following problems, write the equation of the line using the given information in slope-intercept form. 
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Exercise 7.231 (Solution on p. 531.) 
m = —2, (0,1) 
Exercise 7.232 
(0,0), (3,2) 
Exercise 7.233 (Solution on p. 531.) 
(0,0), (5,8) 
Exercise 7.234 
(4,1), (6,3) 
Exercise 7.235 (Solution on p. 531.) 
(2,5), (1,4) 
Exercise 7.236 
(5,3), (6,2) 
Exercise 7.237 (Solution on p. 531.) 
(2,3), (5,3) 
Exercise 7.238 
(—1,5), (4,5) 
Exercise 7.239 (Solution on p. 531.) 
(4,1), (4,2) 
Exercise 7.240 
(2,7), (2,8) 
Exercise 7.241 (Solution on p. 531.) 
(3,3), (5,5) 
Exercise 7.242 
(0,0), (1,1) 
Exercise 7.243 (Solution on p. 531.) 
(—2,4), (3,—5) 
Exercise 7.244 
(1,6), (—1,-6) 
Exercise 7.245 (Solution on p. 531.) 
(14,12), (—9,-11) 
Exercise 7.246 
(0,4), (5,0) 
For the following problems, read only from the graph and determine the equation of the lines. 
Exercise 7.247 (Solution on p. 531.) 


Exercise 7.248 


(Solution on p. 531.) 
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Exercise 7.251 (Solution on p. 531.) 
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(Solution on p. 531.) 


7.7.10 Exercises for Review 


Exercise 7.254 
(Section 7.2) Graph the equation x — 3 = 0. 


_— 
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Exercise 7.255 (Solution on p. 531.) 
(Section 7.4) Supply the missing word. The point at which a line crosses the y-axisis called the 


Exercise 7.256 


(Section 7.5) Supply the missing word. The of a line is a measure of the steepness of 
the line. 
Exercise 7.257 (Solution on p. 531.) 


(Section 7.5) Find the slope of the line that passes through the points (4,0)and (—2,—6). 
Exercise 7.258 
(Section 7.6) Graph the equation 3y = 2x + 3. 

acc TTT 


7.8 Graphing Linear Inequalities in Two Variables * 


7.8.1 Overview 


e Location of Solutions 
e Method of Graphing 


7.8.2 Location of Solutions 


In our study of linear equations in two variables, we observed that all the solutions to the equation, and 
only the solutions to the equation, were located on the graph of the equation. We now wish to determine 
the location of the solutions to linear inequalities in two variables. Linear inequalities in two variables are 
inequalities of the forms: 


ax+by<c ax+by>c 


ax+by<c ax+by>c 


Half-Planes 

A straight line drawn through the plane divides the plane into two half-planes. 
Boundary Line 

The straight line is called the boundary line. 
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Solution to an Inequality in Two Variables 
Recall that when working with linear equations in two variables, we observed that ordered pairs that 
produced true statements when substituted into an equation were called solutions to that equation. We can 
make a similar statement for inequalities in two variables. We say that an inequality in two variables has a 
solution when a pair of values has been found such that when these values are substituted into the inequality 
a true statement results. 
The Location of Solutions in the Plane 
As with equations, solutions to linear inequalities have particular locations in the plane. All solutions to a 
linear inequality in two variables are located in one and only in one entire half-plane. For example, consider 
the inequality 
2x + 3y <6 


No point in this 
—+- half-plane is a 
solution. 
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Each point in this}-— 
half-plane is a 
solution. 
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All the solutions to the inequality2z + 3y < 6 lie in the shaded half-plane. 


Example 7.51 
Point A(1, — 1)is a solution since 


2x2 + 3y <6 
2(1)+3(-1) <6? 
2-—3<6? 
-1<6. True 


Example 7.52 
Point B (2, 5)is not a solution since 
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2x2 + 3y <6 
2 (2) +3 (5) < 6? 
4+15< 6? 
19 <6. False 


7.8.3 Method of Graphing 
The method of graphing linear inequalities in two variables is as follows: 


1. Graph the boundary line (consider the inequality as an equation, that is, replace the inequality sign 
with an equal sign). 
a. If the inequality is< or >, draw the boundary line solid. This means that points on the line are 


solutions and are part of the graph. 
b. If the inequality is < or > , draw the boundary line dotted. This means that points on the line 


are not solutions and are not part of the graph. 
2. Determine which half-plane to shade by choosing a test point. 


a. If, when substituted, the test point yields a true statement, shade the half-plane containing it. 
b. If, when substituted, the test point yields a false statement, shade the half-plane on the opposite 


side of the boundary line. 


7.8.4 Sample Set A 


Example 7.53 

Graph 3x — 2y > —4. 
1. Graph the boundary line. The inequality is > so we’ll draw the line solid. Consider the 

inequality as an equation. 


3a — 2y = —4 (7.1) 
r y (a, y) 
2 
0 (0, 2) 
=f ea) 
las ate 
Table 7.16 
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Boundary line . i 
Points on this line are+—¥/ ri 
solutions. [ i} 
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2. Choose a test point. The easiest one is(0, 0). Substitute (0, 0) into the original inequality. 


3x — 2y > —4 
3(0) — 2(0) > —4? 
0-02 —-4? 

0> —4. True 


(7.2) 


Shade the half-plane containing (0, 0). 
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Points in this region-—-—5 
are solutions. 


Example 7.54 
Graph «+y—3 <0. 
1. Graph the boundary line: «+ y—3=0. The inequality is < so we’ll draw the line dotted. 


2. Choose a test point, say (0, 0). 


r+y-3<0 
0+0-3<0? (7.3) 
—3<0. True 


Shade the half-plane containing (0, 0). 


Example 7.55 
Graph y < 22. 


1. Graph the boundary line y = 2x. The inequality is <, so we’ll draw the line solid. 
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y < 2a 
2. Choose a test point, say (0, 0). 0 < 2(0)? 
0<0O. True 
Shade the half-plane containing (0, 0). We can’t! (0, 0) is right on the line! Pick another test 
y < 2a 
point, say (1, 6). 6 <2(1)? 
6<2. False 
Shade the half-plane on the opposite side of the boundary line. 
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Example 7.56 
Graph y > 2. 
1. Graph the boundary line y = 2. The inequality is > so we’ll draw the line dotted. 


CHE HH 


2. We don’t really need a test point. Where is y > 2? Above the line y = 2! Any point above 
the line clearly has a y-coordinate greater than 2. 


7.8.5 Practice Set A 
Solve the following inequalities by graphing. 


Exercise 7.259 
—3x@+2y<4 


z—4Ay<A4 


3x +y>0 


Exercise 7.262 
xr>1 
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(Solution on p. 531.) 


(Solution on p. 531.) 


(Solution on p. 532.) 


(Solution on p. 532.) 
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7.8.6 Exercises 


Solve the inequalities by graphing. 


Exercise 7.263 (Solution on p. 532.) 
y<a+l 


r+y<sl 


Exercise 7.265 (Solution on p. 533.) 
—x£#+2y+4>0 


Exercise 7.266 
—x+5y—10<0 


Exercise 7.267 
—3x+4y > —12 


Exercise 7.268 
22+ 5y—15>0 


(Solution on p. 533.) 
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(Solution on p. 533.) 
ys4 
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Exercise 7.270 
r>2 


Exercise 7.271 (Solution on p. 534.) 
x<0 


z—-y<0 


z+ 3y > 0 


Exercise 7.274 
—2x2+4y >0 


(Solution on p. 534.) 
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7.8.7 Exercises for Review 


Exercise 7.275 (Solution on p. 534.) 
(Section 7.2) Graph the inequality—3x +5 > —1. 


Exercise 7.276 
(Section 7.2) Supply the missing word. The geometric representation (picture) of the solutions 


to an equation is called the of the equation. 
Exercise 7.277 (Solution on p. 534.) 
(Section 7.5) Supply the denominator:m = #>*. 


Exercise 7.278 
(Section 7.6) Graph the equation y = —3x + 2. 


Exercise 7.279 (Solution on p. 534.) 
(Section 7.7) Write the equation of the line that has slope 4 and passes through the point (—1, 2). 
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7.9 Summary of Key Concepts ° 


7.9.1 Summary of Key Concepts 


Graph of a Function (Section 7.2) 

The geometric representation (picture) of the solutions to an equation is called the graph of the equation. 
Axis (Section 7.2) 

An axis is the most basic structure of a graph. In mathematics, the number line is used as an axis. 
Number of Variables and the Number of Axes (Section 7.2) 


An equation in one variable requires one axis. One-dimension. 
An equation in two variable requires two axes. ‘Two-dimensions. 


An equation in three variable requires threeaxes. Three-dimensions. 


An equation in n variable requires n axes. n-dimensions. 


Coordinate System (Section 7.2) 

A system of axes that is constructed for graphing an equation is called a coordinate system. 

Graphing an Equation (Section 7.2) 

The phrase graphing an equation is interpreted as meaning geometrically locating the solutions to that 
equation. 

Uses of a Graph (Section 7.2) 

A graph may reveal information that may not be evident from the equation. 

Rectangular Coordinate System xy-Plane (Section 7.3) 

A rectangular coordinate system is constructed by placing two number lines at 90° angles. These lines 
form a plane that is referred to as the xy-plane. 

Ordered Pairs and Points (Section 7.3) 

For each ordered pair (a,b) , there exists a unique point in the plane, and for each point in the plane we can 
associate a unique ordered pair (a,b) of real numbers. 

Graphs of Linear Equations (Section 7.4) 

When graphed, a linear equation produces a straight line. 

General Form of a Linear Equation in Two Variables (Section 7.4) 

The general form of a linear equation in two variables is ax + by = c, where a and b are not both 0. 
Graphs, Ordered Pairs, Solutions, and Lines (Section 7.4) 

The graphing of all ordered pairs that solve a linear equation in two variables produces a straight line. 
The graph of a linear equation in two variables is a straight line. 

If an ordered pair is a solution to a linear equation in two variables, then it lies on the graph of the equation. 
Any point (ordered pair) that lies on the graph of a linear equation in two variables is a solution to that 
equation. 

Intercept (Section 7.4) 

An intercept is a point where a line intercepts a coordinate axis. 

Intercept Method (Section 7.4) 

The intercept method is a method of graphing a linear equation in two variables by finding the intercepts, 
that is, by finding the points where the line crosses the z-axis and the y-axis. 

Slanted, Vertical, and Horizontal Lines (Section 7.4) 

An equation in which both variables appear will graph as a slanted line. 

A linear equation in which only one variable appears will graph as either a vertical or horizontal line. 
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x =a graphs as a vertical line passing through a on the z-axis. 

y = b graphs as a horizontal line passing through b on the y-axis. 

Slope of a Line (Section 7.5) 

The slope of a line is a measure of the line’s steepness. If (a1, y1) and (x2, y2) are any two points on a line, 
the slope of the line passing through these points can be found using the slope formula. 


Yo — Y1 vertical change 
~ g—21 ~ horizontal change 
Slope and Rise and Decline (Section 7.5) 
Moving left to right, lines with positive slope rise, and lines with negative slope decline. 
Graphing an Equation Given in Slope-Intercept Form (Section 7.6) 
An equation written in slope intercept form can be graphed by 


1. Plotting the y-intercept (0, d). 
2. Determining another point using the slope, m. 
3. Drawing a line through these two points. 


Forms of Equations of Lines (Section 6.7) 


General form Slope-intercept form point-slope from 
w U 
ax + by=c y=me+b y-Yy =m(ae— 2) 
To use this form, the To use this form, the 
slope and y-intercept slope and one point, 
are needed. or two points, are needed. 


Half-Planes and Boundary Lines (Section 7.8) 

A straight line drawn through the plane divides the plane into two half-planes. The straight line is called 
a boundary line. 

Solution to an Inequality in Two Variables (Section 7.8) 

A solution to an inequality in two variables is a pair of values that produce a true statement when substituted 
into the inequality. 

Location of Solutions to Inequalities in Two Variables (Section 7.8) 

All solutions to a linear inequality in two variables are located in one, and only one, half-plane. 


10 


7.10 Exercise Supplemen 


7.10.1 Exercise Supplement 
7.10.1.1 Graphing Linear Equations and Inequalities in One Variable (Section 7.2) 


For the following problems, graph the equations and inequalities. 


Exercise 7.280 (Solution on p. 534.) 
6z — 18 =6 
mm tS x 


Exercise 7.281 
4¢r—-3=—-7 
ee 


10This content is available online at <http://cnx.org/content/m22004/1.4/>. 
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Exercise 7.282 (Solution on p. 535.) 
sa—-1=2 
en al x 


Exercise 7.283 
10z2-16<4 
eS = 


Exercise 7.284 (Solution on p. 535.) 
—Qy+1<5 
DY 


Exercise 7.285 

—7 

qr 22 

— 


Exercise 7.286 (Solution on p. 535.) 
34+4< 12 
na x 


Exercise 7.287 
—16<5¢-1<-ll 
a x 


Exercise 7.288 (Solution on p. 535.) 
0< —3y+9<9 
oe 


Exercise 7.289 

=5 

34 +1=7 
eT 


7.10.1.2 Plotting Points in the Plane (Section 7.3) 


Exercise 7.290 (Solution on p. 535.) 
Draw a coordinate system and plot the following ordered pairs. 


(3, 1) ’ (4, —2) ’ (=, =) ’ (0, 3) ) (3, 0) ’ (5, —2) 
Exercise 7.291 
As accurately as possible, state the coordinates of the points that have been plotted on the graph. 


rT a | T ] 
| } 
—T pf effected . — _~ 
| 


<< 
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7.10.1.3 Graphing Linear Equations in Two Variables (Section 7.4) 


Exercise 7.292 (Solution on p. 535.) 
What is the geometric structure of the graph of all the solutions to the linear equation y = 4a — 9? 


7.10.1.4 Graphing Linear Equations in Two Variables (Section 7.4) - Graphing Equations in 
Slope-Intercept Form (Section 7.6) 


For the following problems, graph the equations. 
Exercise 7.293 
y-x=2 
Exercise 7.294 (Solution on p. 535.) 
y+x—-3=0 
Exercise 7.295 
—2x4 + 3y = —6 
Exercise 7.296 (Solution on p. 536.) 
2y+x—-8=0 
Exercise 7.297 
4(a—y)=12 
Exercise 7.298 (Solution on p. 536.) 
3y — 4x +12=0 
Exercise 7.299 
y=-3 
Exercise 7.300 (Solution on p. 536.) 
y-2=0 
Exercise 7.301 
r=4 
Exercise 7.302 (Solution on p. 537.) 
r+1=0 
Exercise 7.303 
r=0 
Exercise 7.304 (Solution on p. 537.) 
y=0 


7.10.1.5 The Slope-Intercept Form of a Line (Section 7.5) 
Exercise 7.305 
Write the slope-intercept form of a straight line. 


Exercise 7.306 (Solution on p. 537.) 
The slope of a straight line is a of the steepness of the line. 

Exercise 7.307 

Write the formula for the slope of a line that passes through the points (1, y1) and (22, y2). 


For the following problems, determine the slope and y-intercept of the lines. 


Exercise 7.308 (Solution on p. 537.) 
y =4x+4+ 10 

Exercise 7.309 

y =3ax-11 

Exercise 7.310 (Solution on p. 537.) 
y= 9x-1 

Exercise 7.311 

y=—-“%+2 

Exercise 7.312 (Solution on p. 537.) 
y= —ba—-4 

Exercise 7.313 

y=u 

Exercise 7.314 (Solution on p. 538.) 
y = —6x 

Exercise 7.315 

by =4¢+9 

Exercise 7.316 (Solution on p. 538.) 
4y=5r4+1 

Exercise 7.317 

2y = 9x 

Exercise 7.318 (Solution on p. 538.) 
by + 4x = 6 

Exercise 7.319 

7y + 3x = 10 

Exercise 7.320 (Solution on p. 538.) 
6y — 12x = 24 

Exercise 7.321 

5y — 102 — 15 = 0 

Exercise 7.322 (Solution on p. 538.) 
3sy+3¢%=1 

Exercise 7.323 

7y+ 2x2 =0 

Exercise 7.324 (Solution on p. 538.) 
y=4 


For the following problems, find the slope, if it exists, of the line through the given pairs of points. 


Exercise 7.325 
(5,2), (6,3) 

Exercise 7.326 (Solution on p. 538.) 
(8,-2), (10, —6) 

Exercise 7.327 
(0,5), (3,4) 

Exercise 7.328 (Solution on p. 538.) 
(1,-4), (3,3) 

Exercise 7.329 
(0,0), (—8,—5) 
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Exercise 7.330 

(—6, 1) ’ (2,7) 
Exercise 7.331 

(3y2) so 1455) 
Exercise 7.332 

(4, 7) 5) (4, —2) 
Exercise 7.333 

(-3, 1) ’ (4, 1) 
Exercise 7.334 

1 3 2 5 
(3,4) .(§,-€) 
Exercise 7.335 
Moving left to right, lines with 


Exercise 7.336 
Compare the slopes of parallel lines. 


GRAPHING LINEAR EQUATIONS AND INEQUALITIES IN 
ONE AND TWO VARIABLES 


(Solution on p. 538.) 


(Solution on p. 538.) 


(Solution on p. 538.) 


slope rise while lines with slope decline. 
(Solution on p. 538.) 


7.10.1.6 Finding the Equation of a Line (Section 7.7) 


For the following problems, write the equation of the line using the given information. Write the equation 
in slope-intercept form. 


Exercise 7.337 

Slope=4, y-intercept=5 
Exercise 7.338 

Slope=3, y-intercept= — 6 
Exercise 7.339 

Slope=1, y-intercept=8 
Exercise 7.340 

Slope=1, y-intercept= — 2 
Exercise 7.341 

Slope= —5, y-intercept=1 
Exercise 7.342 

Slope=—11, y-intercept= — 4 
Exercise 7.343 

Slope=2, y-intercept=0 
Exercise 7.344 

Slope=—1, y-intercept=0 
Exercise 7.345 


m= 3, (4, 1) 
Exercise 7.346 
m= 2, eal 5) 


Exercise 7.347 
m= 6, (5, —2) 


(Solution on p. 538.) 


(Solution on p. 538.) 


(Solution on p. 538.) 


(Solution on p. 538.) 


(Solution on p. 538.) 
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Exercise 7.348 (Solution on p. 538.) 
m=-5, (2,-3) 

Exercise 7.349 
m=-9, (-4,-7) 

Exercise 7.350 (Solution on p. 538.) 
m=-—2, (0,2) 

Exercise 7.351 
m=-1, (2,0) 

Exercise 7.352 (Solution on p. 539.) 
(2,3), (8,5) 

Exercise 7.353 
(4,4), (5,1) 

Exercise 7.354 (Solution on p. 539.) 
(6,1), (5,3) 

Exercise 7.355 
(8,6), (7,2) 

Exercise 7.356 (Solution on p. 539.) 
(—3,1), (2,3) 

Exercise 7.357 
(-1,4), (—2,-4) 

Exercise 7.358 (Solution on p. 539.) 
(0,—5), (6,-1) 

Exercise 7.359 
(2,1), (6,1) 

Exercise 7.360 (Solution on p. 539.) 
(—5,7), (—2,7) 

Exercise 7.361 
(4,1), (4,3) 

Exercise 7.362 (Solution on p. 539.) 
(-1,-1), (1,5) 

Exercise 7.363 


(0, 4) ’ (0, —3) 
Exercise 7.364 (Solution on p. 539.) 
(0,2), (1,0) 


For the following problems, reading only from the graph, determine the equation of the line. 


CHAPTER 7. GRAPHING LINEAR EQUATIONS AND INEQUALITIES IN 
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Exercise 7.365 


(Solution on p. 539.) 


Exercise 7.368 (Solution on p. 539.) 


(Solution on p. 539.) 


7.10.1.7 Graphing Linear Inequalities in Two Variables (Section 7.8) 


For the following problems, graph the inequalities. 


Exercise 7.371 
ysut2 
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(Solution on p. 539.) 


bE 
HEHEHE ERE ERB 
Pp eT 
SRR Se eee 
iS TT Tb 


Exercise 7.374 (Solution on p. 539.) 
—22 + 3y < -6 


Exercise 7.375 
22+ 5y > 20 


Exercise 7.376 
4x —-y+12>0 


Exercise 7.377 
y= —2 


(Solution on p. 539.) 
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(Solution on p. 540.) 


y <0 


7.11 Proficiency Exam " 


7.11.1 Proficiency Exam 


For the following problems, construct a coordinate system and graph the inequality. 


11 This content is available online at <http://cnx.org/content /m22015/1.3/>. 
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Exercise 7.380 (Solution on p. 540.) 
(Section 7.2) —-6%+4> -—14 
Exercise 7.381 (Solution on p. 540.) 
(Section 7.2) —8<2+6< —4 
Exercise 7.382 (Solution on p. 540.) 


(Section 7.2) Plot the ordered pairs (3, 1) ,(—2, 4),(0, 5),(—2, — 2). 


Exercise 7.383 (Solution on p. 540.) 
(Section 7.3) As accurately as possible, label the coordinates of the points that have been 
plotted on the graph. 


Exercise 7.384 (Solution on p. 540.) 
(Section 7.4) What is the geometric structure of the graph of all the solutions to the equation 
2y + 3a = —4? 


Exercise 7.385 (Solution on p. 541.) 
(Section 7.4) In what form is the linear equation in two variables ax + by = c? 
Exercise 7.386 (Solution on p. 541.) 
(Section 7.5) In what form is the linear equation in two variables y = ma + b? 
Exercise 7.387 (Solution on p. 541.) 


(Section 7.4) If an ordered pair is a solution to a linear equation in two variables, where does it 
lie geometrically? 
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Exercise 7.388 (Solution on p. 541.) 
(Section 7.5) Consider the graph of y = 2x + 16. If we were to place our pencil at any point on 
the line and then move it horizontally 7 units to the right, how many units and in what direction 
would we have to move our pencil to get back on the line? 


For the following two problems, find the slope, if it exists, of the line containing the following points. 


Exercise 7.389 (Solution on p. 541.) 
(Section 7.5) (—6, — 1) and (0, 8) 

Exercise 7.390 (Solution on p. 541.) 
(Section 7.5) (—2, — 8) and (—2, 10) 

Exercise 7.391 (Solution on p. 541.) 
(Section 7.5) Determine the slope and y — intercept of the line 3y + 2a + 1=0. 

Exercise 7.392 (Solution on p. 541.) 


(Section 7.5) As we look at a graph left to right, do lines with a positive slope rise or decline? 


For the following problems, find the equation of the line using the information provided. Write the equation 
in slope-intercept form. 


Exercise 7.393 (Solution on p. 541.) 
ection 7. ope=4, -intercept = — 3. 
Section 7.7) Sl 4 y- 3 
Exercise 7.394 (Solution on p. 541.) 
ection 7. ope= — 5, -intercept = &. 
Section 7.7) Sl 3, yi ; 
Exercise 7.395 (Solution on p. 541.) 
ection 7.7) slope= $s, passes throu —Il, 2). 
Section 7.7) sl ; hrough (—1, 2 
Exercise 7.396 (Solution on p. 541.) 


(Section 7.7) slope = 7, passes through (0, 0). 


Exercise 7.397 (Solution on p. 541.) 
(Section 7.7) passes through the points (5,2) and (2,1). 


For the following problems, graph the equation of inequality. 


Exercise 7.398 (Solution on p. 541.) 
(Section 7.4-Section 7.6) y = 52-2 


Exercise 7.399 


(Section 7.4-Section 7.6) 5y —27%+15=0 


Exercise 7.400 
(Section 7.4-Section 7.6) 4(2+y) =8 


Exercise 7.401 
(Section 7.4—Section 7.6) 3y+2=0 


m 
LT TT TT TZ 
-$ | i tT TT 6S 
nie ptt 


Exercise 7.402 


(Section 7.4—Section 7.6) « = —2 
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(Solution on p. 541.) 


(Solution on p. 542.) 


(Solution on p. 542.) 


(Solution on p. 542.) 
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Exercise 7.403 (Solution on p. 543.) 
(Section 7.9) 2x + 3y >6 


Exercise 7.404 (Solution on p. 543.) 
(Section 7.7) Reading only from the graph, determine the equation of the line. 


Solutions to Exercises in Chapter 7 


Solution to Exercise 7.1 (p. 415) 
L=—-2 


-§ -4 -3 -2 -1 0 1 2 3 4 #65 


Solution to Exercise 7.2 (p. 416) 
xr<6 


pp — ff — = 
a es a ar a ee cee ee ae a ee 


Solution to Exercise 7.3 (p. 416) 

m>—A4 

ne a tg 
-5 -4 -3 -2-1 012 3 4 5”™ 


Solution to Exercise 7.4 (p. 416) 
2<2< 10 


383456 7 & 8 0 11* 
Solution to Exercise 7.5 (p. 416) 
y = —80 
$$} tt —_+_ + _+—_ ++ 
—100-90 —80 —70 —60 -50 -40 -30 -20-10 0 ” 


Solution to Exercise 7.6 (p. 416) 
r=s3 


a rs 
-2-1 012 3 4 


Solution to Exercise 7.8 (p. 417) 


ay 
ee) 


“a+! £ LL £8 @ 


Solution to Exercise 7.10 (p. 417) 
y=1 


ae se OE a ae oe Oe 


Solution to Exercise 7.12 (p. 417) 
1 
s= 3 


San nL a a 
“L=g=-5 © £¢ £2 £8 
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Solution to Exercise 7.14 (p. 417) 
— 


3 O fe de as 


Solution to Exercise 7.16 (p. 417) 
a<d 


-1 0132 838 4 5 6 


Solution to Exercise 7.18 (p. 418) 
L> —17 


a tj 


-20 -15 -10 -5 0 


Solution to Exercise 7.20 (p. 418) 
m<5 


ee 2 2 Be eh OR oe OE ce 


Solution to Exercise 7.22 (p. 418) 
a<—5 


-& -7 -6 -5 ~4 -3 -2 


Solution to Exercise 7.24 (p. 418) 
y <21 


15 16 17 18 19 20 21 22 23 
Solution to Exercise 7.26 (p. 418) 
ees 


—32 
5 
-7 -6 -5 -4 -3 -2 


Solution to Exercise 7.28 (p. 419) 
2<24<38 


0 1 2 3 4 


Solution to Exercise 7.30 (p. 419) 
38<a<5 


515 


at tt et te 
2 3 4 5 


Solution to Exercise 7.32 (p. 419) 

aa? 

Solution to Exercise 7.34 (p. 419) 

(—2, 18) 

Solution to Exercise 7.36 (p. 422) 

(Notice that the dotted lines on the graph are only for illustration and should not be included when plotting 


points.) 


| a9 


Ifx = 4,theny = —6. 


Solution to Exercise 7.37 (p. 422) 


Solution 
Coordinates of the origin are (0, 0). 
Solution to Exercise 7.41 (p. 424) 


I II III IV 
z>O|ax<0;/a2<0/2>0 


y>O}y>O0);y<0}y<0 


Table 7.17 
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Solution to Exercise 7.43 (p. 425) 
Yes, there does appear to be a relation. 


y 


6 
(70,5) (90, 5) 
5 e e e 
(100, 5) 
4 e 
(80, 4) 
3 (70, 3), 
ot (65,2), 
14 (60,0, 


(50, 0) 
50 60 70 80 90 100 


Solution to Exercise 7.45 (p. 426) 
Yes, there does appear to be a relation. 


e (8, 114) 


e (8, 111) 
110 


105 e (6, 105) 


100 «(4 100) 
*(5, 99) 
95 
- (3, 92) 
°(3, 91) 
90 
#(1, 87) 


85 e(1, 85) 


123 45 67 8 9 10 


Solution to Exercise 7.47 (p. 427) 
equation 

Solution to Exercise 7.49 (p. 427) 
contradiction 

Solution to Exercise 7.51 (p. 432) 
When x = 0, y = 3; when y=0, r= 1 


Seemry, 
Seeenu 1 


Solution to Exercise 7.54 (p. 435) 


Image not finished 
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Solution to Exercise 7.56 (p. 437) 


bet tT 


Co 


Solution to Exercise 7.57 ( 


Pt TT py 
maa 
ae rE 
ae : 
ae 


. 438) 


so) 


Pi! | | 
ty emi 


LO, | 
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438) 
439) 


HEE. SRREEEB 
CEAE ab aeae 


ae ee 

e 

va) ee a a 
hep | TA BCT TO 
Ae Bh 


Solution to Exercise 7.59 (p 
Solution to Exercise 7.61 (p 
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Solution to Exercise 7.65 (p. 440) 


SSGGGF* Bee 
Si, 08 Be 
oO 


Aner aneee 
CACC 


Po ea 
a ttt tstty (2, 6) | 
TOL 


Solution to Exercise 7.71 (p. 442) 


. 443) 


. 444) 


Solution to Exercise 7.77 eS 444) 
y= 2 
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i ia i i a 
Solution to Exercise 7.79 (p. 445) 


aay 


aR Ei ae 
Solution to Exercise 7.81 (p. 446) 


SeG0eF Cm 


Solution to Exercise 7.83 (p. 446) 
ay ————— 
ote bp I. y, | 


Solution to Exercise 7.85 (p. 447) 
RREEE? ORR Ee 


a ae | 
Fs | as Ee 2 
Solution to Exercise 7.87 (p. 448) 
commutative property of addition 
Solution to Exercise 7.89 (p. 448) 
3a? — 192 — 14 

Solution to Exercise 7.91 (p. 448) 
quadrants 

Solution to Exercise 7.92 (p. 450) 
m=2,b=7 

Solution to Exercise 7.93 (p. 450) 
m= —4,b=2 

Solution to Exercise 7.94 (p. 450) 
m=-—5,b=-1 

Solution to Exercise 7.95 (p. 450) 


m= %,b= —10 

Solution to Exercise 7.96 (p. 450) 
reat) <a lt 

m=, b= 35 


Solution to Exercise 7.97 (p. 450) 
m=-—3,b=0 
Solution to Exercise 7.98 (p. 453) 
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The line crosses the y-axis at +4. After moving horizontally 1 unit to the right, we must move exactly 3 


units downward. 
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Solution to Exercise 7.99 (p. 453) 


am 


ae + 


Solution to Exercise 7.102 (p. 455) 
Solving for y we get y = Hr +3. Now, m= + and b=3. 


5 
Solution to Exercise 7.103 (p. 460) 
_ 3-1_2_1 
USS g=2 4. Oe 

Solution to Exercise 7.104 (p. 460) 

The line has slope 5. 

Solution to Exercise 7.105 (p. 460) 

The lines appear to be parallel. Parallel lines have the same slope, and lines that have the same slope are 


parallel. 


Solution to Exercise 7.114 (p. 461) 
slope = 3; y-intercept = (0, 4) 

Solution to Exercise 7.116 (p. 461) 
slope = 9; y-intercept = (0, 1) 

Solution to Exercise 7.118 (p. 461) 
slope = —4; y-intercept = (0,5) 
Solution to Exercise 7.120 (p. 461) 
slope = —6; y-intercept = (0, —1) 
Solution to Exercise 7.122 (p. 461) 
slope = —1; y-intercept = (0, 2) 
Solution to Exercise 7.124 (p. 461) 
slope = 4; y-intercept = (0,5) 

Solution to Exercise 7.126 (p. 461) 
slope = —4; y-intercept = (0, 9) 


Solution to Exercise 7.128 (p. 


slope = 2; y-intercept = (0, —12) 


Solution to Exercise 7.130 (p. 


slope = —4; y-intercept = (0, —#) 


Solution to Exercise 7.132 (p. 


slope = 8; y-intercept = (0, —+) 


Solution to Exercise 7.134 (p. 


slope = 1; y-intercept = (0, —3) 


Solution to Exercise 7.136 (p. 


slope = —3; yintercept = (0,2) 


Solution to Exercise 7.138 (p. 


slope = + y-intercept = (0, —t) 


Solution to Exercise 7.140 (p. 


4 


m= 
3 
Solution to Exercise 7.142 (p. 
hea 
ed 


Solution to Exercise 7.144 (p. 


m=2 


Solution to Exercise 7.146 (p. 


yet 


6 
Solution to Exercise 7.148 (p. 


m=-—A4 


Solution to Exercise 7.150 (p. 


m=1 


Solution to Exercise 7.152 (p. 


m= 2 


Solution to Exercise 7.154 (p. 


m=2 


Solution to Exercise 7.156 (p. 


m = 0 (horizontal line y = 3) 


Solution to Exercise 7.158 (p. 


Noslope (vertical line at x = 8) 


Solution to Exercise 7.160 (p. 


m = 0 (horizontal line at y = —6) 


Solution to Exercise 7.162 (p. 


decline 


Solution to Exercise 7.164 (p. 


slope = —0.31 
y — intercept = (0, 0.35) 


Solution to Exercise 7.166 (p. 


slope = 0.64 
y — intercept = (0, 2.71) 


Solution to Exercise 7.168 (p. 


m= 1.31 


Solution to Exercise 7.170 (p. 


462) 
462) 
462) 
462) 
462) 
462) 
462) 
462) 
462) 
462) 
462) 
463) 
463) 
463) 
463) 
463) 
463) 
463) 


463) 


463) 


463) 


464) 


m = 0 (horizontal line at y = 227.61) 


Solution to Exercise 7.172 (p. 


Noslope (vertical line x = 88.81) 


Solution to Exercise 7.174 (p. 


lifryw 40 


464) 


464) 
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Solution to Exercise 7.176 (p. 464) 
10 
Solution to Exercise 7. 178 (p. 464) 
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Solution to Exercise 7.181 (p. 469) 
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oomaen to sbxercice 7.187 (p. 471) 


Solution to Exercise 7.193 (p. 473) 


| IN 
BRB aPeSRS.S 
Pt TT Ty Tt 


Solution to Exercise 7.199 (p. 475) 
a<l 
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Solution to Exercise 7.201 (p. 476) 


Solution to Exercise 7.203 (p. 476) 
m= 

Solution to Exercise 7.204 (p. 479) 
y=5r+8 

Solution to Exercise 7.205 (p. 479) 
y= —-844+3 

Solution to Exercise 7.206 (p. 479) 
y=2a—7 

Solution to Exercise 7.207 (p. 479) 
y=a-1 

Solution to Exercise 7.208 (p. 479) 
y=—x—-—10 

Solution to Exercise 7.209 (p. 479) 
y = 4x — 18 

Solution to Exercise 7.210 (p. 479) 
y = —6x2 —-6 

Solution to Exercise 7.211 (p. 479) 
y= —x —10 

Solution to Exercise 7.212 (p. 479) 
y=2a—7 

Solution to Exercise 7.213 (p. 479) 
y = 344 20 

Solution to Exercise 7.214 (p. 480) 
y=9 

Solution to Exercise 7.215 (p. 480) 
zx=-l 

Solution to Exercise 7.216 (p. 480) 
y=rt+4 

Solution to Exercise 7.217 (p. 481) 
y=3x+4 

Solution to Exercise 7.219 (p. 481) 
y=8r+1 

Solution to Exercise 7.221 (p. 481) 
y=-—6z-1 


Solution to Exercise 7.223 (p. 481) 


= 23 
Yr—_get 


Solution to Exercise 7.225 (p. 481) 
y=ut+s 


Solution to Exercise 7.227 (p. 


y = 8x4 — 32 


Solution to Exercise 7.229 (p. 


y=-@+6 


Solution to Exercise 7.231 (p. 


y=—2r4+1 


Solution to Exercise 7.233 (p. 


y = 8a 


Solution to Exercise 7.235 (p. 


y=xr+3 


Solution to Exercise 7.237 (p. 


y = 3 (horizontal line) 


Solution to Exercise 7.239 (p. 


x =A (vertical line) 


Solution to Exercise 7.241 (p. 


y=o 


Solution to Exercise 7.243 (p. 


y=—fa+2 


Solution to Exercise 7.245 (p. 


y=u-2 


Solution to Exercise 7.247 (p. 


y=2r+1 


Solution to Exercise 7.249 (p. 


y= Fat] 


Solution to Exercise 7.251 (p. 


z=—4 


Solution to Exercise 7.253 (p. 


y=—3x—-1 


Solution to Exercise 7.255 (p. 


y-intercept 


Solution to Exercise 7.257 (p. 


m=t1 


Solution to Exercise 7.259 (p. 
ayy 


481) 
481) 
481) 
482) 
482) 
482) 
482) 
482) 
482) 
482) 
482) 
483) 
484) 
484) 
485) 
485) 


490) 
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Solution to Exencise 7. 260 Dp: 491) 


Solution to Exercise 7. = Me 492) 


iS mS ee! AL he 3 3 ne 
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Solution to Exercise 7.269 (p. 494) 


3 if 
Hesee’ aa! 
Seo BE 


ep 


PSS 


Solution to Exercise 7.275 (p. 496) 


-3 -2 -1 0 1 2 8 


Solution to Exercise 7.277 (p. 496) 
n= pen 7 

Solution to Exercise 7.279 (p. 496) 
y=4xr+6 

Solution to Exercise 7.280 (p. 498) 
z=4 


-2-1 012 83 4 


Solution to Exercise 7.282 (p. 


=. 31 
Seam 


-1 O01 2 


Solution to Exercise 7.284 (p. 


y2-2 


-3 -2 -1 0 1 2 38 


Solution to Exercise 7.286 (p. 


8 
Ls 


-2-1 012 8 


Solution to Exercise 7.288 (p. 


O0<y<3 


-1 0 1 2 3 4 


Solution to Exercise 7.290 (p. 


it a ae a 
Solution to Exercise 7.292 (p 
a straight line 


499) 


499) 


499) 


499) 


499) 


. 500) 
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Solution to Exercise 7.294 (p. 500) 


Solution to Exercise 7.300 (p. 500) 


Solution to Exercise 7.306 (p. 500) 
measure 
Solution to Exercise 7.308 (p. 500) 


slope: 4 


y-intercept: (0, 10) 

Solution to Exercise 7.310 (p. 501) 
slope: 9 

y-intercept: (0,—1) 
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Solution to Exercise 7.312 (p. 501) 

slope: — 5 

y-intercept: (0, —4) 

Solution to Exercise 7.314 (p. 501) 

slope: — 6 

y-intercept: (0,0) 

Solution to Exercise 7.316 (p. 501) 
25 

slope: 7 


y-intercept: (0, <) 
Solution to Exercise 7.318 (p. 501) 


._4 
slope: — = 


‘ : 6 
y-intercept: (0, 2) 
Solution to Exercise 7.320 (p. 501) 
slope: 2 
y-intercept: (0, 4) 
Solution to Exercise 7.322 (p. 501) 
slope: — 1 
y-intercept: (0, 3) 
Solution to Exercise 7.324 (p. 501) 
slope: 0 
y-intercept: (0, 4) 
Solution to Exercise 7.326 (p. 501) 
slope: — 2 
Solution to Exercise 7.328 (p. 501) 
slope: z 
Solution to Exercise 7.330 (p. 502) 
slope: 3 
Solution to Exercise 7.332 (p. 502) 
No Slope 
Solution to Exercise 7.334 (p. 502) 
slope: a 
Solution to Exercise 7.336 (p. 502) 
The slopes of parallel lines are equal. 
Solution to Exercise 7.338 (p. 502) 


y = 3x7 —-6 

Solution to Exercise 7.340 (p. 502) 
y=u-2 

Solution to Exercise 7.342 (p. 502) 
y=-—llxg-4 

Solution to Exercise 7.344 (p. 502) 
y=-u 

Solution to Exercise 7.346 (p. 502) 
y=2x4+3 


Solution to Exercise 7.348 (p. 502) 
y= da +7 


Solution to Exercise 7.350 (p. 


y= —244+2 


Solution to Exercise 7.352 (p. 


y=2x-1 


Solution to Exercise 7.354 (p. 


y = —-24 +13 


Solution to Exercise 7.356 (p. 


22 11 
Y= 5UT Ss 


Solution to Exercise 7.358 (p. 


y= 3a—-5 


Solution to Exercise 7.360 (p. 


y = 7 (zero slope) 


Solution to Exercise 7.362 (p. 


x = —1 (noslope) 


Solution to Exercise 7.364 (p. 


y= —224+2 


Solution to Exercise 7.366 (p. 


y= 50-2 


Solution to Exercise 7.368 (p. 


y=-2 


Solution to Exercise 7.370 (p. 


gal 


Solution to Exercise 7.372 (p. 


iz [ Bee 


503) 
503) 
503) 
503) 
503) 
503) 
503) 
503) 
504) 
505) 
505) 


506) 


539 


CHAPTER 7. GRAPHING LINEAR EQUATIONS AND INEQUALITIES IN 


540 ONE AND TWO VARIABLES 


Solution to Exercise 7.376 (p. 507) 


Solution to Exercise 7.380 0 (p. 509) 
Lr<s 


>_—_—_—_—_?.e st 
“§ -2-1 0 12 8 4 * 
Solution to Exercise 7.381 (p. 509) 


-14<a<-10 
-14 —10 ss 
Solution to Exercise 7.382 as 509) 


Solution to Exercise 7.383 (p. 509) 
(0, 1) , (3,3) , (—3, 0) , (2, -3) 


Solution to Exercise 7.384 (p. 


straight line 


Solution to Exercise 7.385 (p. 


general form 


Solution to Exercise 7.386 (p. 


slope-intercept 


Solution to Exercise 7.387 (p. 


It lies on the line. 


Solution to Exercise 7.388 (p. 


2 units up 


Solution to Exercise 7.389 (p. 


3 


2 
Solution to Exercise 7.390 (p. 


no slope; vertical line at 7 = —2 


Solution to Exercise 7.391 (p. 


slope = -3, y-intercept is (0, —3) 


Solution to Exercise 7.392 (p. 


rise 


Solution to Exercise 7.393 (p. 


y=4xe—3 


Solution to Exercise 7.394 (p. 


y=—30+3 


Solution to Exercise 7.395 (p. 


y= 5a+8 


Solution to Exercise 7.396 (p. 


y= 72x 


Solution to Exercise 7.397 (p. 


y= Rats 


Solution to Exercise 7.398 (p. 


y= 30-2 


509) 
509) 
509) 
509) 
510) 
510) 
510) 
510) 
510) 
510) 
510) 
510) 
510) 
510) 


510) 
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Solution to Exercise 7.399 (p. 511) 


Solution to Exercise 7.400 (p. 511) 
A(x+y)=8 


Solution to Exercise 7.402 (p. 511) 
c= -2 
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Solution to Exercise 7.403 (p. 512) 


Solution to Exercise 7.404 (p. 512) 


CHAPTER 7. GRAPHING LINEAR EQUATIONS AND INEQUALITIES IN 


44 
? ONE AND TWO VARIABLES 


Chapter 8 


Rational Expressions 


8.1 Objectives’ 


After completing this chapter, you should 


Rational Expressions (Section 8.2) 


e be able to recognize a rational expression 
e be familar with the equality and negative properties of fractions 


Reducing Rational Expressions (Section 8.3) 


e understand and be able to use the process of reducing rational expressions 


Multiplying and Dividing Rational Expressions (Section 8.4) 


e be able to multiply and divide rational expressions 


Building Rational Expressions and the LCD (Section 8.5) 


e understand and be able to use the process of building rational expressions and know why it is often 
necessary to build them 
e be able to find the LCD of one or more expressions 


Adding and Subtracting Rational Expressions (Section 8.6) 


e be familiar with the basic rule for adding and subtracting rational expressions 
e be able to add and subtract fractions with the same and with different denominators 


Rational Equations (Section 8.7) 


e be able to identify rational equations 
e understand and be able to use the method of solving rational expressions 
e be able to recognize extraneous solutions 


Applications (Section 8.8) 


e be able to use the five-step method to solve various applied problems 


Complex Rational Expressions (Section 8.9) 


'This content is available online at <http://cnx.org/content /m22796/1.4/>. 
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e be able to distinguish between simple and complex fractions 
e be able to simplify complex fractions using the combine-divide and the LCD-multiply-divide method 


Dividing Polynomials (Section 8.10) 


e be able to divide a polynomial by a monomial 
e understand the process and be able to divide a polynomial by a polynomial 


8.2 Rational Expressions’ 


8.2.1 Overview 


Rational Expressions 
Zero-Factor Property 
The Equality Property of Fractions 
The Negative Property of Fractions 


8.2.2 Rational Expressions 


In arithmetic it is noted that a fraction is a quotient of two whole numbers. The expression ¢, where a and 

b are any two whole numbers and b # 0, is called a fraction. The top number, a, is called the numerator, 

and the bottom number, b, is called the denominator. 

Simple Algebraic Fraction 

We define a simple algebraic fraction in a similar manner. Rather than restricting ourselves only to numbers, 

we use polynomials for the numerator and denominator. Another term for a simple algebraic fraction is a 

rational expression. A rational expression is an expression of the form 5 where P and Q are both 

polynomials and Q never represents the zero polynomial. 

Rational Expression 

A rational expression is an algebraic expression that can be written as the quotient of two polynomials. 
Examples 1-4 are rational expressions: 


Example 8.1 


at is a rational expression: P is x +9 and Q is x — 7. 


Example 8.2 


a? 45e7—12¢41 


eT 10 is a rational expression: P is 2? + 5x? — 12% +1 and Q is x* — 10. 


Example 8.3 


3 is a rational expression: P is 3 and Q is 8. 


Example 8.4 


4x — 5 is a rational expression since 4x — 5 can be written as Hae : Pis 4x —5 and Q is 1. 


Example 8.5 


/5n2—-8 + . . . . . 
25 is not a rational expression since 5x? — 8 is not a polynomial. 


In the rational expression 5: P is called the numerator and Q is called the denominator. 

Domain of a Rational Expression 

Since division by zero is not defined, we must be careful to note the values for which the rational expression 
is valid. The collection of values for which the rational expression is defined is called the domain of the 
rational expression. (Recall our study of the domain of an equation in Section Section 4.8.) 


?This content is available online at <http://cnx.org/content /m18878/1.4/>. 
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Finding the Domain of a Rational Expression 

To find the domain of a rational expression we must ask, "What values, if any, of the variable will make 
the denominator zero?" To find these values, we set the denominator equal to zero and solve. If any zero- 
producing values are obtained, they are not included in the domain. All other real numbers are included in 
the domain (unless some have been excluded for particular situational reasons). 


8.2.3 Zero-Factor Property 


Sometimes to find the domain of a rational expression, it is necessary to factor the denominator and use the 
zero-factor property of real numbers. 
Zero-factor Property 
If two real numbers a and 6 are multiplied together and the resulting product is 0, then at least one of the 
factors must be zero, that is, either a = 0, b= 0, or both a= 0 and b=0. 

The following examples illustrate the use of the zero-factor property. 


Example 8.6 
What value will produce zero in the expression 4%? By the zero-factor property, if 4a = 0, then 
xr=0. 


Example 8.7 
What value will produce zero in the expression 8(a—6)? By the zero-factor property, if 
8 (a — 6) = 0, then 


zx-6 = 0 


Thus, 8 (a — 6) = 0 when x = 6. 


Example 8.8 
What value(s) will produce zero in the expression (# — 3) (a +5)? By the zero-factor property, if 
(x — 3) (a+ 5) =0, then 


x-3 = 0 or a+5 = 0 
z= 38 xr = —-5 


Thus, (a — 3) (a +5) =0 when « = 3 or x= —5. 

Example 8.9 

What value(s) will produce zero in the expression x? + 62 + 8? We must factor 2? + 62 +8 to put 
it into the zero-factor property form. 

x? +62+8=(x+2) (+4) 

Now, (a + 2) (a + 4) = 0 when 


r+2 = 0 or z+4 = 0 
cr = -2 gx = -4 


Thus, 2? + 62 +8 =0 when x = —2 or x = —4. 
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Example 8.10 
What value(s) will produce zero in the expression 6x? — 19x — 7? We must factor 6x? — 19x — 7 to 
put it into the zero-factor property form. 


6a? — 192 — 7 = (32 + 1) (22 — 7) 


Now, (3a + 1) (2% — 7) = 0 when 


3r+1 = 0 or 2z-7 = 0 
3x2 = —-1 22 7 
= ne 
Thus, 6x? — 19x — 7 = 0 when x = + or $. 


8.2.4 Sample Set A 


Find the domain of the following expressions. 


Example 8.11 
5 


x—1* 


The domain is the collection of all real numbers except 1. One is not included, for if = 1, 
division by zero results. 
Example 8.12 


3a 
2a—8~ 


If we set 2a — 8 equal to zero, we find that a = 4. 


2a—-8 = 0 
2a = 8 
a= 4 


Thus 4 must be excluded from the domain since it will produce division by zero. The domain is 
the collection of all real numbers except 4. 
Example 8.13 


5a—1 
(2@+2)(x—6) * 


Setting (1+ 2)(a—6) = 0, we find that « = —2 and x = 6. Both these values produce 
division by zero and must be excluded from the domain. The domain is the collection of all real 
numbers except —2 and 6. 


Example 8.14 
9 


a?2—2Q7—15° 


Setting 2? — 2x — 15 = 0, we get 
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(a+3)(a—5) = 0 
g = -3,5 
Thus, « = —3 and x = 5 produce division by zero and must be excluded from the domain. The 


domain is the collection of all real numbers except —3 and 5. 


Example 8.15 
Qn7+2—-7 
a(a—1)(a—3)(a+10)° 


Setting x(a —1)(#-—3)(a+10) = 0, we get « = 0,1,3,-10. These numbers must be ex- 
cluded from the domain. The domain is the collection of all real numbers except 0, 1, 3, 


—10. 
Example 8.16 
8b+7 
(26+ 1)(3b—2)* 
Setting (2b+ 1) (3b—2) = 0, we get b = —5, 3. The domain is the collection of all real 


1 2 
numbers except —5 and 3. 


Example 8.17 
4a—5 
e2+1° 


No value of «x is excluded since for any choice of x, the denominator is never zero. The 
domain is the collection of all real numbers. 
Example 8.18 
x—9 
a 


No value of x is excluded since for any choice of x, the denominator is never zero. The 
domain is the collection of all real numbers. 


8.2.5 Practice Set A 


Find the domain of each of the following rational expressions. 


Exercise 8.1 (Solution on p. 638.) 
2 

z—7 

Exercise 8.2 (Solution on p. 638.) 
5x 

x(x+4) 

Exercise 8.3 (Solution on p. 638.) 

pe ca 

(x+2)(1—«) 

Exercise 8.4 (Solution on p. 638.) 
5a+2 

a?+6a+8 

Exercise 8.5 (Solution on p. 638.) 

12y 

3y?2—2y—-8 

Exercise 8.6 (Solution on p. 638.) 

2m—5 

m?2+3 

Exercise 8.7 (Solution on p. 638.) 

k?—4 
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8.2.6 The Equality Property of Fractions 


From our experience with arithmetic we may recall the equality property of fractions. Let a, b, c, d be real 
numbers such that b #0 and d 4 0. 
Equality Property of Fractions 


1. If § = §, then ad = be. 
2. If ad = be, then $ = §. 


Two fractions are equal when their cross-products are equal. 
We see this property in the following examples: 


Example 8.19 

z=, since 2-12 =3-8. 

Example 8.20 

y= a since 5y - 6y = 2- 15y? and 30y? = 30y”. 
Example 8.21 

Since 9a- 4 = 18a- 2, 2a. = Es 


8.2.7 The Negative Property of Fractions 


A useful property of fractions is the negative property of fractions. 
Negative Property of Fractions 


The negative sign of a fraction may be placed 


1. in front of the fraction, —F, 
in the numerator of the fraction, >", 
3. in the denominator of the fraction, 4. 


ie) 


All three fractions will have the same value, that is, 
— a 
~ "6b ~~ =6b 


The negative property of fractions is illustrated by the fractions 
3-3 _ 3 


47 4 —4 


To see this, consider —3 = =. Is this correct? 


By the equality property of fractions, —(3-4) = —12 and —3-4 = —12. Thus, -3 = =. Con- 
vince yourself that the other two fractions are equal as well. 

This same property holds for rational expressions and negative signs. This property is often quite helpful 
in simplifying a rational expression (as we shall need to do in subsequent sections). 

If either the numerator or denominator of a fraction or a fraction itself is immediately preceded by a 
negative sign, it is usually most convenient to place the negative sign in the numerator for later operations. 
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8.2.8 Sample Set B 
Example 8.22 


| is best written as >". 


Example 8.23 


=5 is best written as ae 


Example 8.24 


a—A4 3 —(x—4) 
3,_5 Could be written as 57", 


Example 8.25 


which would then yield 5244. 


re Factor out — 1 from the denominator. 
So A negative divided by a negative is a positive. 
5 
10+a 
Example 8.26 
3 . . 
a Rewrite this. 
= Factor out — 1 from the denominator. 
ee A negative divided by a negative is positive. 
3 . 
Fis Rewrite. 
3 
2-7 


This expression seems less cumbersome than does the original (fewer minus signs). 


8.2.9 Practice Set B 


Fill in the missing term. 


Exercise 8.8 (Solution on p. 638.) 
5 

~ y-2~ y-2 

Exercise 8.9 (Solution on p. 638.) 

OTR As 
—a+3 ~ a-3 

Exercise 8.10 (Solution on p. 638.) 
a 

~ 5-y  y-5 


8.2.10 Exercises 


For the following problems, find the domain of each of the rational expressions. 


Exercise 8.11 (Solution on p. 638.) 
x—4 
Exercise 8.12 
3 
z—8 


Exercise 8.13 (Solution on p. 638.) 
lla 


atl 
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Exercise 8.14 
x+10 
“et+4 
Exercise 8.15 (Solution on p. 638.) 
-1 
gid 
Exercise 8.16 
x+7 
x2—9 
Exercise 8.17 (Solution on p. 638.) 
—2#+4 
x? —36 
Exercise 8.18 
—at5 
a(a—5) 
Exercise 8.19 (Solution on p. 638.) 
2b 
B(b-+6) 
Exercise 8.20 
3b4+1 
b(b—4) (645) 
Exercise 8.21 (Solution on p. 638.) 
3a+4 
a(a—10)(a+1) 
Exercise 8.22 
—2x 
a? (4—2) 
Exercise 8.23 (Solution on p. 638.) 
6 
waxy Tae) 
Exercise 8.24 
—5 
a?+6a+8 
Exercise 8.25 (Solution on p. 638.) 


P2443 

Exercise 8.26 
x—1 

wv2—9x+2 

Exercise 8.27 (Solution on p. 638.) 
y—-9 

y2—y—20 

Exercise 8.28 
y—6 

2y?2—3y—2 

Exercise 8.29 (Solution on p. 638.) 
2x2+7 

623 +x2—2a 

Exercise 8.30 
—2+4 

23 — 8224122 


For the following problems, show that the fractions are equivalent. 


Exercise 8.31 (Solution on p. 638.) 


—3 3 
5) and 5 


Exercise 8.32 

=9 2 

a and 7 

Exercise 8.33 (Solution on p. 638.) 
—+ and = 

Exercise 8.34 


—2 2 
ee 


Exercise 8.35 (Solution on p. 638.) 


For the following problems, fill in the missing term. 


Exercise 8.36 
4 


a—-1~ «#1 

Exercise 8.37 (Solution on p. 638.) 

Qi a 

BET B47 

Exercise 8.38 

_ 3@+4 _ 
2¢—-1 ~ 2a—1 

Exercise 8.39 (Solution on p. 638.) 
22+7 _ 


~ 5a-1 ~~ 5a—1 
Exercise 8.40 


62-1” 6a—1 
Exercise 8.41 (Solution on p. 638.) 
a-4 _ 


2x2—3 2x2—3 
Exercise 8.42 


BPO. eee 
-—2-3 ~ «£43 
Exercise 8.43 (Solution on p. 639.) 
atl _ 
~—a-6 — at6 
Exercise 8.44 
sient en 
—rt2” «2-2 
Exercise 8.45 (Solution on p. 639.) 
yt10 _ 
—y-6 ~~ yt6 


8.2.11 Exercises For Review 
Exercise 8.46 


a3 4h 2 
(Section 3.7) Write (a ) so that only positive exponents appear. 


Exercise 8.47 (Solution on p. 639.) 
(Section 5.7) Solve the compound inequality 1 < 62 —5 < 13. 


Exercise 8.48 
(Section 6.8) Factor 8x? — 18x — 5. 


Exercise 8.49 (Solution on p. 639.) 
(Section 6.8) Factor x? — 12x + 36. 


Exercise 8.50 
(Section 7.2) Supply the missing word. The phrase "graphing an equation" is interpreted as 
meaning "geometrically locate the to an equation." 


8.3 Reducing Rational Expressions * 


8.3.1 Overview 


e The Logic Behind The Process 
e The Process 


’This content is available online at <http://cnx.org/content /m21953/1.3/>. 
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8.3.2 The Logic Behind The Process 


When working with rational expressions, it is often best to write them in the simplest possible form. For 
example, the rational expression 


x? —4 
x? —6r4+8 
can be reduced to the simpler expression ate for all x except x = 2,4. 


From our discussion of equality of fractions in Section Section 8.2, we know that — = § when ad = bc. 


This fact allows us to deduce that, if k 4 0, ue = §, since akb = abk (recall the commutative property of 
multiplication). But this fact means that if a factor (in this case, /) is common to both the numerator and 
denominator of a fraction, we may remove it without changing the value of the fraction. 


ak a)k a 
bk yk ob 


8.3.2.1 Cancelling 
The process of removing common factors is commonly called cancelling. 


Example 8.27 


7a can be reduced to 2. Process: 
16 _ 2-2-2-2 
40 — 2-2-2-5 

2.2 2 
Remove the three factors of 1; 5° 5° 3. 
y2-)2-)2-2 2 
y2-)2-)2-5 5 


Notice that in 2, there is no factor common to the numerator and denominator. 


Example 8.28 


411 can be reduced to 3. Process: 


148 

111 _ 3-37 

148 — 437 

Remove the factor of 1;22. 
3-)37 

4-)37 

3 

4 


Notice that in 3. there is no factor common to the numerator and denominator. 


Example 8.29 
3 


5 can be reduced to 3 Process: 


3 _ 31 
9 3- 


Remove the factor of 1;3. 
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Notice that in $ there is no factor common to the numerator and denominator. 


Example 8.30 


2 cannot be reduced since there are no factors common to the numerator and denominator. 


Problems 1, 2, and 3 shown above could all be reduced. The process in each reduction 
included the following steps: 


1. Both the numerator and denominator were factored. 
2. Factors that were common to both the numerator and denominator were noted and removed 
by dividing them out. 


We know that we can divide both sides of an equation by the same nonzero number, but why should we be 
able to divide both the numerator and denominator of a fraction by the same nonzero number? The reason 
is that any nonzero number divided by itself is 1, and that if a number is multiplied by 1, it is left unchanged. 


a 
Consider the fraction x. Multiply this fraction by 1. This is written = -1. But 1 can be rewritten as +. 
6 
6. g_ &§ _1 
24 4 24-4 4 


The answer, 7 is the reduced form. Notice that in ; there is no factor common to both the numerator and 
denominator. This reasoning provides justification for the following rule. 


Cancelling 
Multiplying or dividing the numerator and denominator by the same nonzero number does not change the 


value of a fraction. 


8.3.3 The Process 


We can now state a process for reducing a rational expression. 
Reducing a Rational Expression 


1. Factor the numerator and denominator completely. 
2. Divide the numerator and denominator by all factors they have in common, that is, remove all factors 


of 1. 
Reduced to Lowest Terms 


1. A rational expression is said to be reduced to lowest terms when the numerator and denominator 
have no factors in common. 


8.3.4 Sample Set A 


Reduce the following rational expressions. 


Example 8.31 


15a 
50n" Factor. 
ied ee The factors that are common to both the numerator and 


202 «5 -2-2-@ ? cts 
denominator are 5 and x. Divide each by 52. 


It is helpful to draw a line through the divided-out factors. 
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Example 8.32 


x74 


y2—6248° Factor. 
(x42)(e—2) The factor that is common to both the numerator 
(w—2)(x—4) 


and denominator is 2 — 2. Divide each by x — 2. 
(w+2))(w—2) __ x42 z#2,4 


)(a-2)(a@—-4) — e—4? 


The expression ons is the reduced form since there are no factors common to both the 


numerator and denominator. Although there is an «x in both, it is a common term, not a 
common factor, and therefore cannot be divided out. 


Paar = \a—2 bee go 
CAUTION — This is a common error: a8 = ae 2 is incorrect! 
eo 


Example 8.33 


— ja+2b =7,4 x — 2b 


Since a+ 2b is a common factor to both the numerator and denominator, we divide both by a+ 2b. 
Since a = 1, we get 1 in the numerator. 


Sometimes we may reduce a rational expression by using the division rule of exponents. 


Example 8.34 


2,,5 


h 
aa Factor and use the rule. = a"—™. 
Any a 

8a7y> 2-2-2 21, 58 

dcyr i YY 


= 2ay’,xcA40,y 40 
Example 8.35 


—10x*a(a?—36) 
2x23—10xr2—12¢ * 
—10x°.a(a?—36) —5-2a%a(x+6)(2—6) 
Q23—100?—122 ~~ 2a(a@2—5a—6) 
2ar(a—6) (e-+1) 
2 

—5:)2e )3 a(x+6))(a—6) 

)2)x)(x—6)(x+1) 
_ =Sa"ala+6) x x 1, 6 


x—1 


Factor. 


Example 8.36 


Since it is most convenient to have the leading terms of a 


x? —a—12 
we 2et8° 

ge rate polynomial positive, factor out — 1 from the denominator. 
ST Rewrite this. 

x? —x—12 
— 238 Factor. 
a Meer 8) 

(w—4)(+2) 
xt+3 _ —(@+3) _ -2-3 
a+27~ a+2 ~— 242 »t x —2, 4 


Example 8.37 


The numerator and denominator have the same terms but they 


a-b 
~ occur with opposite signs. Factor — 1 from the denominator. 
a—b —  a-—b Ja—b 
Buta) > Gb) Sasa ee 


8.3.5 Practice Set A 


Reduce each of the following fractions to lowest terms. 


Exercise 8.51 (Solution on p. 


30y 
35y 


Exercise 8.52 (Solution on p. 


x7~9 
v24+52+6 


Exercise 8.53 (Solution on p. 


x+2b 
4a+8b 


Exercise 8.54 (Solution on p. 


18a3b°c? 
3ab3c> 


Exercise 8.55 (Solution on p. 


_=3a4+75a7 __ 
2a3—16a?+30a 


Exercise 8.56 (Solution on p. 


a? —5a+4 
—22+127—32 


Exercise 8.57 (Solution on p. 


22—y 
y—24 


8.3.6 Excercises 


For the following problems, reduce each rational expression to lowest terms. 


Exercise 8.58 (Solution on p. 


6 
3x—12 
Exercise 8.59 


pecster 
4da—16 


Exercise 8.60 (Solution on p. 


9 
3y—21 


639.) 


639.) 


639.) 


639.) 


639.) 


639.) 


639.) 


639.) 


639.) 
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Exercise 8.61 

10 
Br—5 
Exercise 8.62 (Solution on p. 639.) 

7 

Tx—14 
Exercise 8.63 

6 

6x2—18 
Exercise 8.64 (Solution on p. 639.) 
Qy? 
“By 
Exercise 8.65 
4x° 

22 
Exercise 8.66 (Solution on p. 639.) 
16a7b? 

2ab2 
Exercise 8.67 

20a*b4 

Aab? 
Exercise 8.68 (Solution on p. 639.) 
(x+3)(x—-2) 

(x+3)(«+5) 
Exercise 8.69 

(y-1)(y-7) 

(y-1)(y+6) 
Exercise 8.70 (Solution on p. 639.) 


(m—3)(m—1) 
(m—1)(m+4) 
Exercise 8.72 (Solution on p. 639.) 
(y=2)(y-3) 
(y-3)(y—2) 
Exercise 8.73 
(2+7) (+8) 
(x+8)(x+7) 
Exercise 8.74 (Solution on p. 639.) 
—12x? (+4) 
Ax 
Exercise 8.75 
—3a*(a—1)(a+5) 
—2a3(a—1)(a+9) 
Exercise 8.76 (Solution on p. 639.) 
6a? y? (x@—1)(#+4) 
—2xy(@t+4 
Exercise 8.77 
22a*b® cc! (a+2)(a—7) 
4c(a+2)(a—5) 
Exercise 8.78 (Solution on p. 639.) 
(w+10)? 
x+10 
Exercise 8.79 
(y=6)" 
y—6 
Exercise 8.80 (Solution on p. 639.) 
(w—8)? (2+6)* 
(x—8)(x+6) 
Exercise 8.81 
(a+1)°(a—-1)" 
(a+1)°(a—1)* 
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Exercise 8.82 (Solution on p. 639.) 
(y—2)°(y—1)* 
(y-2)?(y—-1)? 
Exercise 8.83 
(x+10)°(a—6)? 
“(a—6)(a+10)? 
Exercise 8.84 (Solution on p. 639.) 
(a+6)?(a—7)° 
(a+6)°(a—7)" 
Exercise 8.85 
(m+7)4(m—8)? 
(m+7)"(m—8)? 
Exercise 8.86 (Solution on p. 640.) 
(a+2)(a—1)° 
(a+1)(a—1) 
Exercise 8.87 
(b+6)(b—2)* 
(b—1)(b—2) 
Exercise 8.88 (Solution on p. 640.) 
8(a+2)3(a—5)® 
2(a#+2)(a2—5)? 
Exercise 8.89 
14(a—4)?(#—10)°® 
—7(a—4)?(a—10)? 
Exercise 8.90 (Solution on p. 640.) 
a*+a—12 
2—4743 
Exercise 8.91 
x? +4+3a—10 
w2+2xr—15 
Exercise 8.92 (Solution on p. 640.) 
x? -10¢+21 
x2—6x2—7 
Exercise 8.93 
x?+4+100424 
x2 +62 
Exercise 8.94 (Solution on p. 640.) 
2494414 
x2+72x 
Exercise 8.95 
__6b°=b 
6b2+11b—2 
Exercise 8.96 (Solution on p. 640.) 
3b? 410643 


Exercise 8.97 


2b2+5b—3 

Exercise 8.98 (Solution on p. 640.) 
16a2—9 

4a?2—a—3 

Exercise 8.99 

20x? +4+28xry+9y? 
4x2+4xy+y? 


For the following problems, reduce each rational expression if possible. If not possible, state the answer in 
lowest terms. 


Exercise 8.100 (Solution on p. 640.) 
+3 

rtd 

Exercise 8.101 

a+7 

a-1 

Exercise 8.102 (Solution on p. 640.) 

3a+6 
3 
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Exercise 8.103 
4r+12 
4 


Exercise 8.104 (Solution on p. 640.) 
5a—5 
5 
Exercise 8.105 
6b—6 

—3 
Exercise 8.106 (Solution on p. 640.) 
8x—16 

—4 
Exercise 8.107 
4x—7 

=f 
Exercise 8.108 (Solution on p. 640.) 
—3x2+10 

10 


Exercise 8.109 


Exercise 8.110 (Solution on p. 640.) 
—3 
226 
Exercise 8.111 
ae 
zx 
Exercise 8.112 (Solution on p. 640.) 
yoy 
y 
Exercise 8.113 
a> —a? 
a 


Exercise 8.114 (Solution on p. 640.) 
6_ 4 
a a 
Exercise 8.115 
4b? +3b 
b 


Exercise 8.116 (Solution on p. 640.) 
2a? +5a 
a 


Exercise 8.117 

paar 

Exercise 8.118 (Solution on p. 640.) 
4 


eet ae 

2° —32 

Exercise 8.119 
oar 

=a 
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8.3.7 Excercises For Review 


Exercise 8.120 (Solution on p. 640.) 
-1 
(Section 3.7) Write (aut) so that only positive exponents appear. 


Exercise 8.121 
(Section 6.6) Factor y* — 16. 


Exercise 8.122 (Solution on p. 640.) 
(Section 6.8) Factor 102? — 17x + 3. 


Exercise 8.123 
(Section 7.4) Supply the missing word. An equation expressed in the form ax + by = c is said to 
be expressed in form. 


Exercise 8.124 (Solution on p. 640.) 


(Section 8.2) Find the domain of the rational expression ——2—.. 
x*—32—-18 


8.4 Multiplying and Dividing Rational Expressions * 


8.4.1 Overview 


e Multiplication Of Rational Expressions 
e Division Of Rational Expressions 


8.4.2 Multiplication Of Rational Expressions 


Rational expressions are multiplied together in much the same way that arithmetic fractions are multiplied 
together. To multiply rational numbers, we do the following: 


Definition 8.1: Method for Multiplying Rational Numbers 


1. Reduce each fraction to lowest terms. 
2. Multiply the numerators together. 
3. Multiply the denominators together. 


Rational expressions are multiplied together using exactly the same three steps. Since rational expressions 
tend to be longer than arithmetic fractions, we can simplify the multiplication process by adding one more 
step. 


Definition 8.2: Method for Multiplying Rational Expressions 


1. Factor all numerators and denominators. 

2. Reduce to lowest terms first by dividing out all common factors. (It is perfectly legitimate to 
cancel the numerator of one fraction with the denominator of another.) 

3. Multiply numerators together. 

4. Multiply denominators. It is often convenient, but not necessary, to leave denominators in 
factored form. 


“This content is available online at <http://cnx.org/content/m21964/1.3/>. 
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8.4.3 Sample Set A 
Perform the following multiplications. 


Example 8.38 


se ee 
42 4:2 8 
Example 8.39 
8 1 )8 1 4:1. 4 
96 9 6 9:3 27 
3 


Example 8.40 


Example 8.41 


44 | wt7 a 
et eA Divide out the common factor x + 4. 
jet . — Multiply numerators and denominators together. 
zx 
x47 
xr—2 


Example 8.42 


a? +xr—6 . xv? 20-3 
w2—47+3 22+4x7—12° 
(x+3)(x—2) ‘ (~—3)(x+1) 
iy Teaser) 
x+3))(x—-2 «2—3)(a@+1 : 

. Multiply. 
)@—3)(a—1) | (w+6))(@—2) eae 
(x+3)(x+1) x? +4243 x? +4043 
(w—1)(«@-+6) oh Cae oF Baas 


Factor. 


Divide out the common factors x — 2and x — 3. 


Each of these three forms is an acceptable form of the same answer. 


Example 8.43 


2et+6 | 2-4 
82-16 x?—x—12° 
2(x+3) | (w+2)(x—-2) 
Bia?) eA ars) 


Factor. 


Divide out the common factors 2,2 + 3and x — 2. 


eS), (+22) —- atti 
)8)(e=2) * )(e+3)(e—4) ee aa 
xr+2 
4(a—4) 


x+2 
4x—16 


or 


Both these forms are acceptable forms of the same answer. 


Example 8.44 


2. +7 : BS. a? 
3a°- 5° Rewrite 3x? as 2. 
3a? aie 4 . 
a an Multiply. 
aa" (e+7) 
a—5 
Example 8.45 
(v — 3) - ae gero° 
)(a—3) . 4x—9 
T* \@=3)(«-3) 
4x—9 
<3 
Example 8.46 
ee? ; are Factor—1 from the first numerator. 
—(#?4+32+2) 4499 
a?+80t15 toe Factor. 
(w@+1))(@+2) | 4)(@+5) ; 
(@+3))(e+5) 2) (+2) Multiply. 
cath) — =Ae-1 or a feel 
z(a+3) ~ x(a+3) rs 


8.4.4 Practice Set A 


Perform each multiplication. 


Exercise 8.125 
5 6 


3.7 
Exercise 8.126 
3 Z 


a 3 


b2c2 ° Ge 

Exercise 8.127 
yrl , yt 

y2+l y?-1 
Exercise 8.128 
a2*—x—-12 ! aw? —4e—5 
22+7r+6 22—9xr+20 
Exercise 8.129 
2?+62+8 : xv? 20-8 


22—62+8 2x2+4+2x—8 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


8.4.5 Division Of Rational Expressions 


on p. 


on p. 


on p. 


on p. 


on p. 


640.) 


640.) 


640.) 


640.) 


641.) 
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To divide one rational expression by another, we first invert the divisor then multiply the two expressions. 
Symbolically, if we let P,Q, R, and S represent polynomials, we can write 


_R_P. 


P 
Q7 


S _ Ps 
S  Q'R QR 
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8.4.6 Sample Set B 
Perform the following divisions. 


Example 8.47 


6a? at. Invert the divisor and multiply. 


5a 

iene 

)6x)? _ 10a)* _ 34-202 _ 6a2% 
)5)a )2)x 1 


y3 


Example 8.48 


x?+3r—-10 . x7 +9xr+20 


ope Sea Invert and multiply. 
a2?+3x—10 a?4+3xn—4 
Qa—2 ° x24+9x+20 Factor. 


)(w+5)(@—2) | )(w+4))(a—1) 
2)(a—1) )(w+5))(@+4) 


x—2 
2 
Example 8.49 
(4a + 7) + Bete Write 4a + 7as 4247, 
Hat + aig! Invert and multiply. 
Ax+7 —2 
toe Factor. 
)4e+7 | x—2 — x=2 
1 3()4+7) 3 
8.4.7 Practice Set B 
Perform each division. 
Exercise 8.130 (Solution on p. 641.) 
8m? n = _ 2m 
3a5b2 * 15a7b? 
Exercise 8.131 (Solution on p. 641.) 
a4 5 a) 
w2te—6 * #2442743 
Exercise 8.132 (Solution on p. 641.) 
6a2+17a+12 . 
a soit Sar (2a + 3) 


8.4.8 Excercises 


For the following problems, perform the multiplications and divisions. 


Exercise 8.133 (Solution on p. 641.) 
4a? | 3b 
5b 2a 


Exercise 8.134 


Exercise 8.135 (Solution on p. 641.) 
ab 


boa 


Exercise 8.136 
2x, Sy 


Sy 2x 


Exercise 8.137 
1209 | 28. 

We 15a 
Exercise 8.138 
39m4 4 

16 13m2 
Exercise 8.139 
180° 1 

ve 4x2 
Exercise 8.140 
34a° 42 

21° 17a® 
Exercise 8.141 
16a°y? | 25a 

15a? Ay 


Exercise 8.142 
27a"b*  13a*b? 


39b 16a® 
Exercise 8.143 
102? y? _ Ady 

Ty? 1526 


Exercise 8.144 
22m n4 , 33mn 
1lm6n  4mn3 
Exercise 8.145 
=10p?q . 21a5b3 
7a>b? 2p 
Exercise 8.146 
—25m*n> 7 2irs* 

14r3 53 10mn 
Exercise 8.147 
9 3 


a * a? 
Exercise 8.148 
10. 4 

PTB 
Exercise 8.149 
2la+ . 14a 
52° 1568 
Exercise 8.150 
42¢° . 2la4t 

16y4 * 8y3 
Exercise 8.151 
39a7y? . 1303 y 


Bop? (15 pe 
Exercise 8.152 
14mn? . _ 32m 

25n6 * 20m?2n3 


Exercise 8.153 
12a7b? . 6a? 
—5ayt * 15x? 
Exercise 8.154 
24p?q . _10pq 
9mn3 * —21n? 
Exercise 8.155 
“2+8 . £42 


e+1 2#+8 


Exercise 8.156 
a2+10 _ x—4 
a—4 a—-1 
Exercise 8.157 
Qe+5 . e+8 
x+8 x—2 
Exercise 8.158 
yt2 . 2y—-1 


2y-1 y—2 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


641.) 


641.) 


641.) 


641.) 


641.) 


641.) 


641.) 


641.) 


641.) 


641.) 


641.) 
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Exercise 8.159 (Solution on p. 641.) 
a—-5 . x£—-5 
w-1° 4 
Exercise 8.160 
Gc . 22 
a—-4 ° 5x41 
Exercise 8.161 (Solution on p. 641.) 
a+2b . 4a+8b 
a-1l * 3a-—3 


Exercise 8.162 


Exercise 8.163 (Solution on p. 641.) 
3, 4ab 
xv _— 
x 
Exercise 8.164 
4, 3a? 
Yor ar 
Exercise 8.165 (Solution on p. 641.) 
2q° ate 6a” 
* Ab 


Exercise 8.166 
2,,3 + 10 
16a*y" + —* 
Exercise 8.167 (Solution on p. 641.) 


2 


21mtn? + hues 
n 


Exercise 8.168 
(a +8)- at 
Exercise 8.169 (Solution on p. 641.) 
(x — 2)- v-l1 
Exercise ue 
3 a+2 
(a — 6) *~a-6 
Exercise 8.171 (Solution on p. 641.) 
4 (b—7)% 
(b+1)°. GO 


Exercise 8.172 


2 3 b-3 
(b? +2)": CEE 
Exercise 8.173 (Solution on p. 642.) 


(23 -7)"- Sah 


Exercise 8.174 


(a —5) + = 
Exercise 8.175 (Solution on p. 642.) 
y-2) +3 

y—-1 


Exercise 8.176 
(y+ 6)° _ (y+6)? 


y—6 
Exercise 8.177 (Solution on p. 642.) 
(a = 2b)" — (a—2b)? 
* a+b 


Exercise 8.178 

2743242 7 xv? —24-3 

w2—4¢+3 2242 

Exercise 8.179 (Solution on p. 642.) 
62-42 #71 

2227-3 2-7 

Exercise 8.180 


3a+3b 7 9a+9b 
a*—4a—5 * a*—3a—10 


Exercise 8.181 
a?—4a—12 . a?—5a—6 

a?2—9 * a?+6a+9 
Exercise 8.182 
b?—5b+6 | b?-2b-3 
b2—b—-2 ° b2—96+20 
Exercise 8.183 
m?—4m+3 , m?+4m—12 
m2+5m—6 m2—5m+6 
Exercise 8.184 
r24+7r+10 A r2+6r+5 
r2—2r—8 ° r2—3r—4 
Exercise 8.185 
2a?+7a+3 , a?—5at6 
3a2—5a—2 a?+2a—3 
Exercise 8.186 
6x2+e2—-2 | w?4+2x—12 
2224+72—-4 3x2—42—4 
Exercise 8.187 
wy—ary? wy 
x2y—y2 aay 
Exercise 8.188 
4a3b—4a?b? | _3a—2 

15a—10 4ab—2b2 
Exercise 8.189 
e2+3 .a-4 . «2-2 


x-4 e£4+1 2£4+3 


Exercise 8.190 
aT ed ese8 
x+8 «£-7 «-2 
Exercise 8.191 
2a—b | a+3b , a—5b 
a+b a—5b 2a—b 


Exercise 8.192 


3a(a+1)* | 6(a—5)”  15a+30 


a—5 5a+5 4a—20 
Exercise 8.193 
—3a? | —8b° 

4b 15a 
Exercise 8.194 
—6x2 : 20y 
5y? 22 
Exercise 8.195 
—8a7y3 es 4 

—52x * —1ld2y 
Exercise 8.196 
—4a? a 2a 

Bb «6b2 


Exercise 8.197 
—3a—-3., a? —3a+2 
2a+2 a?—5a—6 
Exercise 8.198 
av? —x—-2 f —27 42243 
w2—32—4 —42—-8 
Exercise 8.199 
=5x—-10 | 27+4r+1 
w2—4¢7+3 x22+2-2 
Exercise 8.200 
—a?—2a+15 - a-—2a—8 
6a—-12. ° —2a—10 
Exercise 8.201 
b?7—5b4+14 . —b?—9b-14 
3b—6 5 —b+8 
Exercise 8.202 


3at+6 . _6-a 
4a—24 * Ba+15 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


642.) 


642.) 


642.) 


642.) 


642.) 


642.) 


642.) 


642.) 


642.) 


642.) 


642.) 
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Exercise 8.203 (Solution on p. 642.) 
4r+12 , 7-2 
2-7 2x2+2 
Exercise 8.204 
—2b-2 | —b+42 
b2+b-—6 b+5 
Exercise 8.205 (Solution on p. 642.) 
3a2—6a—-9 . 3x?—5a—2 
2x22-62—4 ° 622—7x—-3 
Exercise 8.206 
2b7—2b4+4 . b?—2b41 
862—28b—16 * 262—5b—3 


Exercise 8.207 (Solution on p. 642.) 
2 
eteets = (x + 3) 


Exercise 8.208 
aw? — 3042 (x — 3) 


22 —42+3 

Exercise 8.209 (Solution on p. 642.) 
3x2—21¢+18 . 

“Ttbato + (@ + 2) 


8.4.9 Exercises For Review 


Exercise 8.210 

(Section 3.3) If a < 0, then |a| = 

Exercise 8.211 (Solution on p. 642.) 
Section 4.4) Classify the polynomial 4xy + 2y as a monomial, binomial, or trinomial. State its 

y y 

degree and write the numerical coefficient of each term. 

Exercise 8.212 

(Section 4.5) Find the product: y? (2y — 1) (2y +1). 

Exercise 8.213 (Solution on p. 642.) 
(Section 5.5) Translate the sentence “four less than twice some number is two more than the 

number” into an equation. 

Exercise 8.214 


(Section 8.3) Reduce the fraction oe 


8.5 Building Rational Expressions and the LCD ° 


8.5.1 Overview 


e The Process 
e The Reason For Building Rational Expressions 
e The Least Common Denominator (LCD) 
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8.5.2 The Process 


Recall, from Section Section 8.2, the equality property of fractions. 
Equality Property Of Fractions 
If § = §, then ad = be. 
Using the fact that 1 = b b £0, and that 1 is the multiplicative identity, it follows that. if 5 is a rational 
expression, then 


. 5 Pb b40 
b Qo? 

This equation asserts that a rational expression can be transformed into an equivalent rational expression 

by multiplying both the numerator and denominator by the same nonzero number. 

Process of Building Rational Expressions 

This process is known as the process of building rational expressions and it is exactly the opposite of 


reducing rational expressions. The process is shown in these examples: 


Example 8.50 


P 
Q 


3 can be built to if since 
a ree ee ee eee 

4 4°4— 4-4— 16 

Example 8.51 

=! can be built to ae since 
—4.72=4.2~ -4:2_ =8 
5 ee RE eae oy Se) 


Example 8.52 
3 


3 can be built to 2“% since 
7 Txy 


3.423. 2¥ — Sey 
7 Cae zy Txy 


Example 8.53 


2 
44 can be built to eee 


3b since 


4a y= 4a, a(at+1) _ 4a?(a+1) 
3b ~ 3b a(a+1) ~ 3ab(a+1) 


Suppose we’re given a rational expression 5 and wish to build it into a rational expression with denominator 


Qb?, that is, 


P 2 
Q” Qe 


Since we changed the denominator, we must certainly change the numerator in the same way. To 
determine how to change the numerator we need to know how the denominator was changed. Since one 
rational expression is built into another equivalent expression by multiplication by 1, the first denominator 
must have been multiplied by some quantity. Observation of 


2. 


P 
Q OF 


tells us that Q was multiplied by 67. Hence, we must multiply the numerator P by b?. Thus, 


P _ Pv 


Q 7 Qe 

Quite often a simple comparison of the original denominator with the new denominator will tell us the 
factor being used. However, there will be times when the factor is unclear by simple observation. We need 
a method for finding the factor. 


Observe the following examples; then try to speculate on the method. 
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Example 8.54 
Be? 


4 20° 
The original denominator 4 was multiplied by 5 to yield 20. What arithmetic process will 
yield 5 using 4 and 20? 
Example 8.55 
9 _ ? 
10 ~ 10y° 
The original denominator 10 was multiplied by y to yield 10y. 
Example 8.56 
"6 


—6xry __ ? 
2a2b ~~ 16a>b3°* 


The original denominator 2a°b was multiplied by 8a?b? to yield 16a°b°. 


Example 8.57 
2 


Sax __ ? 
(a+1)? ~ 4(a+1)?(a—2)° 


The original denominator (a + 1)” was multiplied by 4 (a — 2) to yield 4(a + 1)” (a — 2). 


To determine the quantity that the original denominator was multiplied by to yield the new denominator, 
we ask, "What did I multiply the original denominator by to get the new denominator?" We find this factor 


by dividing the original denominator into the new denominator. 
It is precisely this quantity that we multiply the numerator by to build the rational expression. 


8.5.3 Sample Set A 


Determine N in each of the following problems. 


Example 8.58 


The original denominator is 3 and the new 
e denominato is 15. Divide the original 
denominator into the new denominator and 
multiply the numerator 8 by this result. 
15+3=5 
Then, 8-5 = 40. So, 
$= Band N = 40. 
Check by reducing #2 : 


Example 8.59 


The original denominator is 5b?y and the new 

oe x denominator is 20b°y*. Divide the original 
5b2y — 20b5y4* : 7 ‘ 
denominator into the new denominator and 


multiply the numerator 2z by this result. 


20b°y* _ 473,38 
Spy nO 


So, 2x - 4b3y? = 8b xy. Thus, 


2 spay? Bey ees 
Sb2y — a0be yf and N = 8b’ xy”. 
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Example 8.60 


—6a _ __N__ The new denominator divided by the original denominator is 


at2 ~~ (a+2)(a—7)° 
(ef en) = g—7 


Multiply — 6aby a — 7. 
—6a(a— 7) = —6a? + 42a 


—6a _ —6a?+42a = 2 
a+2 = lat3y(a_7) and N = —6a + 42a. 


Example 8.61 


Slory) = aa ; The new denominator divided by the original denominator is 
a?-16 _ (a+4))(a—4) 
a—4 y= 
=a+4 
Multiply —3(a—1) bya+4. 
—3(a—1)(a+4) = -3(a?+3a-—4) 
= —3a?-9a+12 
3a) — =8a°= 90412 and N = —3a? — 9a +12 
Example 8.62 
Tx = ys Write 7x as Tm 
Now we can see clearly that the original denominator 
mos ap 1 was multiplied by x2y?. We need to multiply the 
numerator 7x by «7°. 
. gy 
7x = “aye 
Tx = os and N = 7x3y°. 


Example 8.63 


ba 5a? 200 The same process works in this case. Divide the original 
z+3 . : 
numerator 52 into the new numerator 5x2? — 202. 


5a? 20a )5a(2—4) 


5x 5a 
=az-4 
Multiply the denominator by x — 4. 
(a + 3) (a — 4) 


Se = tg and N = 5a? — 20. 
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Example 8.64 


The two denominators have nearly the sameterms; each has 


ag) ere the opposite sign. Factor — 1 from the original denominator. 
3-—x2=-1(-342) 
= —(x—3) 
— = ae y= — and N = —4z. 


It is important to note that we factored —1 from the original denominator. We did not 
multiply it by —1. Had we multiplied only the denominator by —1 we would have had to multiply 
the numerator by —1 also. 


8.5.4 Practice Set A 


Determine N. 


Exercise 8.215 (Solution on p. 642.) 
3 _ N 

8 48 
Exercise 8.216 (Solution on p. 642.) 
9a __ ON 

5b 35b2 a3 
Exercise 8.217 (Solution on p. 642.) 
—2y _ N 

qt Far 
Exercise 8.218 (Solution on p. 643.) 
at7 __ N 

a—5 ~~ a?—3a—10 
Exercise 8.219 (Solution on p. 643.) 

= N 

4a = 6a3(a—1) 
Exercise 8.220 (Solution on p. 643.) 
2a = gages 
Exercise 8.221 (Solution on p. 643.) 
Gab _ __N 

b+3 ~ b?+6b+9 
Exercise 8.222 (Solution on p. 643.) 

3m 3m?—18m 

m+5 N 
Exercise 8.223 (Solution on p. 643.) 
—2r? = 2r3 4+ 8r? 

r-3 N 
Exercise 8.224 (Solution on p. 643.) 
—8ab? N 


a—4 4-—a 
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8.5.5 The Reason For Building Rational Expressions 


Building Rational Expressions 
Normally, when we write a rational expression, we write it in reduced form. The reason for building rational 
expressions is to make addition and subtraction of rational expressions convenient (simpler). 
To add or subtract two or more rational expressions they must have the same denominator. 
Building rational expressions allows us to transform fractions into fractions with the same denomina- 
tors (which we can then add or subtract). The most convenient new denominator is the least common 
denominator (LCD) of the given fractions. 


8.5.6 The Least Common Denominator (LCD) 


In arithmetic, the least common denominator is the smallest (least) quantity that each of the given 
denominators will divide into without a remainder. For algebraic expressions, the LCD is the polynomial of 
least degree divisible by each denominator. Some examples are shown below. 


Example 8.65 


The LCD is 12 since 12 is the smallest number that 4, 6, and 12 will divide into without a 
remainder. 

Example 8.66 

155 7 

376? 8? 12° 

The LCD is 24 since 24 is the smallest number that 3, 6, 8, and 12 will divide into with- 
out a remainder. 

Example 8.67 

2 3 

a? oe? 

The LCD is 2? since 2? is the smallest quantity that x and 2? will divide into without a 
remainder. 

Example 8.68 

oa _ 3a 

6a2b? 8ab3* 

The LCD is 24a7b? since 24a7b? is the smallest quantity that 6a2b and 8ab? will divide into 
without a remainder. 


Example 8.69 
2y Ay? 


The LCD is (y —6)* (y—1) since (y —6)* - (y—1) is the smallest. quantity that y — 6,(y — 6)° 
and y — 1 will divide into without a remainder. 


We'll now propose and demonstrate a method for obtaining the LCD. 
Method for Obtaining the LCD 


1. Factor each denominator. Use exponents for repeated factors. It is usually not necessary to factor 
numerical quantities. 

2. Write down each different factor that appears. If a factor appears more than once, use only the factor 
with the highest exponent. 

3. The LCD is the product of the factors written in step 2. 
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8.5.7 Sample Set B 


Find the LCD. 
Example 8.70 


&|e 


3. 
2 3? 


8 IF 


1. The denominators are already factored. 
. Note that x appears as x and x. Use only the x with the higher exponent, x?. The term 4y 


appears, so we must also use 4y. 
3. The LCD is 42° y. 


Example 8.71 


5 2x —5x 
(a—1)?? (a—-1)(a—4)? x?-3a+2 


1. Only the third denominator needs to be factored. 


x? — 3a +2 = (x —2)(x—-1) 
Now the three denominators are (a — 1)”, (a — 1) (# — 4), and (a — 2) (a#—1). 
2. Note that x — 1 appears as (a — 1)?,x —1, and x — 1. Use only the x — 1 with the highest 
2 : 
exponent, (2 — 1)”. Also appearing are x — 4 and x — 2. 
3. The LCD is (a — 1)? (x — 4) (4 — 2). 


Example 8.72 


Sil 3 1 
6a4? 4a3b? 3a3(b+5) 


1. The denominators are already factored. 
2. We can see that the LCD of the numbers 6, 4, and 3 is 12. We also need a’, b, and b+5. 


3. The LCD is 12a4b(b +5). 


Example 8.73 
9 A 
x? 8y 
1. The denominators are already factored. 


2. x, 8y. 
3. The LCD is 82y. 


8.5.8 Practice Set B 


Find the LCD. 


Exercise 8.225 
3 4 -6 
g2) 7d? xy 
Exercise 8.226 
atl x2—T —6 
x—4? (2—4)?? atl 
Exercise 8.227 


—5m 


(Solution on p. 643.) 


(Solution on p. 643.) 


(Solution on p. 643.) 


12m? 


2 
m—6? (m+1)7(m—2)’ (m—2)3(m-—6) 


Exercise 8.228 
1 2 —3a 


(Solution on p. 643.) 


w2—1? x2%-2x2—-3? x?—62+9 


Exercise 8.229 


(Solution on p. 643.) 


3 8 10y—1 


4y?—8y? y?—4y+4? 3y3—6y? 


8.5.9 Sample Set C 


Change the given rational expressions into rational expressions having the same denominator. 


Example 8.74 


Bla 


3 
72? 


3 
e2) @2 


3 
e2) 72 
Example 8.75 


4b) —2b 
b—1? b+3° 


(b—1)(b+3)? (b—1)(b+3) 


4b? +12b 
(6—1)(b+3)’ (b—1)(6+3) 


4b? +12b —2b74+2b 
(6—1)(b+3)’ (b—1)(6+3) 


Example 8.76 


The LCD, by inspection, is x*. Rewrite each expression 
with x? as the new denominator. 

Determine the numerators. In +, the denominator was not 
changed so we need not change the numerator. 

In the second fraction, the original denominator was zx. 

We can see that x must be multiplied by x to build it to x?. 


So we must also multiply the numerator 4 by x. Thus, 4 - x = 4a. 


By inspection, the LCD is (b — 1) (b+ 3). 
Rewrite each fraction with new denominator (b — 1) (+3). 


The denominator of the first rational expression has been multiplied 


by b + 3, sothe numerator 4b must be multiplied by b + 3. 
4b (b+ 3) = 4b? + 12b 
The denominator of the second rational expression has been multiplied 
by b—1,sothenumerator — 2b must be multiplied by 6 — 1. 
—2b(b—1) = —2b? + 2b 
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Sto, aoa. We first find the LCD. Factor. 
The LCD is (x — 3) (a — 5) (a — 4) . Rewrite each of these 


fractions with new denominator (x — 3) (x — 5) (a — 4). 


6x —2x? 
(a—3)(@—5)? (a—3)(a—4) 


By comparing the denominator of the first fraction with the LCD 


eee Vera we see that we must multiply the numerator 6x by x — 4. 


6x (x — 4) = 6x? — 24x 


pcog! By comparing the denominator of the second fraction with the LCD, 


(a—3)(a—5)(a—4)? (a#—3)(a—5)(a—4) 


we see that we must multiply the numerator — 2x? by x — 5. 
—2x? (x —5) = —22° + 102? 


6x? —24¢ —2¢34100? 
3)(a—5)(a—4)? (a—3)(a—5)(a—4) 


= 
8 


These examples have been done step-by-step and include explanations. This makes the process 
seem fairly long. In practice, however, the process is much quicker. 


Example 8.77 


6ab a+b 
a2—5at+4? a2—8a+16 
6ab a+b _ 2 
G=iasay" Gone LCD = (a—1)(a— 4)”. 
6ab(a—4) (a+b)(a—1) 


(a—1)(a—4)2? (a—1)(a—4)” 


Example 8.78 


atl 2x xz—4 
23+322? 23—Ax? 22-—42+4 
etl 2x 


x? (x+3)? a(x+2)("—2)? aye LCD = 2? (x + 3) (z + 2) (x am 2 


(w+1)(a+2)(a—2)? 2a? (a+3)(x—2) x? (a+3)(a+2)(a—4) 
x? (x+3)(a+2)(x@—2)?? x©2(x+3)(a+2)(a—2)?’ 22 (a+3)(x+2)(a—2)? 


8.5.10 Practice Set C 


Change the given rational expressions into rational expressions with the same denominators. 


Exercise 8.230 (Solution on p. 643.) 
4 
Exercise 8.231 (Solution on p. 643.) 
2x x 
z+6? 2-1 
Exercise 8.232 (Solution on p. 643.) 
=—3 4b 
bb BET 
Exercise 8.233 (Solution on p. 643.) 
8 -1 
x2—a—6? a2 +a—2 
Exercise 8.234 (Solution on p. 643.) 
10x 5x 


w22+8x2+16? 22-16 
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Exercise 8.235 (Solution on p. 643.) 
—2ab? 6b —2a 
a? —6a?? at—2a3? a2—4a+4 


8.5.11 Exercises 


For the following problems, replace N with the proper quantity. 


Exercise 8.236 (Solution on p. 643.) 
3 _ N 

a oe 

Exercise 8.237 

4 N 

a az 

Exercise 8.238 (Solution on p. 643.) 
—2 _ N 

“e  ay 

Exercise 8.239 

a Ne 

m ms 

Exercise 8.240 (Solution on p. 643.) 
6a __ N 


5 ~ 106 


Exercise 8.241 
a N 


Bz «12z 
Exercise 8.242 (Solution on p. 643.) 


a 


dy? ~~ 20y4 

Exercise 8.243 

be N 

6a ~—«18a® 

Exercise 8.244 (Solution on p. 643.) 
—4a _ N 

5azy 15a3y3 

Exercise 8.245 

—10z _ N 

7a°b ~——-21a*b® 

Exercise 8.246 (Solution on p. 643.) 
8a7y _ N 

5a8 ak a2 

Exercise 8.247 

PE es N 

a2 ~ a?(a—1) 

Exercise 8.248 (Solution on p. 644.) 
Os pee N 

ae ~ 23 (x—2) 

Exercise 8.249 

2a __ _N 

b2 — Bb 

Exercise 8.250 (Solution on p. 644.) 
42 __ ON 

a a4—4a? 

Exercise 8.251 

bo 

5a —«:10a2—30a 

Exercise 8.252 (Solution on p. 644.) 
Ax N 


3b «365-156 
Exercise 8.253 


2m. N 
m—1 (m—1)(m+2) 
Exercise 8.254 (Solution on p. 644.) 
38 N 


s+12 ~ (s+12)(s—7) 
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Exercise 8.255 


a+1l _ N 

a—3 _ (a—3)(a—4) 

Exercise 8.256 (Solution on p. 644.) 
+2 _ N 

ez ~~ (a—2)(a—4) 

Exercise 8.257 

b+7 _ N 

b-6 — (b=6)(b46) 

Exercise 8.258 (Solution on p. 644.) 
5m N 

2m+1 ~ (2m+1)(m—2) 

Exercise 8.259 
A NO 

at+6 ~~ a?+5a—6 

Exercise 8.260 (Solution on p. 644.) 


Ea N 


b—-2  b2—6b+8 
Exercise 8.261 


3b N 

b-3 ~~ b?—11b+24 

Exercise 8.262 (Solution on p. 644.) 
24 N 


27 — et 4e=20 
Exercise 8.263 


= 61 N 

m+6~ m?+10m+24 

Exercise 8.264 (Solution on p. 644.) 
a! eee 

ytl — y?+9yt+8 

Exercise 8.265 

et+2 _ _N 

w—-2- g2-4 

Exercise 8.266 (Solution on p. 644.) 
y-3 _ _N 

yt3 ~ y?-9 

Exercise 8.267 

a+5 __ N 

a—5 a? —25 

Exercise 8.268 (Solution on p. 644.) 
z—-4 _ N 

z+4 ~~ -z2—-16 


Exercise 8.269 


40 N 
2a+1 ~ 2a2—5a—3 
Exercise 8.270 (Solution on p. 644.) 


i (eee N 
36-1  362+116—4 
Exercise 8.271 


a+t2 __ N 

2a—1” —- 2a? 4+. 9a—5 

Exercise 8.272 (Solution on p. 644.) 
—3 N 


da+3  4a2—13x—12 
Exercise 8.273 


b4+2 _ N 

3b—-1 ~ 6b2+7b—3 

Exercise 8.274 (Solution on p. 644.) 
tI N 


Ag—5 ~~ 1B22?—lig—5 
Exercise 8.275 


3. _ 32-21 

a+27~ 4N 

Exercise 8.276 (Solution on p. 644.) 
4  _ 4y+8 

yt+6- N 
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Exercise 8.277 


-6 _ —6a—18 

a-1 N 

Exercise 8.278 (Solution on p. 644.) 
=8a _ —8a?—40a 

a+3 N 


Exercise 8.279 

yt _ y?-2y~3 

y—-8 N 

Exercise 8.280 (Solution on p. 644.) 
x2—-4 _ a2? +a—20 

x2+9 7 N 

Exercise 8.281 

3¢ _ _N 


2-x ~~ x-2 

Exercise 8.282 (Solution on p. 644.) 
Ta _ N 

5-a- a—5 

Exercise 8.283 

—m+1_ WN 


3-—m m—3 

Exercise 8.284 (Solution on p. 644.) 

k+6 _ _N 

10—k — k—10 
For the following problems, convert the given rational expressions to rational expressions having the same 
denominators. 


Exercise 8.285 
2 3 
a? at 
Exercise 8.286 (Solution on p. 644.) 
BBs 
Exercise 8.287 
8 3 
2) 423 
Exercise 8.288 (Solution on p. 644.) 
9 1 
a2? da 
Exercise 8.289 
2 4 
a+3? at1 
Exercise 8.290 (Solution on p. 644.) 
2 4 


2+5? 2—5 
Exercise 8.291 
4 
@—7? o—1 
Exercise 8.292 (Solution on p. 644.) 
10 1 
y+2? yt8 
Exercise 8.293 
cA 2G 
a2’? at4 
Exercise 8.294 (Solution on p. 644.) 
=3. ~b? 
O29 +5 
Exercise 8.295 
—6 5b 
b-—1° 4b 
Exercise 8.296 (Solution on p. 644.) 
10a 2 
a—6? a?—6a 
Exercise 8.297 
4 al 
e2+2x? 22-4 
Exercise 8.298 (Solution on p. 645.) 
x+l1 xet+4 
“2-2-6? 22+x—2 


580 CHAPTER 8. RATIONAL EXPRESSIONS 


Exercise 8.299 
x£—5 4 
wv2—9x7+20? 22—32—10 
Exercise 8.300 (Solution on p. 645.) 
—4 b+6 
b245b—6? b2—1 
Exercise 8.301 
b+2 b-1 
b2+6b+8? b2+8b+12 
Exercise 8.302 (Solution on p. 645.) 
L+tT x2+3 
e2—22—3) 22-62—7 
Exercise 8.303 
2 a+3 
a*+a’? a2—1 
Exercise 8.304 (Solution on p. 645.) 
x—2 22 
e2+7x+6? 22+427—12 
Exercise 8.305 
x—2 xz.—1 
2x22+52—3? 52416243 
Exercise 8.306 (Solution on p. 645.) 
2 —3 
x—5? 5-2 
Exercise 8.307 
A 5! 
a—6’ 6—-a 
Exercise 8.308 (Solution on p. 645.) 
6 5 
et 
Exercise 8.309 
k 3k 
5-k? k-5 
Exercise 8.310 (Solution on p. 645.) 
2m 7 
m—8? 8—m 


8.5.12 Excercises For Review 


Exercise 8.311 
(Section 6.4) Factor m?x? + max? + mz. 
Exercise 8.312 (Solution on p. 645.) 
Section 6.7) Factor y? — 10y +21. 

y y 
Exercise 8.313 
(Section 7.7) Write the equation of the line that passes through the points (1, 1) and (4, — 2). 
Express the equation in slope-intercept form. 
Exercise 8.314 (Solution on p. 645.) 

2 

(Section 8.3) Reduce ee 
Exercise 8.315 


(Section 8.4) Find the quotient: a -Ga +9 : ee 
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8.6 Adding and Subtracting Rational Expressions ° 


8.6.1 Overview 


e Basic Rule 
e Fractions with the Same Denominator 
e Fractions with Different Denominators 


8.6.2 Basic Rule 


We are now in a position to study the process of adding and subtracting rational expressions. There is a most 
basic rule to which we must strictly adhere if we wish to conveniently add or subtract rational expressions. 
To add or subtract rational expressions conveniently, they should have the same denominators. 
Thus, to add or subtract two or more rational expressions conveniently, we must ensure that they all 
have the same denominator. The denominator that is most convenient is the LCD. 


8.6.3 Fractions With The Same Denominator 


The Rule for Adding and Subtracting Rational Expressions 
To add (or subtract) two or more rational expressions with the same denominators, add (or subtract) the 


numerators and place the result over the LCD. Reduce if necessary. Symbolically, 


a b a+b 
—+-= 

Cc 
a b a-b 
a ne 


Note that we combine only the numerators. 


8.6.4 Sample Set A 
Add or subtract the following rational expressions. 


Example 8.79 


é + 3 The denominators are the same. Add the numerators. 
1,3 _ W43_4 
qt+3 = = 3 Reduce. 
14,3 ~ 2 
6'6 ~ 3 
Example 8.80 
248 The denominators are the same. Add the numerators. 
548 _ 548 _ 13 
x GC i 0 
Example 8.81 
2b - ea The denominators are the same. Subtract the numerators. 
2ab 5b __ 2ab—5b 
yew yPw yw 


®This content is available online at <http://cnx.org/content /m21936/1.3/>. 
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Example 8.82 


3a727+ar+2 av? —4er+1 


77 7 The denominators are the same. Add the numerators. 
3x7 +a+2 2 xv? —Ar+1 _ 3a7+r+2+27—4¢41 
xz—7 x2—7 = 2-7 
— 427-3243 
2 x2—7 


Example 8.83 


By+3  Qy+4 The denominators are the same. Subtract the numerators. 


pe But be care ful to subtract the entire numerator. Use parentheses! 


Byt3 — 2yt4 _ = By + 3—(2y+4) 
2y—5 2y-5 2y—5 
5Sy+3—2y—4 
2y—5 
3y—1 
2y—5 
. 5yt3 2y+4 
Note: By—5 By — 5 
KS’ 
Observe this part 


The term — as could be written as 


4 = 2u+4) _ =2y—4 


2y—5 2y—5 


A common mistake is to write 


2y+4 —2y+4 
as 
2y—5 2y—5 


This is not correct, as the negative sign is not being applied to the entire numerator. 


Example 8.84 


3a2+4r+5 4 Qa? +2+6 x? —4r—6 
(a+6)(x—2) a?+4x¢—12 x?2+4r—12 


Factor the denominators to determine if they’re the same. 


3x7 +4e+5 aE Qx7+r+6 x? —Axr—6 
(a+6)(a—2) (x+6)(x—2) (x+6)(x—2) 


The denominators are the same. Combine the numerators being careful to note the negative sign. 


3a? t4a+5 Q27?+2+6 (x? 4x+6) 
(x+6)(x—2) 


3a? t4a+5 Qa7+24+6—2? +42+6 
(x+6)(x—2) 


42?+9x7+17 
(@+6)(a—2) 


8.6.5 Practice Set A 


Add or Subtract the following rational expressions. 


Exercise 8.316 (Solution on p. 645.) 
4,2 


9 9 


Exercise 8.317 (Solution on p. 645.) 
3 2 


b b 


Exercise 8.318 (Solution on p. 645.) 
De 3x 

Qy? Qy? 
Exercise 8.319 (Solution on p. 645.) 
ety 4 2e+3y 

@—y @r—y 
Exercise 8.320 (Solution on p. 645.) 
4a? —a2+4 av? +2r+5 

3xz+10 3x2+10 
Exercise 8.321 (Solution on p. 645.) 
a(@+1) | 3a2—x+7 

a(2e+3) ' 202432 


Exercise 8.322 (Solution on p. 645.) 
4x+3 8x—4 
x?—x2—-6 (x+2)(a—3) 
Exercise 8.323 (Solution on p. 645.) 
5a7+a—4 32 2a7+3a+4 ae a?7+2 
2a(a—6) 2a?—12a 2a?—12a 
Exercise 8.324 (Solution on p. 645.) 
8a2+e-1 2a74+3a 5a?7+3a—4 


x?—62+8 x?—62+8 (a—4)(a—2) 


8.6.6 Fractions with Different Denominators 


8.6.7 Sample Set B 


Add or Subtract the following rational expressions. 


Example 8.85 


a + oe The denominators are not the same. Find the LCD. By inspection, the LCD is 9y?. 
The denominator of the first rational expression has been multiplied by 3y, 
oye + on so the numerator must be multiplied by 3y. 
4a - 3y = 12ay 
“ut + im The denominators are now thesame. Add the numerators. 
12ay+2a 
Oy? 


Example 8.86 
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584 


3b 5b 
b+2 b-3° 


(b+2)(b—3) (b+2)(b—3) 


3b(b—3) 


(b+2)(b—3) (b+2)(b—3) 


3b(b—3) 5b(b+2) 


(b+2)(b—3) (b+2)(b—3) 


3b(b—3) +5b(b+2) 
(b—3)(6+2) 


Example 8.87 


x—-1 4a+4° 
2+3 x—2 
z—1 4(a+1 


4(a+1)(a—-1) 4(a+1)(x—1) 


+1)(a—1) 


4(a2+3)(a+1) (a—1)(#—2) 


A(2+1)(a—1) ' 4(@+1)(2—1) 


4(a+3)(a+1)+(a#—-1)(x—2) 


4(@+1)(a—1) 


4(2?+40 3) x2 —3a+2 


4x? +162+12+a?-32 


2 


4(a+1)(a—-1) 


Example 8.88 
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The denominators are not the same. The LCD is (6 + 2) (b — 3). 


The denominator of the first rational expression has been multiplied by b — 3, 
so the numerator must be multiplied by b — 3. 3b (b — 3) 
The denominator of the second rational expression has been multiplied by b + 
so the numerator must be multiplied by b + 2. 5b (b+ 2) 


The denominators are now the same. Add the numerators. 


3b? —9b+5b?+10b 


(b—3) (b+2) 
8b2-+b 


(b—3) (b—2) 


The denominators are not the same. 
Find the LCD. 

The LCDis (x + 1) (« — 1) 
The denominator of the first rational expression has been mult 
the numerator must be multiplied by 4 (# + 1) .4 (@ + 3) (a+ 
The denominator of the second rational expression has been m 
so the numerator must be multiplied by a — 1. (a — 1) (a — 2) 
The denominators are now the same. 


Add the numerators. 


5a2+13¢+14 
4(@+1)(a—1) 
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=e tt eS Determine the LCD. 

@aG=o Ge eD The LCDis (x — 4) (x — 3) (4 +1). 

Depew + @pjener Lhe first numerator must be multiplied by x + 1 and the second by x — 
e ete Tae rents y The denominators are now the same. Add the numerators. 


(+5) (#+1)+(32—1)(x—4) 
(a—4)(x—3)(x+1) 
x2+60+5+30?—1340+4 
(a—4)(x—3)(x+1) 
4x? —Tx+9 
(a—4)(x—3)(x+1) 


Example 8.89 


eee aa Determine the LCD. 

a tee aes The LCDis (a+ 3) (a +2) (a—8). 

Gi @iDGLs ~ GaHaryacs Lhe first numerator must be multiplied by a — 8 and the second by a + 
e GEIR 7G 3y  Thedenominators are now the same. Subtract the numerators. 


(a+3)(a+2)(a—8) 
a?—4a—32—(a?—2a-8) 

(a+3)(a+2)(a—8) 
a?—4a—32—a?+2a4+8 

(a+3)(a+2)(a—8) 
—2a—24 

(a+3)(a+2)(a—8) 
—2(a+12) 
(a+3)(a+2)(a—8) 


Factor — 2 from the numerator. 


Example 8.90 


The denominators are nearly the same. They differ only in sign. 


3a 5a 
Fag ear stead 
Our technique is to factor — 1 from one of them. 
ae — _32 = = Factor — 1 from the first term. 
7-2 —(x-7) “2-7 
3a 5a a —3x 5a 
7-2 + x “2-7 a x—7 
—3x+5x 

_ “2-7 

< 2x 

“2-7 


8.6.8 Practice Set B 


Add or Subtract the following rational expressions. 


Exercise 8.325 (Solution on p. 645.) 
Be 4 5a 

4a? 12a8 

Exercise 8.326 (Solution on p. 645.) 
ob 4 3 


b+1 b-2 
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Exercise 8.327 (Solution on p. 645.) 
a—7 ae a-2 
a+2 a+3 
Exercise 8.328 (Solution on p. 645.) 
4ar+1 a+5 


xL+3 x—3 


Exercise 8.329 (Solution on p. 645.) 

2y-3 1 3y+l 
y yt4 

Exercise 8.330 (Solution on p. 646.) 
a—7 a a+2 

a?2—3a+2 a?—6a+8 

Exercise 8.331 (Solution on p. 646.) 

6 2 
b?+6b+9 b?+4b+4 
Exercise 8.332 (Solution on p. 646.) 


x x—2 
a+4 32-3 


Exercise 8.333 (Solution on p. 646.) 
ey te 
4-2 xw—4 


8.6.9 Sample Set C 
Combine the following rational expressions. 


Example 8.91 


3+ ma : Rewrite the expression. 
34 The LCD is x — 1. 
3(a—1) 7 _ 38#-8 7 _ 34-347 
2-1 + w-l a1 + w-l a1 
= 3x2+4 
== a1 
Example 8.92 
2 . . 
3y+4—- are Rewrite the expression. 
3y+4 — y?—-y48 : 
Sqr gor The LCD is y — 6. 
(3y+4)(y—6) _ -y2—y+3 (3y+4)(y—6)—(y?—y+3) 
y—6 y—6 > y—6 
By? -14y—24—-y? +y-—3 
y—6 
Qy? —13y—27 
y—6 


8.6.10 Practice Set C 


Exercise 8.334 (Solution on p. 646.) 
Simplify 8 + 35. 
Exercise 8.335 (Solution on p. 646.) 


: : 242a-1 
Simplify 2a —5 — Page 
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8.6.11 Exercises 


For the following problems, add or subtract the rational expressions. 


Exercise 8.336 (Solution on p. 646.) 
341 


8 8 


Exercise 8.337 
1,4 


9 9 


Exercise 8.338 (Solution on p. 646.) 
7 2 

10° 5 

Exercise 8.339 

3_ 5 

4 12 

Exercise 8.340 (Solution on p. 646.) 
3 5 


Aa Aa 


Exercise 8.341 
2 3 
Ty ' Ty 


Exercise 8.342 (Solution on p. 646.) 


Exercise 8.343 

9a 3a 

7b ' 7b 

Exercise 8.344 (Solution on p. 646.) 
15n 6n 


2m 2m 


Exercise 8.345 


Exercise 8.346 (Solution on p. 646.) 
yt4 yt+8 


Exercise 8.347 
y-1 4, yt7 
yt4 yt4 

Exercise 8.348 (Solution on p. 646.) 
at+6 , 3at5 

a-1 a-1 

Exercise 8.349 

5a+1 ae 2a—6 


at7 a+7 

Exercise 8.350 (Solution on p. 646.) 
v+l 4, x43 

5a 5a 

Exercise 8.351 

a-6 4 a~2 

a+2 a+2 

Exercise 8.352 (Solution on p. 646.) 
bel 4 b+2 

b-3 b-3 

Exercise 8.353 

a+2 _ a+3 

a—5 a—5 

Exercise 8.354 (Solution on p. 646.) 
b+7 b-1 

b-6 «6-6 

Exercise 8.355 

2b+3 _ b—4 

b+1 b+1 

Exercise 8.356 (Solution on p. 646.) 
3y+4 2y—5 


yt8 yt+8 
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Exercise 8.357 
2a—7 , 3at5 
a—9 + a—9 
Exercise 8.358 
8x—-1 — 15%+7 
xrt+2 at+2 


Exercise 8.359 
7 1 

Dat Tt ggs 

Exercise 8.360 
2 4 

3a + Ga? 

Exercise 8.361 
5 2 

6y> — 18y> 

Exercise 8.362 


pay apenas es 
5a2 10a3 


Exercise 8.363 
3 5 


etl x—2 


Exercise 8.364 


a+l1 a+4 


Exercise 8.369 
a+3 a+2 
a—3 a—2 
Exercise 8.370 
ytl yt4 


y-l y—4 
Exercise 8.371 
x—1 xrt+4a 
(a+2)(a—3) 1 2-3 
Exercise 8.372 
te ps2 
(y+1)(y+6) © yt+6 
Exercise 8.373 
2a+1 _ at2 
(a+3)(a—3) a+3 
Exercise 8.374 
38a+5 2a—1 


(a+4)(a—1) a—1 
Exercise 8.375 


2G, ie 8S 

v2 —32+2 x—2 

Exercise 8.376 
4a | _3 


a2?—2a—3 ' atl 
Exercise 8.377 
3y y 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 
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646.) 


646.) 


646.) 


646.) 


646.) 


646.) 


646.) 


647.) 


647.) 


647.) 


647.) 


8.379 


Exercise 

a—4 Big a+2 
a2+2a—3 a2+3a—4 
Exercise 


b—3 


8.380 
b+4 


b?+9b+20 a5 b 


+b—-12 


Exercise 8.381 


y—1 


y+3 


y2+4y—12 y2+6y—16 


Exercise 8.382 


eee at eee 


2 


9x 


14 


xz—5 
x2—4 


Exercise 8.383 


xz—1 


x+3 2x 


w2—4e+3 ' 22-5246 a x2—32+2 
Exercise 8.384 

Ax i 3 + a—1 
x2+62+8 x?+2—-6 x2+x—12 


Exercise 8.385 
yt2 , _y-3 y+3 
y2—-1 ' y?—3y-4 oy? —B5y +4 
Exercise 8.386 

a—2 a—2 a—2 


a2—9a+18 a, a? =Ag=12 a2—a—6 
Exercise 8.387 
Yo2t at y+4 


y?+6y y2+5y—6 

Exercise 8.388 
atl _ a+6 

a?+3a? a2—a 


Exercise 8.389 
2 


4 
3b2—12b  ~—- 6? —6b 


Exercise 8.390 
3 ps 2 
225—Axt 82342402 
Exercise 8.391 
w+2 | atl x£+3 


12%3 ' 4x2+8x—12 1622 —3227+16 


Exercise 8.392 
Qx x+l1 x—4 
x2—9 4x?2—12x 8x3 


Exercise 8.393 


3 
aiiero 


Exercise 8.394 


2 
8+ st6 


Exercise 8.395 


4 
Liner 


Exercise 8.396 


5 
3+ 36 


Exercise 8.397 
24 Ax 


Exercise 8.398 
es [ee 3a 
a-1 


Exercise 8.399 


Exercise 8.400 


4 
—4 
20 
Exercise, 8.401 
ba 4y*+2y—5 
by 25 yt3 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 
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647.) 


647.) 


647.) 


647.) 


647.) 


647.) 


647.) 


647.) 
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Exercise 8.402 (Solution on p. 647.) 
244 
et. SS 


Exercise 8.403 
Qb+5 


Exercise 8.404 (Solution on p. 647.) 
32-1 8 
a—4 
Exercise 8.405 
4yt5 _g 
yt 
Exercise 8.406 (Solution on p. 647.) 
Qy?+1ly-1 
y ee = 3y 


Exercise 8.407 

Sy? —2yt1 9 

y?t+y—6 
Exercise 8.408 (Solution on p. 647.) 
4a? +2a7+a-1 

wiliapos + 3a 
Exercise 8.409 

2 6. 

emer ass 
Exercise 8.410 (Solution on p. 647.) 
om 4 3m 

6-—m m—6 
Exercise 8.411 

—at7 as 2a+ 

8—3a 3a—8 
Exercise 8.412 (Solution on p. 647.) 
—2y+4 9 


q—5y By—4 


Exercise 8.413 
m—-1 2 


1-m m-1 


8.6.12 Exercises For Review 


Exercise 8.414 (Solution on p. 647.) 
(Section 2.7) Simplify (x y225)° (a2yz)”. 

Exercise 8.415 

(Section 3.7) Write 6a~°b*c~2a~!b~°c? so that only positive exponents appear. 


Exercise 8.416 (Solution on p. 647.) 
(Section 7.6) Construct the graph of y = —2ax +4. 
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Exercise 8.417 


(Section 8.4) Find the product: xe . Breet 6 


Exercise 8.418 (Solution on p. 648.) 


(Section 8.5) Replace N with the proper quantity: ots = ete 


8.7 Rational Equations ’ 


8.7.1 Overview 


Rational Equations 

The Logic Behind The Process 
The Process 

Extraneous Solutions 


8.7.2 Rational Equations 
8.7.2.1 Rational Equations 
When one rational expression is set equal to another rational expression, a rational equation results. 


Some examples of rational equations are the following (except for number 5): 


Example 8.93 


Ba 
4 2 
Example 8.94 
zrt+1l «2-7 
GoD 3 
Example 8.95 
5a 
a 10 
Example 8.96 
3. «£-3 6 


fF gas Te 


Example 8.97 


2—6 is a rational expression, not a rational equation. 
at+l1 d 


“This content is available online at <http://cnx.org/content/m21951/1.3/>. 
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8.7.3 The Logic Behind The Process 


It seems most reasonable that an equation without any fractions would be easier to solve than an equation 
with fractions. Our goal, then, is to convert any rational equation to an equation that contains no fractions. 
This is easily done. 


To develop this method, let’s consider the rational equation 


1 «17 
6 4 12 
The LCD is 12. We know that we can multiply both sides of an equation by the same nonzero quantity, 


so we'll multiply both sides by the LCD, 12. 


1 «2 17 
12,—+—]=12.- — 
(5+3) ie 


Now distribute 12 to each term on the left side using the distributive property. 


1 x 17 
Ie a ge a 
Now divide to eliminate all denominators. 
2-14+3-2 = 17 
2+32 = 17 


Now there are no more fractions, and we can solve this equation using our previous techniques to obtain 
5 as the solution. 


8.7.4 The Process 


We have cleared the equation of fractions by multiplying both sides by the LCD. This development generates 
the following rule. 
Clearing an Equation of Fractions 
To clear an equation of fractions, multiply both sides of the equation by the LCD. 

When multiplying both sides of the equation by the LCD, we use the distributive property to distribute 
the LCD to each term. This means we can simplify the above rule. 
Clearing an Equation of Fractions 
To clear an equation of fractions, multiply every term on both sides of the equation by the LCD. 

The complete method for solving a rational equation is 

1. Determine all the values that must be excluded from consideration by finding the values that will 
produce zero in the denominator (and thus, division by zero). These excluded values are not in the domain 
of the equation and are called nondomain values. 

2. Clear the equation of fractions by multiplying every term by the LCD. 

3. Solve this nonfractional equation for the variable. Check to see if any of these potential solutions are 
excluded values. 

4. Check the solution by substitution. 
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8.7.5 Extraneous Solutions 


Extraneous Solutions 

Potential solutions that have been excluded because they make an expression undefined (or produce a false 
statement for an equation) are called extraneous solutions. Extraneous solutions are discarded. If there 
are no other potential solutions, the equation has no solution. 


8.7.6 Sample Set A 
Solve the following rational equations. 


Example 8.98 


Since the denominators are constants, there are no excluded values. 


Be p27 18 
: é No values must be excluded. The LCD is 4. Multiply each term by 4. 
3a Aa 15 
4.7 = 4-4 
2 
7 i ern 15 
3x = 2-15 
3x 30 
x = 10 10 is not an excluded value. Check it as a solution. 
. 3a aa 15 
Check : wz = 2 
309) — 2 Is this correct? 
*° 2 Is this correct? 
2 = 2 Yes, this is correct. 


10 is the solution. 


Example 8.99 
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‘ 5 land — 6 are nondomain values. E 
The LCDis (x — 1) (2 + 6). Multi 


z= +6 
()z=1) (v+6) -=te = (w-1) (x +6) ne 
4(a+6) = 2(#-1) Solve this nonfractional equation. 
44+24 = 24-2 
A ae — oe 6) 
zg = -13 —13 is not an excluded value. Check 

Check : 2S se 

SS = HW C[sthiscorrect? 

4 =23 Is this correct? 
424 Yes, this is correct. 


—13 isthe solution. 


Example 8.100 


4is anondomain value. Exclude it from consider 


4a = 16 
San oS Sea 
The LCD isa — 4. Multiply every term by a — 4. 
(a-4)- 4% = 2(a-4)4+(a-4)- 4% 
(ja=4) lt = 2(a—4) + (ja=4) ae 

4a = 2(a—4)+16 Solve this nonfractional equation. 

4a = 2a-—8+16 

4a = 2a+8 

20: =" 8 

a=4 


This value, a = 4, has been excluded from consideration. It is not to be considered as a solution. It is extra: 


As there are no other potential solutions to consider, we conclude that this equation has no solution. 


8.7.7 Practice Set A 


Solve the following rational equations. 


Exercise 8.419 (Solution on p. 648.) 
22 _ «2-14 
5 6 
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Exercise 8.420 (Solution on p. 648.) 
3a_ ___ 3a+8 
a—-l”—s a3 


Exercise 8.421 
3 = 
ea a ee 


(Solution on p. 648.) 


8.7.8 Sample Set B 


Solve the following rational equations. 


Example 8.101 


34 40 _ 4a? 4045 Factor all denominators to find any 

y ee cara excluded values and the LCD. 
Nondomain values are 0 and 1. 

ee fe Sie Exclude them from consideration. 

x z-1l a(a—1) 


The LCD is x (a — 1) . Multiply each 
term by x (x — 1) and simplify. 
Je(v-1) - 24 x(je—1) - $2 =)e(e—1) - Se tets 


)a—1 )a(a—1) 
5 Solve this nonfractional equation 
3(@-1)+4¢e-a¢ = 4a°4+a44+5 
to obtain the potential solutions. 
32 —3+ 42? 4g? +ae+5 
32-3 £+s5 
200 = 8 
L= 4 4is not an excluded value. Check it as a solution. 
' 3 ze _ 4a? 4+a+5 
Check : Bok ga. o> hagtae 
3, 4:4 _ 4.474445 : 
Ptay = “eo Is this correct? 
34.16 _ 644445 i 
+3 = |S Is this correct? 
9164 _ 73 : 
3+% = D Is this correct? 
73 73 wai 
2 = I Yes, this is correct. 
4isthesolution. 


The zero-factor property can be used to solve certain types of rational equations. We studied 
the zero-factor property in Section 7.1, and you may remember that it states that if @ and 6 are 


real numbers and that a - b = 0, then either or both a = 0 or b = 0.The zero-factor property is 
useful in solving the following rational equation. 
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Example 8.102 


Zero is an excluded value. 


3-2 = 1. The LCD is a? Multiply each 
term by a? and simplify. 
\72ra 28 Vales 228 - ae 
Ja ia? Ja = l-a 
, Solve this nonfractional quadratic 
3-2a = a 
equation. Set it equal to zero. 
0 = a+2a-38 
= (a+3)(a-1) 
a= —3, a=1 Check these as solutions. 
Check : 
= ‘ 3 28. 5 
Ifa=-3: aN ae 1 
Is this correct? 
Big De ass 
9+3 = 1 
Is this correct? 
7 en 
a 
Is this correct? 
li = 7 
Yes, this is correct. 
a= —3 
checks and is a solution. 
ee 3 Da 
Ifa=1: aor 1 
Is this correct? 
Bye: Fe 
oo pe ok 
Is this correct? 
1 = 1 
Yes, this is correct. 
a= 1 
checks and is a solution. 
—3and 1 are thesolutions. 
8.7.9 Practice Set B 
Exercise 8.422 (Solution on p. 648.) 
: +3 _ atl 
Solve the equation “*5 = “+5 
Exercise 8.423 (Solution on p. 648.) 
Solve the equation => — 7q = sh. 
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8.7.10 Section 7.6 Exercises 


For the following problems, solve the rational equations. 


Exercise 8.424 (Solution on p. 648.) 
32 _ 16 
a 3. 
Exercise 8.425 
54 _ 27 
y 4 
Exercise 8.426 (Solution on p. 648.) 
8 _ 2 
y 3 
Exercise 8.427 
az _ 3 
28. % 
Exercise 8.428 (Solution on p. 648.) 
atl _ £-3 
An es 2 
Exercise 8.429 
at+3 _ a-l 
6 £4 
Exercise 8.430 (Solution on p. 648.) 
Yes: yl 
6 4 
Exercise 8.431 
a-T _ 2+5 
8 6 
Exercise 8.432 (Solution on p. 648.) 
a+6 _ a-~l_g 
9 6 
Exercise 8.433 
ytll _ y48 
4 ~~ 10° 
Exercise 8.434 (Solution on p. 648.) 


b+1 _ b-4 
go = ay 
Exercise 8.435 
mrs Ae l= m4 


Exercise 8.436 (Solution on p. 648.) 
a6 a 4-7 

Exercise 8.437 

bY +8 =6 

Exercise 8.438 (Solution on p. 648.) 
= +3 

rears 

Exercise 8.439 

e+2 _ a-1 

2-6 «+2 

Exercise 8.440 (Solution on p. 648.) 
3m4+1 _ 4 
2 8 

Exercise 8.441 

Qkt7 _ 5 
3k °C 

Exercise 8.442 (Solution on p. 648.) 
Cees 

a! 

Exercise 8.443 

2207 = 7 


x—3 
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Exercise 8.444 (Solution on p. 648.) 
a fis 10+a __ 6 

3 4 = 

Exercise 8.445 


k+17 hi Se 
a ee 


Exercise 8.446 (Solution on p. 648.) 
Qb+1 _ 1 
3b-5 4 
Exercise 8.447 
—3a44 _ 7 
2a-7 ——<OS@dS 
Exercise 8.448 (Solution on p. 648.) 
x Gi to 10 
xt+3 @—-2 + x2+r—-6 
Exercise 8.449 
Sy 4 2y Sy? —15y+20 
y-1 y-6——sy2 = Ty +6 
Exercise 8.450 (Solution on p. 649.) 
4a 3a. __ a?—~8a—4 
a+2 a—l”  a?+a—2 


Exercise 8.451 
3a—7 _ 4a—10 


a—3 a—3 
Exercise 8.452 (Solution on p. 649.) 
24-5 _ a+1 


2-6 + 2£-6 
Exercise 8.453 


3k Be eB 

a+4 z+4 ~ a-1 

Exercise 8.454 (Solution on p. 649.) 
2, 8 _ 9 

yt+2 yt2 ~— y+3 


Exercise 8.455 
4 — 3 
a2+2a” az+a—2 
Exercise 8.456 (Solution on p. 649.) 

2 = 3 
b(b+2) — b2+6b+8 
Exercise 8.457 

x ai Ba _ 4a7—82r41 
x2—1 w—-4 ~=x2—5ar+4 
Exercise 8.458 (Solution on p. 649.) 
4a x 3a7+4a+4 


xt+2 etl” #743242 
Exercise 8.459 


2 4q-2) WV  -=3 
a—5 a?—6at5 ~~ a1 
Exercise 8.460 (Solution on p. 649.) 
-1 2 _  4x%+19 


a+4 etl” 2#2+4+5a+4 
Exercise 8.461 


2 i pees 

wtZ=l 

Exercise 8.462 (Solution on p. 649.) 
6 5] 

yoy 

Exercise 8.463 

2 4_4 

a? a 

Exercise 8.464 (Solution on p. 649.) 
20 1 _ 

pe Se 

Exercise 8.465 

124, 12_ _3 

yo 

Exercise 8.466 (Solution on p. 649.) 
16, 12_y 


b2 b 
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Exercise 8.467 


Te 

gol 

Exercise 8.468 (Solution on p. 649.) 

2 = 

Exercise 8.469 

25 =] 

az 

Exercise 8.470 (Solution on p. 649.) 

cd = 

Exercise 8.471 

2 oe 

wt y=2 

Exercise 8.472 (Solution on p. 649.) 
2 a 

go jece 

Exercise 8.473 

247__6 

aw? ae 

Exercise 8.474 (Solution on p. 649.) 
4 oD. 

a2 a. 

Exercise 8.475 

2 8 

eat! 

Exercise 8.476 (Solution on p. 649.) 
a 3 

a a+4 2 

Exercise 8.477 

A 208 ee 

m m—3 

Exercise 8.478 (Solution on p. 649.) 
6 Bs 8 

atl. a=2 — 


For the following problems, solve each literal equation for the designated letter. 
Exercise 8.479 
V = S4™ for D. 
Exercise 8.480 (Solution on p. 649.) 
PV =nrtfor n. 


Exercise 8.481 
E = mc? form. 


Exercise 8.482 (Solution on p. 649.) 
P=2(1+w) forw. 

Exercise 8.483 

A= $h(b+ B) forB. 

Exercise 8.484 (Solution on p. 649.) 
A= P(1+ rt) forr. 

Exercise 8.485 


*—* for &. 
s 


— 

Exercise 8.486 (Solution on p. 649.) 
2 

F = 37 for S,?. 

Exercise 8.487 

1 1 1 

R = EB + ra for F. 

Exercise 8.488 (Solution on p. 649.) 

K= sh(s + 89) for So. 


600 CHAPTER 8. RATIONAL EXPRESSIONS 


Exercise 8.489 


_— 2mn 
Q = Fir for s. 


Exercise 8.490 (Solution on p. 649.) 
V = 37 (3a? + h?) for h?. 
Exercise 8.491 
ea 
T= Raz for R. 


8.7.11 Exercises For Review 


Exercise 8.492 (Solution on p. 649.) 
(Section 3.7) Write (42%y-4)~? so that only positive exponents appear. 


Exercise 8.493 
(Section 6.6) Factor x+ — 16. 


Exercise 8.494 (Solution on p. 649.) 
(Section 7.5) Supply the missing word. An slope of a line is a measure of the of the 
line. 


Exercise 8.495 


: F xw?—3e42 . 2746a+9 | 2?-6x+48 
(Section 8.3) Find the product. 5="45 - Sotto ° Sega 


Exercise 8.496 (Solution on p. 649.) 


. . 2 1 
(Section 8.6) Find the sum. =) + 3-3. 


8.8 Applications * 


8.8.1 Overview 
e The Five-Step Method 


8.8.2 The Five-Step Method 


We are now in a position to study some applications of rational equations. Some of these problems will have 
practical applications while others are intended as logic developers. 

We will apply the five-step method for solving word problems. 
Five-Step Method 


Represent all unknown quantities in terms of x or some other letter. 

Translate the verbal phrases to mathematical symbols and form an equation. 

Solve this equation. 

Check the solution by substituting the result into the original statement of the problem. 
Write the conclusion. 


Se ee 


Remember, step 1 is very important: always 
Introduce a variable. 
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8.8.3 Sample Set A 


Example 8.103 
When the same number is added to the numerator and denominator of the fraction 3, the result, 
is Z What is the number that is added? 


Step 1: Let « = the number being added. 


: 34a _ 
Step 2: a. 


Step 3: a = 


ae Anexcluded valueis — 5. 


TheLCD is9(5+ 2). 
Multiply each term by 9 (5+ 2). 


oIN oIN 


8 
x= 4 Check this potential solution. 
. 344. _ 7 
Step 4: a = og 
Step 5: The number added is 4. 


Yes, this is correct. 


8.8.4 Practice Set A 


The same number is added to the numerator and denominator of the fraction et The result is Z. What is 
the number that is added? 


Exercise 8.497 (Solution on p. 649.) 
Step 1: Let «= 
Step 2: 


Step 3: 


Step 4: 


Step 5: The number added is 
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8.8.5 Sample Set B 


Example 8.104 
Two thirds of a number added to the reciprocal of the number yields *. What is the number? 


Step 1: Let x = the number. 


Step 2: Recall that the reciprocal of a number z is the number 1, 


Step 3: 2 a+ 1 = *» The LCD is6z.Multiply each term by6z. 
6x - 3a+6a- + = 6x. 2 
Solve this nonfractional quadratic equation to obtain the 
4e? +6 = 225e 
potential solutions. (Use the zero-factor property.) 
4x? —252 +6 = 0 
(4a—1)(a-—6) = 0 
C= i 6 Check these potential solutions. 


Step 4: Substituting into the original equation, it can be that both solutions check. 


Step 5: There are two solutions: ; and 6. 


8.8.6 Practice Set B 


Seven halves of a number added to the reciprocal of the number yields 2. What is the number? 


Exercise 8.498 (Solution on p. 650.) 
Step 1: Let «= 
Step 2: 


Step 3: 


Step 4: 


Step 5: The number is 
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8.8.7 Sample Set C 


Example 8.105 
Person A, working alone, can pour a concrete walkway in 6 hours. Person B, working alone, can 
pour the same walkway in 4 hours. How long will it take both people to pour the concrete walkway 
working together? 

Step 1: Let « = the number of hours to pour the concrete walkway working together (since this 
is what we’re looking for). 

Step 2: If person A can complete the job in 6 hours, A can complete é of the job in 1 hour. 
If person B can complete the job in 4 hours, B can complete + of the job in 1 hour. 
If A and B, working together, can complete the job in x hours, they can complete 4 of the job in 
1 hour. Putting these three facts into equation form, we have 


Tucks a= bl 
6t4a-e 
ats ‘ An excluded value is 0. 
Step 3: ati = i 
The LCD is 122. Multiply each term by 122. 
1 dy 7 i 
l2x-g+12n-4 = 12x - = 
Solve this nonfractional 
24+32 = 12 
equation to obtain the potential solutions. 
5x = 12 
= 2 or £= 22 Check this potential solution. 
Step 4: é + + + 
a1 
é + + — a Is this correct? 
é + 4 3 The LCD is 12. Is this correct? 
3 + 3 = 3 Is this correct? 
3 = 3 Is this correct? 


2 
Step 5: Working together, A and B can pour the concrete walkway in 22 hours. 


8.8.8 Practice Set C 


Person A, working alone, can pour a concrete walkway in 9 hours. Person B, working alone, can pour the 
same walkway in 6 hours. How long will it take both people to pour the concrete walkway working together? 
Exercise 8.499 (Solution on p. 650.) 

Step 1: 
Step 2: 


Step 3: 
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Step 4: 


Step 5: Working together, A and B 


8.8.9 Sample Set D 


Example 8.106 
An inlet pipe can fill a water tank in 12 hours. An outlet pipe can drain the tank in 20 hours. If 
both pipes are open, how long will it take to fill the tank? 
Step 1: Let « = the number of hours required to fill the tank. 
Step 2: If the inlet pipe can fill the tank in 12 hours, it can fill a of the tank in 1 hour. 
If the outlet pipe can drain the tank in 20 hours, it can drain oa of the tank in 1 hour. 
If both pipes are open, it takes x hours to fill the tank. So 4 of the tank will be filled in 1 hour. 


Since water is being added (inlet pipe) and subtracted (outlet pipe) we get 


1 i aeerr 
12° 20° & 
‘ i i Anexcluded value is 0. The LCD is 602. 
Step 3: T2730 = 7 . 
Multiply each term by 602. 
i, = 1 
Solve this nonfractional equation to obtain 
5a —- 32 = 60 
the potential solutions. 
24 = 60 
x 30 Check this potential solution. 
Step 4: + ~ a = 4 
1 1 1 . . 
Ts 55 30° The LCD is 60. Is this correct? 
5 BN Aa 1 : 
sO. 60" = Or Is this correct? 
1 1 thd 
3 = 30 Yes, this is correct. 


Step5: With both pipes open, it will take 30 hours to fill the water tank. 


8.8.10 Practice Set D 
An inlet pipe can fill a water tank in 8 hours and an outlet pipe can drain the tank in 10 hours. If both 
pipes are open, how long will it take to fill the tank? 


Exercise 8.500 (Solution on p. 650.) 
Step 1: 
Step 2: 


Step 3: 
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Step 4: 


Step 5: 


8.8.11 Sample Set E 


Example 8.107 
It takes person A 3 hours longer than person B to complete a certain job. Working together, both 
can complete the job in 2 hours. How long does it take each person to complete the job working 
alone? 

Step 1: Let x = time required for B to complete the job working alone. Then, («+ 3) = time 
required for A to complete the job working alone. 


‘ 1 Pe> bos, 1 
Step 2: gob eS => 2 
i i " The two excluded values are0 and — 3. 
Step D a) g43 = 3° 
The LCD is 2x (a + 3). 
Qu(x+3) + 2+4+2(e+3) +43 = 22(e+3) -§ 
2(r+3)4+2r = x(x +3) 
This is a quadratic equation that can 
2e+6+4+2¢% = x? 4+ 3x 
besolved using the zero-factor property. 
44 +6 = x? 4+ 3x 
x?—-2-6 = 0 
(a—3)(a@+2) = 0 
Lr = 3, —-2 Check these potential solutions. 
Step4: Ifa = —2, the equation checks, but does not even make physical sense. 


If x — 3, the equation checks. 
z=3 and £+3=6 
Step 5: Person Bcan dothe job in 3 hours and person A can do the job in 6 hours. 


8.8.12 Practice Set E 


It takes person A 4 hours less than person B to complete a certain task. Working together, both can complete 
the task in 8 hours. How long does it take each person to complete the task working alone? 


Exercise 8.501 (Solution on p. 650.) 
Step 1: 


Step 2: 
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Step 3: 


Step 4: 


Step 5: 


8.8.13 Sample Set F 


Example 8.108 
The width of a rectangle is 3 its length. Find the dimensions (length and width) if the perimeter 
is 16 cm. 

Step 1: Let x = length. Then, } = width. 

Step 2: Make a sketch of the rectangle. 


clk 


x 


The perimeter of a figure is the total length around the figure. 
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a+$+ae+E = 16 
2x + ae a 16 
Step 3: Qe4+ 7B = 16. The LCD is 3. 
3-24+3- ze = 3-16 
62+2% = 48 
8x 48 
a 6 Check this potential solution. 
Step 4: 6+ 8 6 $ 16 Is this correct? 
64+2+64+2 = 16 Is this correct? 
146 = 16 Yes, this is correct. 
Sintes: =. 6. 2S 2 =2 


Step5: Thelength = 6cmand the width =2cm. 


8.8.14 Practice Set F 


The width of a rectangle is a its length. Find the dimensions (length and width) if the perimeter is 78 feet. 


Exercise 8.502 (Solution on p. 650.) 
Step 1: 


Step 2: 


Step 3: 


Step 4: 


Step 5: 


8.8.15 Exercises 


For the following problems, solve using the five-step method. 
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Exercise 8.503 (Solution on p. 650.) 
When the same number is added to both the numerator and denominator of the fraction 3, the 
result is Z. What is the number? 


Exercise 8.504 
When the same number is added to both the numerator and denominator of the fraction 3, the 
result is 3. What is the number? 


Exercise 8.505 (Solution on p. 650.) 
When the same number is added to both the numerator and denominator of the fraction 3, the 
result is z What is the number? 

Exercise 8.506 

When the same number is added to both the numerator and denominator of the fraction i, the 
result is 2. What is the number? 

Exercise 8.507 (Solution on p. 650.) 
When the same number is subtracted from both the numerator and denominator of Tn the result 
is 2, What is the number? 

Exercise 8.508 

When the same number is subtracted from both the numerator and denominator of 3 the result is 
2. What is the number? 

Exercise 8.509 (Solution on p. 650.) 
One third of a number added to the reciprocal of number yields 2. What is the number? 
Exercise 8.510 


Four fifths of a number added to the reciprocal of number yields a What is the number? 


Exercise 8.511 (Solution on p. 650.) 
One half of a number added to twice the reciprocal of the number yields 2. What is the number? 

Exercise 8.512 

One fourth of a number added to four times the reciprocal of the number yields =. What is the 
number? 

Exercise 8.513 (Solution on p. 650.) 
One inlet pipe can fill a tank in 8 hours. Another inlet pipe can fill the tank in 5 hours. How long 
does it take both pipes working together to fill the tank? 

Exercise 8.514 

One pipe can drain a pool in 12 hours. Another pipe can drain the pool in 15 hours. How long 
does it take both pipes working together to drain the pool? 

Exercise 8.515 (Solution on p. 650.) 
A faucet can fill a bathroom sink in 1 minute. The drain can empty the sink in 2 minutes. If both 
the faucet and drain are open, how long will it take to fill the sink? 

Exercise 8.516 

A faucet can fill a bathtub in 645 minutes. The drain can empty the tub in 8% minutes. If both the 
faucet and drain are open, how long will it take to fill the bathtub? 

Exercise 8.517 (Solution on p. 650.) 
An inlet pipe can fill a tank in 5 hours. An outlet pipe can empty the tank in 4 hours. If both 
pipes are open, can the tank be filled? Explain. 

Exercise 8.518 

An inlet pipe can fill a tank in a units of time. An outlet pipe can empty the tank in 6 units of 
time. If both pipes are open, how many units of time are required to fill the tank? Are there any 
restrictions on a and b ? 


Exercise 8.519 (Solution on p. 650.) 
A delivery boy, working alone, can deliver all his goods in 6 hours. Another delivery boy, working 
alone, can deliver the same goods in 5 hours. How long will it take the boys to deliver all the goods 
working together? 

Exercise 8.520 

A Space Shuttle astronaut can perform a certain experiment in 2 hours. Another Space Shuttle 
astronaut who is not as familiar with the experiment can perform it in 24 hours. Working together, 
how long will it take both astronauts to perform the experiment? 

Exercise 8.521 (Solution on p. 650.) 
One person can complete a task 8 hours sooner than another person. Working together, both people 
can perform the task in 3 hours. How many hours does it take each person to complete the task 
working alone? 

Exercise 8.522 

Find two consecutive integers such that two thirds of the smaller number added to the other yields 
11. 

Exercise 8.523 (Solution on p. 650.) 
Find two consecutive integers such that three fourths of the smaller number added to the other 
yields 29. 

Exercise 8.524 

The width of a rectangle is 
Exercise 8.525 (Solution on p. 650.) 
The width of a rectangle is 2 the length. Find the dimensions if the perimeter is 60 feet. 
Exercise 8.526 

Two sides of a triangle have the same length. The third side is twice as long as either of the other 
two sides. The perimeter of the triangle is 56 inches. What is the length of each side? 

Exercise 8.527 (Solution on p. 650.) 
In a triangle, the second side is 3 inches longer than first side. The third side is 3 the length of the 
second side. If the perimeter is 30 inches, how long is each side? 

Exercise 8.528 

The pressure due to surface tension in a spherical drop of liquid is given by P = ar where T is 
the surface tension of the liquid and r is the radius of the drop. If the liquid is a bubble, it has two 
surfaces and the surface tension is given by 


its length. Find the dimensions if the perimeter is 42 meters. 


on 


NIG 


(a) Determine the pressure due to surface tension within a soap bubble of radius 2 inches and 
surface tension 28. 

(b) Determine the radius of a bubble if the pressure due to surface tension is 52 and the surface 
tension is 39. 


Exercise 8.529 (Solution on p. 650.) 
The equation - + = + relates the distance p of an object from a lens and the image distance q 
from the lens to the focal length f of the lens. 
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(a) Determine the focal length of a lens in which an object 10 feet away produces an image 6 
feet away. 
(b) Determine how far an object is from a lens if the focal length of the lens is 6 inches and the 
image distance is 10 inches. 
(c) Determine how far an image will be from a lens that has a focal length of 43 cm and the object 
is 12 cm away from the lens. 


Exercise 8.530 

Person A can complete a task in 4 hours, person B can complete the task in 6 hours, and person C 
can complete the task in 3 hours. If all three people are working together, how long will it take to 
complete the task? 


Exercise 8.531 (Solution on p. 650.) 
Three inlet pipes can fill a storage tank in 4, 6, and 8 hours, respectively. How long will it take all 
three pipes to fill the tank? 


Exercise 8.532 
An inlet pipe can fill a tank in 10 hours. The tank has two drain pipes, each of which can empty 
the tank in 30 hours. If all three pipes are open, can the tank be filled? If so, how long will it take? 


Exercise 8.533 (Solution on p. 650.) 
An inlet pipe can fill a tank in 4 hours. The tank has three drain pipes. Two of the drain pipes 
can empty the tank in 12 hours, and the third can empty the tank in 20 hours. If all four pipes are 
open, can the tank be filled? If so, how long will it take? 


8.8.16 Exercises For Review 


Exercise 8.534 
(Section 6.8) Factor 12a? + 13a — 4. 


Exercise 8.535 (Solution on p. 650.) 
(Section 7.5) Find the slope of the line passing through the points (4, —3) and (1, —6). 


Exercise 8.536 


(Section 8.4) Find the quotient: cele : Ease 


Exercise 8.537 (Solution on p. 650.) 
(Section 8.6) Find the difference: cae 


xrt+2 
w2+5¢+6 e2+4¢+3° 
Exercise 8.538 
(Section 8.7) Solve the equation 


==2: 


9 
2m—5 


8.9 Complex Rational Expressions ° 


8.9.1 Overview 


e Simple And Complex Fractions 
e The Combine-Divide Method 
e The LCD-Multiply-Divide Method 
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8.9.2 Simple And Complex Fractions 


Simple Fraction 

In Section Section 8.2 we saw that a simple fraction was a fraction of the form 
polynomials and Q # 0. 

Complex Fraction 

A complex fraction is a fraction in which the numerator or denominator, or both, is a fraction. The 
fractions 


a where P and Q are 


|20 


1-i 
‘3 
I Sige 


sy 
lo 


and 


co] by} 


are examples of complex fractions, or more generally, complex rational expressions. 
There are two methods for simplifying complex rational expressions: the combine-divide method and the 
LCD-multiply-divide method. 


8.9.3 The Combine-Divide Method 


1. If necessary, combine the terms of the numerator together. 
2. If necessary, combine the terms of the denominator together. 
3. Divide the numerator by the denominator. 


8.9.4 Sample Set A 
Simplify each complex rational expression. 


Example 8.109 
a 


“s- 


Fe 


1 


ie) 


Steps 1 and 2 are not necessary so we proceed with step 3. 


8 8 
|pfolS, 
8 
a wo 
Sled 
TNS) 
15) 
x5 
8 le 

= 
Z| 
iw] 
Boo 
i) 


HI 
ie) 
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Example 8.110 
ais 
' t 


—sr 


Step 1: Combine the terms of the numerator: LCD = z. 


7). 3° 1 _ w«-1 
1 zc 2 x x 


Step2: Combine the terms of the denominator: LCD = x? 


Step 3: Divide the numerator by the denominator. 


=% 

=e z= ga). x? 
cs x x2—1 
x —_ 
— )e-1 x)? 


je (e+1)y@-1 


atl 


Example 8.111 


Q—13 — <7 
Tae 
Step1: Combinethe terms of the numerator: LCD = m?. 
9 13 7 2m? 13m 7 2m? —13m—7 
m m2 m2 m2 m? m2 
Step 2: Combinethe terms of the denominator: LCD = m 
3 1 _ 2m? 3m 1 _ 2m?+4+3m+1 
7 er glo eo Se m2 
Step 3: Divide the numerator by the denominator. 
2m2—13m-7 
Te 2 2m?—13m—7 : m2 
“2m243m—-1 m? 2m24+3m+1 
' _  @m+(m-7) | es 
)m? )(2m-+1)(m+1) 


-7 
m+1 


Thus, 
Qa A8inet 

m m2 — m—T 
2+254+2, — mt 


8.9.5 Practice Set A 


Use the combine-divide method to simplify each expression. 


Exercise 8.539 


27a2 
6 

1523 
8 


Exercise 8.540 
3-2 
3+4 
Exercise 8.541 
142 
y 


a 
x 


Exercise 8.542 
2 


m—3+— 


m—44+3 


Exercise 8.543 
l+y5r 
12 
~ gi 


2 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


on p. 


on p. 


on p. 


on p. 


on p. 


650.) 


650.) 


651.) 


651.) 


651.) 
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8.9.6 The LCD-Multiply-Divide Method 


1. Find the LCD of all the terms. 


2. Multiply the numerator and denominator by the LCD. 


3. Reduce if necessary. 


8.9.7 Sample Set B 


Simplify each complex fraction. 


Example 8.112 


= 
+2 
Step1: TheLCD = a?. 
Step 2: 
e(es) et 
a2(14+2) “a2 14a? 2 
= az—4 
2% a2+2a 
Step3: Reduce. 
a’-4 ___—+d)(a+.2) (a—2) 
an + 2a a)(a+2) 
= a—2 
~~ a 
Thus, 
1-4 _ a-2 


Multiply both the numerator and denominator by a‘. 


Ties 
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Example 8.113 


1-5-§ 

14844 

Step 1: The LCD is z?. 

Step 2: Multiply the numerator and denominator by x”. 
«?(1-8-4) ss a? 1—a)?. Se —)a?. Sy 
«2(1+$+4+3) a? 14a? Sy )a?. 

_ #?—5a—6 
~~ ¢?4+6a2+5 
Step 3: Reduce. 
aw —5a-6 _ (x—-6)(x+1) 
w?+6¢+5 ~  (#+5)(a+1) 
x—6 
~  @+5 
Thus, 
1-3-4 _ «-6 
1+5 +5 x+5 


8.9.8 Practice Set B 


The following problems are the same problems as the problems in Practice Set A. Simplify these expressions 
using the LCD-multiply-divide method. Compare the answers to the answers produced in Practice Set A. 


Exercise 8.544 (Solution on p. 651.) 


27a2 
6 
1523 


8 
Exercise 8.545 (Solution on p. 651.) 
53 
3+4 
Exercise 8.546 (Solution on p. 651.) 
142 


gH 
x 


Exercise 8.547 (Solution on p. 651.) 
2 


m—3+— 


m—44+ 2 


Exercise 8.548 (Solution on p. 651.) 
teh 


T 
i= Fer 


8.9.9 Exercises 


For the following problems, simplify each complex rational expression. 
Exercise 8.549 (Solution on p. 651.) 
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Exercise 8.551 (Solution on p. 651.) 
4 
ize 


y 


Exercise 8.552 


ave 


ioe ies 


ercise 8.553 (Solution on p. 651.) 
i 


CE sie 

* 
+6 ola 

ie] 

le) 

me 

n 

io) 

2 

OO 

OO 

py 


Ele 


Sle 
| 
ll 


Exercise 8.555 (Solution on p. 651.) 
343 
sa+1 
areas 


x 


Exercise 8.556 
a 

ay 
Exercise 8.557 (Solution on p. 651.) 
24-5 


a+l 


Exercise 8.558 


a1 


Reese 


Exercise 8.559 (Solution on p. 651.) 
ooh 

24+ 

Exercise 8.560 

9 


ee 


Exercise 8.561 (Solution on p. 651.) 


Exercise 8.562 


m+l 
m+ 
< 


Exercise 8.563 (Solution on p. 651.) 


Exercise 8.564 

a+b ab 

Fs area 

a+b a—b 

Exercise 8.565 (Solution on p. 651.) 
=e3~ 5-3 
ata tes 


Exercise 8.566 


1 
2+cK 


yl 3 


Exercise 8.567 (Solution on p. 651.) 
gsi: 


£ y 


Exercise 8.568 
1454 6. 


Exercise 8.569 (Solution on p. 651.) 
45-3 
145425 
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Exercise 8.570 


Su yay 


m 


Exercise 8.571 (Solution on p. 651.) 


Exercise 8.572 
ety 2—y 
x v 

Sy ay 

Exercise 8.573 (Solution on p. 651.) 
gad a4 

2a) at 

a—2 a+2 


Exercise 8.574 
3 2 
1a 
Exercise 8.575 (Solution on p. 651.) 


1 


Exercise 8.576 
In electricity theory, when two resistors of resistance R, and Rz ohms are connected in parallel, 
the total resistance R is 


R=, 


Ry t+ Ry 
Write this complex fraction as a simple fraction. 


Exercise 8.577 (Solution on p. 651.) 
According to Einstein’s theory of relativity, two velocities v, and v2 are not added according to 
Vv =v, + v2, but rather by 


V1 TV2 
7. M1. 
14437 


Write this complex fraction as a simple fraction. 


Einstein’s formula is really only applicale for velocities near the speed of light 
(c = 186,000 miles per second). At very much lower velocities, such as 500 miles per hour, 
the formula v = v; + v2 provides an extremely good approximation. 


8.9.10 Exercises For Review 


Exercise 8.578 

(Section 3.3) Supply the missing word. Absolute value speaks to the question of how 
and not “which way.” 

Exercise 8.579 (Solution on p. 651.) 
(Section 4.7) Find the product. (3x + 4)’. 

Exercise 8.580 

(Section 6.6) Factor x* — y’. 

Exercise 8.581 (Solution on p. 651.) 
(Section 8.7) Solve the equation 5 — a =0. 

Exercise 8.582 

(Section 8.8) One inlet pipe can fill a tank in 10 minutes. Another inlet pipe can fill the same 
tank in 4 minutes. How long does it take both pipes working together to fill the tank? 
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8.10 Dividing Polynomials * 


8.10.1 Overview 


Dividing a Polynomial by a Monomial 
The Process of Division 

Review of Subtraction of Polynomials 
Dividing a Polynomial by a Polynomial 


8.10.2 Dividing A Polynomial By A Monomial 


The following examples illustrate how to divide a polynomial by a monomial. The division process is quite 


simple and is based on addition of rational expressions. 
a4 b_ arb 
Cc c Cc 
Turning this equation around we get 
a+b _a b 
eee: 
Now we simply divide c into a, and c into b. This should suggest a rule. 


Dividing a Polynomial By a Monomial 
To divide a polynomial by a monomial, divide every term of the polynomial by the monomial. 


8.10.3 Sample Set A 


Example 8.114 


3a7+a—-11 
—— 


Divide every term of 327 + 2 —11 by z. 


Seo) wy! yes Seen 
. - 7 = 8r+1 = 


Example 8.115 


Saree ate Divide every term of 8a? + 4a? — 16a +9 by 2a?. 


8a® 4a? 16a Qe-5_ 5 Bape 9s. 
2a? + 2a? 2a? + 2a2 4a +2 a + 2a? 


Example 8.116 


eat Divide every term of 4b° — 9b4 — 2b + 5 by — 4b?. 


4b® 9b* 2b Bo a pA 99D 1 5 
4b2 4b2 aye Page = Oe gO Se ape 


8.10.4 Practice Set A 


Perform the following divisions. 


Exercise 8.583 (Solution on p. 652.) 
2a? +a-1 
x 
Exercise 8.584 (Solution on p. 652.) 
3x°+4x7+100—4 
2 
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Exercise 8.585 (Solution on p. 652.) 
a?b+3ab?+2b 
ab 
Exercise 8.586 (Solution on p. 652.) 
14a? y?—Taxy 
Txy 
Exercise 8.587 (Solution on p. 652.) 


10m? n2 +15m? n?—20mn 
—5m 


8.10.5 The Process Of Division 


In Section Section 8.3 we studied the method of reducing rational expressions. For example, we observed 
how to reduce an expression such as 


xv? 22-8 

a?—32—4 

Our method was to factor both the numerator and denominator, then divide out common factors. 
(a—4)(x+2) 

(a—4)(x+1) 

)(w=4)(w+2) 

)(w—4)(x+1) 

+2 

xr . . . eos . 

When the numerator and denominator have no factors in common, the division may still occur, but the 


process is a little more involved than merely factoring. The method of dividing one polynomial by another is 
much the same as that of dividing one number by another. First, we’ll review the steps in dividing numbers. 


1. 8. We are to divide 35 by 8. 


8) 35. 
2. We try 4, since 32 divided by 8 is 4. 


4 
3. 8) 35. Multiply 4 and 8. 


4 
8) 35. 


32 
4 

8) 35. 
32 


5. 3 Since the remainder 3 is less than the divisor 8, we are done with the 32 division. 
6. 43, The quotient is expressed as a mixed number. 


Subtract 32 from 35. 


The process was to divide, multiply, and subtract. 


8.10.6 Review Of Subtraction Of Polynomials 


A very important step in the process of dividing one polynomial by another is subtraction of polynomials. 
Let’s review the process of subtraction by observing a few examples. 


1. Subtract 2 — 2 from x — 5; that is, find (# — 5) — (a — 2). 
Since x —2 is preceded by a minus sign, remove the parentheses, change the sign of each term, then add. 
x—5 z—5 


— (x — 2) —“2+2 
m7 =3 
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The result is —3. 

2. Subtract x? + 3x? from x3 + 4x? + @ — 1. 

Since x? + 32? is preceded by a minus sign, remove the parentheses, change the sign of each term, then 
add. 


v+4e?7+a-1 w+ 40? +a—-1 
— (a? + aa) —a? — 3x? 
= xe2t+ae—1 


The result is x? + 2-1. 
3. Subtract x2? + 3x from x? +1. 


We can write 7? +1 as 27+02+4+1. 


atl xv? +0r+1 v?+02+1 
_ (ao + 32) _ (a? + 32) —a? — 3a 
= i —3a24+1 


8.10.7 Dividing A Polynomial By A Polynomial 


Now we’ll observe some examples of dividing one polynomial by another. The process is the same as the 
process used with whole numbers: divide, multiply, subtract, divide, multiply, subtract,.... 

The division, multiplication, and subtraction take place one term at a time. The process is concluded 
when the polynomial remainder is of lesser degree than the polynomial divisor. 


8.10.8 Sample Set B 
Perform the division. 


Example 8.117 
= We are to divide x — 5by x — 2. 


e—2° 


x— 2) x —§ Divide x into x. 


|x|—2 x~—5 Multiply 1 and x — 2. 


x—2)x—5 Multiply 1 and x — 2. 
x—2 Subtract x — 2 from x — 5. 
1 
ol 2) x —§ 
z7 2 
—3 We write the quotient as 
es 
Thus, 
a al ae 
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Example 8.118 


a Weare to divide x? + 42? + 4 — 1by a +3. 
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x+3)x394+ 4x2 +x—-1 Divide x into x. 
x2 


[x]+3) xo+4x?+x—1 Multiply x? and x +3. 


x2 
x+3)x9+ 4x2? 4+x-1 Multiply x? and x + 3. 
3 + 3x? Subtract x? + 3x? from x* + 4x2+x—-1. 


e+e TRF EAI 
x3 F 3x2 
x2?+x-1 Now divide x into x2. 
x2+x 
+3)x9+ 4x2? Fx-1 
2 +35" 
: x?+x-1 Multiply x and x + 3. 


x2+x 


x+3)x3+4x2+ x-1 
x3 + 3x3 


Multiply x and x + 3. 
Subtract x? + 3x from x? + x — 1. 


Divide x into — 2x. 


x?#+x—2 


—2z—-1 Multiply —2 and x + 3. 
—2s-6 Subtract —2x — 6 from —2x — 1. 
x?+x-—2 


et 


5 Since the polynomial 5 is of lesser degree than x +3 
(0 < 1), we are finished. We write the quotient as 


a+e—-2+ 5 


Thus, 
3 2 
xv’ +4a“+a-1 _ ,2 _ 5 
2+3 =E+U-At Ty 


8.10.9 Practice Set B 


Perform the following divisions. 


Exercise 8.588 
v+6 

x—1 

Exercise 8.589 
249045 

x2+3 

Exercise 8.590 


a? +a7—a—2 


z2+8 
Exercise 8.591 
ata? —32+1 
wv2+4x—5 


8.10.10 Sample Set C 


Example 8.119 
Divide 22° — 4a + lbyx +6. 


223441 Notice that the x? term in the numerator is missing. 


2+6 i e # 3 
We can avoid any confusion by writing 


2Qa°+0x? —4¢+1 


an Divide, multiply, and subtract. 


(Solution on p. 


(Solution on p. 


(Solution on p. 


(Solution on p. 


652.) 


652.) 


652.) 


652.) 
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2x2 
[x] + 6)208+ Ox! — 4x41 
2x3 + 19%2 
={8—471 
2x2 — 12x 
+6)2x9+ Ox?— 4x41 
2x3 + 12x2 


—12x2— 4x+1 
— 12x? — 72x 
68x + 1 


2x2 — 12x + 68 
+6)2x3+ Ox?— 4x+ 1 
2x3 + 12x? 

—12x?— 4x+ 1 
—12x?—72x+ 1 


68x+ 1 
68x + 408 
— 407 
2e°—Aett = 273 — 12% + 68 ras 


8.10.11 Practice Set C 


Perform the following divisions. 
Exercise 8.592 


2?-3 
at+2 
Exercise 8.593 
427-1 
2-3 
Exercise 8.594 
ee 42r4+2 
“2-2 
Exercise 8.595 
6a% +5071 
224+3 


8.10.12 Exercises 


For the following problems, perform the divisions. 


Exercise 8.596 
6a+12 
2 
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Divide, multiply, and subtract. 


(Solution on p. 652.) 
(Solution on p. 652.) 
(Solution on p. 652.) 


(Solution on p. 652.) 


(Solution on p. 652.) 


Exercise 8.597 
12b—6 

3 
Exercise 8.598 
8y—4 
=a 
Exercise 8.599 
2la—9 

—3 
Exercise 8.600 
3a? —6x 

=3 
Exercise 8.601 
Ay? —2y 

2y 
Exercise 8.602 
9a°+3a 

3a 


Exercise 8.603 
20a? +102 
5a 


Exercise 8.604 
62° 4+2x7482 
2x 


Exercise 8.605 
Wy? +13y7+39y 
13y 
Exercise 8.606 
ab? +4a7b+6ab7—10ab 
ab 
Exercise 8.607 
Ta y+8a7y?+3ayt—4ary 


xy 
Exercise 8.608 
5a? y?— 15x07 y?4+20ary 
—5axry 
Exercise 8.609 
4a” b?—8ab*+12ab? 
=2yb* 
Exercise 8.610 
6a7y?+12a7y+18a7 
24a2 
Exercise 8.611 
3c3 y?+99c3 y4—12c3 y® 
3c3y3 
Exercise 8.612 
16axr? —20axr?+24ax4 
6a4 
Exercise 8.613 
2lay®—18ay?—15ay 
6ay? 
Exercise 8.614 
—14b?.c? +2103 c? —28c* 
—7a2c3 
Exercise 8.615 
—30a7b4*—35a2b3 — 25a? 


—5bs 
Exercise 8.616 
+6 
x—2 
Exercise 8.617 
ytT 
aaa 
Exercise 8.618 
at —at4 


xt+2 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


652.) 


652.) 


652.) 


652.) 


652.) 


652.) 


652.) 


652.) 


652.) 


652.) 


652.) 


625 


626 


Exercise 8.619 
a2 4+2r—1 

atl 
Exercise 8.620 
av? —x+3 

etl 
Exercise 8.621 
a? 4+5a+5 

@+5 
Exercise 8.622 


2 


at+l 
Exercise 8.623 
a?—6 

a+2 
Exercise 8.624 
ye +4 

yt2 
Exercise 8.625 
a7? +36 

x+6 
Exercise 8.626 


3 


at+l 

Exercise 8.627 
a?—8 

a+2 

Exercise 8.628 
2-1 

a—-l1 

Exercise 8.629 
a? —8 

a—2 

Exercise 8.630 
o> +3a7+2—2 

x—2 
Exercise 8.631 
a? +2a7—a+1 

a—3 
Exercise 8.632 
a? +a+6 

a-1 

Exercise 8.633 
e42r4+1 

x—3 

Exercise 8.634 
yP+3y7?+4 

yt2 
Exercise 8.635 
ye +5y2—3 

y-l 
Exercise 8.636 


234307 


@+3 
Exercise 8.637 
a?+2a 

a+2 
Exercise 8.638 
x? —x—6 

e2—22-3 
Exercise 8.639 
a?+5a+4 

a2—a—2 
Exercise 8.640 
Qy7+5y43 
y?—3y—4 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 
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653.) 


653.) 


653.) 


653.) 


653.) 


653.) 


653.) 


653.) 


653.) 


653.) 


653.) 
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Exercise 8.641 
3a7+4a—4 
a2+3a+3 
Exercise 8.642 (Solution on p. 653.) 
Qn2—a24+4 
22-1 
Exercise 8.643 
3a7+4a42 
3a+4 
Exercise 8.644 (Solution on p. 653.) 
6a?+8a—1 
3a+4 
Exercise 8.645 
20y?+15y—4 
4yt+3 
Exercise 8.646 (Solution on p. 653.) 
42° +49? —32—2 
22-1 
Exercise 8.647 
9a3—18a?+4+8a-1 
3a—2 
Exercise 8.648 (Solution on p. 653.) 
dat —Ax° 4227—29—-1 
x—1 
Exercise 8.649 
3y*+9y?—2y?—6y+4 
yt3 
Exercise 8.650 (Solution on p. 653.) 
3y74+3y+5 
y?ty+l 
Exercise 8.651 
2a7+4a+41 
a?+2a+3 
Exercise 8.652 (Solution on p. 653.) 
828-475-824 48294327142 
22-3 
Exercise 8.653 
9a" +15a°+4a°—3at—a?+12a72+a—5 
3a+1 
Exercise 8.654 (Solution on p. 653.) 
(22° + 5a*—1) + (2¢+5) 
Exercise 8.655 
(6a* — 2a3 — 3a? +a4+4) + (34-1) 


8.10.13 Exercises For Review 


Exercise 8.656 (Solution on p. 653.) 
2 
(Section 8.4) Find the product. 7228 . 22+6 


£2 —9 4r—8° 
Exercise 8.657 
(Section 8.6) Find the sum. =! + 245. 


Exercise 8.658 (Solution on p. 653.) 
(Section 8.7) Solve the equation +45 =o: 


Exercise 8.659 

(Section 8.8) When the same number is subtracted from both the numerator and denominator of 
3) the result is = What is the number that is subtracted? 

Exercise 8.660 (Solution on p. 653.) 


1 
2+3 


om 
(Section 8.9) Simplify =~. 


22 —25 
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11 


8.11 Summary of Key Concepts 


8.11.1 Summary Of Key Concepts 


Rational Expression (Section 8.2) 
A rational expression is an algebraic expression that can be written as the quotient of two polynomials. 
An example of a rational expression is 


a't3e—1 

Domain of a Rational Expression (Section 8.2) 

The domain of a rational expression is the collection of values for which the raticlnal expression is defined. 
These values can be found by determining the values that will not produce zero in the denominator of the 
expression. 

The domain of fae is the collection of all numbers except —8. 

Equality Property of Fraction (Section 8.2) 


1. If § = §, then ad = be. 


2. If ad = bc, then § = §. 


Negative Property of Fractions (Section 8.2) 


—a _ a a 


bb b 
Reducing a Rational Expression (Section 8.3) 


1. Factor the numerator and denominator completely. 
2. Divide the numerator and denominator by any factors they have in common. 


Common Cancelling Error (Section 8.3) 


at4 y Jet 4 
e+7 ja+7 i 7 
Since x is not a common factor, it cannot be cancelled. 


Multiplying Rational Expressions (Section 8.4) 


. Factor all numerators and denominators. 

. Reduce to lowest terms first by dividing out all common factors. 
. Multiply numerators together. 

. Multiply denominators together. 


Be wWrw re 


It will be more convenient to leave the denominator in factored form. 


Division of Rational Expressions (Section 8.4) 
Big ROP 6 > Bis 
Q* S~Q' R-~OR 
Building Rational Expressions (Section 8.5) 
Pb _ Pb 


Q bb @ 

Building rational expressions is exactly the opposite of reducing rational expressions. It is often use- 
ful in adding or subtracting rational expressions. 

The building factor may be determined by dividing the original denominator into the new denominator. 
The quotient will be the building factor. It is this factor that will multiply the original numerator. 

Least Common Denominator LCD (Section 8.5) 

The LCD is the polynomial of least degree divisible by each denominator. It is found as follows: 


1. Factor each denominator. Use exponents for repeated factors. 


11 This content is available online at <http://cnx.org/content /m21954/1.3/>. 
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2. Write each different factor that appears. If a factor appears more than once, use only the factor with 
the highest exponent. 
3. The LCD is the product of the factors written in step 2. 


Fundamental Rule for Adding or Subtracting Rational Expressions (Section 8.6) 
To add or subtract rational expressions conveniently, they should have the same denominator. 
Adding and Subtracting Rational Expressions (Section 8.6) 


a4 6 _ atb and a@_b_a-b 
c Cc Cc c 


Note that we combine only the numerators. 

Rational Equation (Section 8.7) 

A rational equation is a statement that two rational expressions are equal. 

Clearing an Equation of Fractions (Section 8.7) 

To clear an equation of fractions, multiply both sides of the equation by the LCD. This amounts to multiplying 
every term by the LCD. 

Solving a Rational Equation (Section 8.7) 


1. Determine all values that must be excluded as solutions by finding the values that produce zero in the 
denominator. 

2. Clear the equation of fractions by multiplying every term by the LCD. 

3. Solve this nonfractional equation for the variable. Check to see if any of these potential solutions are 
excluded values. 

4. Check the solution by substitution. 


Extraneous Solution (Section 8.7) 
A potential solution that has been excluded because it creates an undefined expression (perhaps, division 
by zero) is called an extraneous solution. 


12 


8.12 Exercise Supplemen 


8.12.1 Exercise Supplement 
8.12.1.1 Rational Expressions (Section 8.2) 


For the following problems, find the domain of each rational expression. 


Exercise 8.661 (Solution on p. 653.) 
9 

2+4 

Exercise 8.662 

10x” 

z+6 

Exercise 8.663 (Solution on p. 653.) 
+1 

Exercise 8.664 

2a+3 

Ta+5 

Exercise 8.665 (Solution on p. 653.) 
3 

ST) 

Exercise 8.666 

—or16__ 

9r(2r+1) 


!This content is available online at <http://cnx.org/content /m21949/1.4/>. 


630 CHAPTER 8. RATIONAL EXPRESSIONS 


Exercise 8.667 (Solution on p. 653.) 
s(sFB)GE47) 


Exercise 8.668 
—lla 
22—9r+18 


Exercise 8.669 (Solution on p. 654.) 


12y?+28y—5 


Exercise 8.670 
16 
12a3+21a?—6a 


For the following problems, show that the fractions are equivalent. 


Exercise 8.671 (Solution on p. 654.) 
—4 4 

At = 35, 

Exercise 8.672 

=3 _3 

8° 8 

Exercise 8.673 (Solution on p. 654.) 
=7 7 

10° 10 


For the following problems, fill in the missing term. 


Exercise 8.674 
3 


y—5 y—5 
Exercise 8.675 (Solution on p. 654.) 
6a 


~Qatl~ 22a+l 
Exercise 8.676 


— stl — __ 
z-3 7 «£-3 
Exercise 8.677 (Solution on p. 654.) 
9 
~=at4~ a4 
Exercise 8.678 
yt3s 
—y—5 — ytd 
Exercise 8.679 (Solution on p. 654.) 
—6m—T7 _ 6M+7 
—5m—-1 


Exercise 8.680 
_ 2r—5 _ 2r—5 
7rt+1 7 


8.12.1.2 Reducing Rational Expressions (Section 8.3) 


For the following problems, reduce the rational expressions to lowest terms. 


Exercise 8.681 (Solution on p. 654.) 
12 

6a+24 

Exercise 8.682 
16 

4y—16 

Exercise 8.683 (Solution on p. 654.) 
5m+25 

10m?+15m 

Exercise 8.684 

7+21r 

Tr? +28r 

Exercise 8.685 (Solution on p. 654.) 
3a7+4a 

5a3+6a? 


Exercise 8.686 
4a—4 

e2+22—3 

Exercise 8.687 

5y-+20 


y2—16 

Exercise 8.688 
4y?—12 

yt —2y?—3 

Exercise 8.689 

6a°—12a7 

2a*—14a> 

Exercise 8.690 

804 ye +2403 y? 

4x2 y>—12x3 y6 

Exercise 8.691 

Q1y 21° w? 

—Tyt we 
Exercise 8.692 
—35a°b? ct d® 

—5abc3d® 
Exercise 8.693 
27+90+18 

“3 +3x2 
Exercise 8.694 
a? —12a+35 
2a4—14a3 
Exercise 8.695 
y?—Ty+12 
y?—4y+3 
Exercise 8.696 
m?—6m—16 
m?2—9m—22 
Exercise 8.697 
12r?—7r—10 
Ar? —13r+10 
Exercise 8.698 
14a?—5a—1 
6a2+9a—6 
Exercise 8.699 
4a*—8a? 

4a2 
Exercise 8.700 
5m? 
10m3+5m2 
Exercise 8.701 
—6a-1 
—5a—2 
Exercise 8.702 
—T. 
—5r—-1 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


654.) 


654.) 


654.) 


654.) 


654.) 


654.) 


654.) 


654.) 
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8.12.1.3 Multiplying and Dividing Rational Expressions (Section 8.4) - Adding and Subtracting 
Rational Expressions (Section 8.6) 


For the following problems, perform the indicated operations. 


Exercise 8.703 (Solution on p. 654.) 
2 
3 
Ts ° 28 


Exercise 8.704 

4a?b? A 102° y? 

15aty® ab? 

Exercise 8.705 (Solution on p. 654.) 
z+6 | £+7 

xa-1 x+6 

Exercise 8.706 

8a—12 . (a+1)? 


3a+3 ° 4a-—6 

Exercise 8.707 (Solution on p. 654.) 
10m4—5m? . m 

Ar7™120r3 * 16r8+80r4 

Exercise 8.708 

208 Oe, 

r+7 r+7 

Exercise 8.709 (Solution on p. 654.) 
2a 9a 


3a—1 —s- 3a—1 

Exercise 8.710 

Qe+7 , 3042 

4x—-6 4x—6 

Exercise 8.711 (Solution on p. 654.) 
ldy-4 — 2yt+l 
8y+1 Syl 

Exercise 8.712 
Aogc, 2:6 


a+3 a—5 


Exercise 8.713 (Solution on p. 654.) 


Ta |, 5a 


a+6 a—8 
Exercise 8.714 


Exercise 8.715 (Solution on p. 654.) 
2y+1 — yt6 
yt4 ytl 
Exercise 8.716 
x—3 + 22-1 
(+2) (x+4) a+4 
Exercise 8.717 (Solution on p. 654.) 
6a+5 a 4da+l1 
(2a+1)(4a—3) 2a+1 


Exercise 8.718 


4 9 

w2+32+2 ' x24+62+8 

Exercise 8.719 (Solution on p. 655.) 
6r —3r 

r2+7r—18 r2—3r4+2 


Exercise 8.720 


yt3 ytl 
y2—11y+10 y?+3y—4 
Exercise 8.721 (Solution on p. 655.) 
2a+5 6a+7 


16a2—1 16a2—12a+2 
Exercise 8.722 


Ty+4 \ 6y—10 
6y2—32y4+32 |! 2y2—18y+40 
Exercise 8.723 (Solution on p. 655.) 


2? —x—12 22+3a—4 
v2 —3x24+2 22—3x—18 
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Exercise 8.724 


yl . y?+5y—6 
y2+9y+20 *  y?—16 
Exercise 8.725 (Solution on p. 655.) 


4 r+4 
(r Sle 3) . (33) 


Exercise 8.726 
G45) 


(b+5)? 

Exercise 8.727 (Solution on p. 655.) 
4, («—7)% 
(a = 7) ter 241 


Exercise 8.728 
(4a + 9)° + (43-+9)" 


(32+1)4 
Exercise 8.729 (Solution on p. 655.) 
Qu741 
5a + a 
Exercise 8.730 
Ay*+5 
Qy+ al 
Exercise 8.731 (Solution on p. 655.) 
y?+4y+4 


Ployra + (Y +2) 
Exercise 8.732 
on or 3 2s 4a?+a—-1 


xz—1 
Exercise 8.733 (Solution on p. 655.) 
3241 af 52+6 32-7 
e2+32+2 2?24+62+5 x?—2¢—35 
Exercise 8.734 
5a+3b 3a—b a+5b 
8a?2+2ab—b2 4a? —9ab+2b2 4a2+3ab—b2 
Exercise 8.735 (Solution on p. 655.) 


3a7?+6ar+10 a Qn? —Ar+15 
10x%2+112—6 2e2—11x2—21 


8.12.1.4 Rational Equations (Section 8.7) 


For the following problems, solve the rational equations. 


Exercise 8.736 
4c | 324-1 _ 29 
5 15 25 
Exercise 8.737 (Solution on p. 655.) 
6a | 2a-3 _ 77 


7 21 ~~ 21 
Exercise 8.738 
5a-—1 324+4 _ -8 
6 9 en) 
Exercise 8.739 (Solution on p. 655.) 
4y—5 | 8y+l _ —69 
4 


6 12 


Exercise 8.740 
Ae ys BAB 

x—1 et2 ~~ w2+r-—2 

Exercise 8.741 (Solution on p. 655.) 
5 6 9 


a4 3 ' a4 @2—-a—12 

Exercise 8.742 

ee eee 

y-3 © y-3  y-3 

Exercise 8.743 (Solution on p. 655.) 
Qm+5 4 9 _ _30 
m—8 m—-8& m—-8& 
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Exercise 8.744 
r+6  3r+2 _ -6 


r-1 r-1 r—-1 


Exercise 8.745 (Solution on p. 655.) 
8b+1 b+5 _ 45 
b—7 b-—7 — b-7 


Exercise 8.746 
Solve z = =* for s. 


Exercise 8.747 (Solution on p. 655.) 
Solve A = P(1+ rt) fort. 


Exercise 8.748 
Tice 1 
Solve R-E + ¢ for E. 
Exercise 8.749 (Solution on p. 655.) 
Solve Q = amt for t. 
Exercise 8.750 


Solve J = Ra for r. 


8.12.1.5 Applications (Section 8.8) 


For the following problems, find the solution. 
Exercise 8.751 (Solution on p. 655.) 
When the same number is subtracted from both terms of the fraction a the result is 4. What is 
the number? 
Exercise 8.752 
When the same number is added to both terms of the fraction z, the result is 8. What is the 
number? 
Exercise 8.753 (Solution on p. 655.) 
When three fourths of a number is added to the reciprocal of the number, the result is +. What 
is the number? 


Exercise 8.754 


When one third of a number is added to the reciprocal of the number, the result is er. What is 
the number? 
Exercise 8.755 (Solution on p. 655.) 


Person A working alone can complete a job in 9 hours. Person B working alone can complete the 
same job in 7 hours. How long will it take both people to complete the job working together? 


Exercise 8.756 

Debbie can complete an algebra assignment in 4 of an hour. Sandi, who plays her radio while 
working, can complete the same assignment in 17 hours. If Debbie and Sandi work together, how 
long will it take them to complete the assignment? 
Exercise 8.757 (Solution on p. 655.) 
An inlet pipe can fill a tank in 6 hours and an outlet pipe can drain the tank in 8 hours. If both 
pipes are open, how long will it take to fill the tank? 

Exercise 8.758 

Two pipes can fill a tank in 4 and 5 hours, respectively. How long will it take both pipes to fill the 
tank? 

Exercise 8.759 (Solution on p. 655.) 
The pressure due to surface tension in a spherical bubble is given by P = a where T is the surface 
tension of the liquid, and r is the radius of the bubble. 


(a) Determine the pressure due to surface tension within a soap bubble of radius 4 inch and surface 


tension 22. 

(b) Determine the radius of a bubble if the pressure due to surface tension is 57.6 and the surface 
tension is 18. 

Exercise 8.760 

The equation : +i= . relates an objects distance p from a lens and the image distance q from 
the lens to the focal length f of the lens. 

(a) Determine the focal length of a lens in which an object 8 feet away produces an image 6 feet 
away. 

(b) Determine how far an object is from a lens if the focal length of the lens is 10 inches and the 
image distance is 10 inches. 

(c) Determine how far an object will be from a lens that has a focal length of 12 cm and the object 
distance is 3 cm away from the lens. 


8.12.1.6 Dividing Polynomials (Section 8.10) 


For the following problems, divide the polynomials. 
Exercise 8.761 (Solution on p. 655.) 
a? +9a+18 by a+3 
Exercise 8.762 
c? + 3c — 88 by c— 8 
Exercise 8.763 (Solution on p. 655.) 
x? + 9x? +182 4+ 28 by +7 
Exercise 8.764 
y® — 2y? — 49y — 6 by y+ 6 
Exercise 8.765 (Solution on p. 655.) 
m4 + 2m3 — 8m? —m+2 by m—2 
Exercise 8.766 
3r2 —17r — 27 by r—7 
Exercise 8.767 (Solution on p. 656.) 
a® — 3a” — 56a +10 by a—9 
Exercise 8.768 
x—x+lbyxr+3 
Exercise 8.769 (Solution on p. 656.) 
ieey sy by yA 
Exercise 8.770 
5a® +59? — Int + 5a? — oe? — 82 +6 by 227 +¢—1 
Exercise 8.771 (Solution on p. 656.) 
y? —y! + 8y* — 3y by y* -y 
Exercise 8.772 
Ab® — 3b° — 225° — 1954 + 126° — 66? + b+ 4 by 6? +6 
Exercise 8.773 (Solution on p. 656.) 
e+lbyx+1 
Exercise 8.774 
a* + 6a® + 4a? + 12a + 8 by a? + 3a42 
Exercise 8.775 (Solution on p. 656.) 
y+ 6y? +9 by y° +3 
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8.13 Proficiency Exam * 


8.13.1 Proficiency Exam 


Exercise 8.776 (Solution on p. 656.) 
(Section 8.2) Find the domain of =°4++,. 

Exercise 8.777 (Solution on p. 656.) 
For the following problems, fill in the missing term. 

(Section 8.2) -74 =e 

Exercise 8.778 (Solution on p. 656.) 
(Section 8.2 2ete =a 

Exercise 8.779 (Solution on p. 656.) 


For the following problems, reduce to lowest terms. 


6,37, 92 2 
(Section 8.3) 2 sae 


Exercise 8.780 (Solution on p. 656.) 


is 2 
(Section 8.3) Se 


Exercise 8.781 (Solution on p. 656.) 


. 2 — 
(Section 8.3) $5+22-3 


Exercise 8.782 (Solution on p. 656.) 


(Section 8.5) Replace N with the proper quantity. 
+2_ oN 
at ~~ 24743 


Exercise 8.783 (Solution on p. 656.) 
(Section 8.5) Assume that a? + a — 6, a? — a— 12, and a? — 2a — 8 are denominators of rational 
expressions. Find the LCD. 


Exercise 8.784 (Solution on p. 656.) 
For the following problems, perform the operations. 
(Section 8.6) 3¢*4 — 24-1 


a+6 a+6 
Exercise 8.785 (Solution on p. 656.) 
(Section 8.4 bay . pare 
Exercise 8.786 (Solution on p. 656.) 
(Section 8.4) eae . deat 

ee ye + 3yt ye —Tyt 
Exercise 8.787 (Solution on p. 656.) 
(Section 8.6) poe + ota 
Exercise 8.788 (Solution on p. 656.) 
(Section 8.6) soy toh 
Exercise 8.789 (Solution on p. 656.) 
B( a2 

(Section 8.4) ee ) : a 
Exercise 8.790 (Solution on p. 656.) 
(Section 8.4) (m+ 3) + #2+% 
Exercise 8.791 (Solution on p. 656.) 
(Section 8.6) apts Tages 


13This content is available online at <http://cnx.org/content /m21959/1.3/>. 


Exercise 8.792 (Solution on p. 656.) 

(Section 8.7) Solve ane +35 =a. 

Exercise 8.793 (Solution on p. 656.) 
. 12 ee 

(Section 8.7) Solve —=7 +5 = =". 

Exercise 8.794 (Solution on p. 656.) 


(Section 8.8) When the same number is added to both the numerator and denominator of the 
fraction 3, the result is g. What is the number that is added? 


Exercise 8.795 (Solution on p. 656.) 
(Section 8.8) Person A, working alone, can complete a job in 20 hours. Person B, working alone, 
can complete the same job in 30 hours. How long will it take both people, working together, to 
complete the job? 


Exercise 8.796 (Solution on p. 657.) 
(Section 8.8) The width of a rectangle is 1 foot longer than one half the length. Find the 
dimensions (lengh and width) of the rectangle if the perimeter is 44 feet. 


Exercise 8.797 (Solution on p. 657.) 
(Section 8.9) Simplify the complex fraction = 

Exercise 8.798 : (Solution on p. 657.) 
(Section 8.9) Simplify the complex fraction cae : 

Exercise 8.799 . (Solution on p. 657.) 
(Section 8.10) Perform the division: ee 

Exercise 8.800 (Solution on p. 657.) 


(Section 8.10) Perform the division: gE Ae Se 
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Solutions to Exercises in Chapter 8 


Solution to Exercise 8.1 (p. 549) 
7 

Solution to Exercise 8.2 (p. 549) 
0, -—4 

Solution to Exercise 8.3 (p. 549) 
25 4 

Solution to Exercise 8.4 (p. 549) 
ay at 

Solution to Exercise 8.5 (p. 549) 
ae >) 

Solution to Exercise 8.6 (p. 549) 
All real numbers comprise the domain. 
Solution to Exercise 8.7 (p. 549) 
All real numbers comprise the domain. 
Solution to Exercise 8.8 (p. 551) 
—5 

Solution to Exercise 8.9 (p. 551) 
a+2 

Solution to Exercise 8.10 (p. 551) 
8 

Solution to Exercise 8.11 (p. 551) 
cH#A4 

Solution to Exercise 8.13 (p. 551) 
x#-l 

Solution to Exercise 8.15 (p. 552) 
x #—2,2 

Solution to Exercise 8.17 (p. 552) 
x F# —6, 6 

Solution to Exercise 8.19 (p. 552) 
b#0, —6 

Solution to Exercise 8.21 (p. 552) 
20, 10): =o 

Solution to Exercise 8.23 (p. 552) 
x #0, 5,7 

Solution to Exercise 8.25 (p. 552) 
bA1,3 

Solution to Exercise 8.27 (p. 552) 
y # 5, —4 

Solution to Exercise 8.29 (p. 552) 
r#0, 4h 3 

Solution to Exercise 8.31 (p. 552) 
(—3)5 = —-15, — (3-5) =—-15 
Solution to Exercise 8.33 (p. 552) 
oy ee me 

Solution to Exercise 8.35 (p. 552) 
(—9) (—10) = 90 and (9) (10) = 90 
Solution to Exercise 8.37 (p. 553) 
—2 

Solution to Exercise 8.39 (p. 553) 
—2¢ —7 


Solution to Exercise 8.41 (p. 


—r+4 


Solution to Exercise 8.43 (p. 


a+l1 


Solution to Exercise 8.45 (p. 


—y—10 


Solution to Exercise 8.47 (p. 


1l<a<3 


Solution to Exercise 8.49 (p. 


(x — 6)? 


Solution to Exercise 8.51 (p. 


6 


MG 
Solution to Exercise 8.52 (p. 


x—3 


at+2 
Solution to Exercise 8.53 (p. 


1 


4 
Solution to Exercise 8.54 (p. 


6a7b?c? 


Solution to Exercise 8.55 (p. 


—3a(a+5) 
2(a—3) 


Solution to Exercise 8.56 (p. 


—ax2+1 
2-8 


Solution to Exercise 8.57 (p. 


—1 


Solution to Exercise 8.58 (p. 


a 
(2-4) 


Solution to Exercise 8.60 (p. 


_ 3 
(y-7) 


Solution to Exercise 8.62 (p. 


_i_ 
(4-2) 


Solution to Exercise 8.64 (p. 


ay 


Solution to Exercise 8.66 (p. 


8ab 


Solution to Exercise 8.68 (p. 


x“—2 


are 


a+6 
a+2 


Solution to Exercise 8.72 (p. 


1 


Solution to Exercise 8.74 (p. 


—3a (x + 4) 


Solution to Exercise 8.76 (p. 


—3ay* (x — 1) 


Solution to Exercise 8.78 (p. 


(a +10)? 


Solution to Exercise 8.80 (p. 


(a — 8) (x +6)° 


Solution to Exercise 8.82 (p. 


(y — 2)°(y—1)? 


5 
Solution to Exercise 8.70 (p. 


553) 
553) 
553) 
553) 
553) 
557) 
557) 
557) 
557) 


557) 


557) 
557) 
557) 
557) 
558) 
558) 
558) 
558) 
558) 
558) 
558) 
558) 
558) 
558) 


558) 
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Solution to Exercise 8.84 (p. 559) 
(a~7)* 
(a+6)° 
Solution to Exercise 8.86 (p. 559) 
(a+2)(a—1)? 

(a+1) 
Solution to Exercise 8.88 (p. 559) 
A(x + 2)°(a —5)* 
Solution to Exercise 8.90 (p. 559) 
(w+4) 
(@—1) 
Solution to Exercise 8.92 (p. 559) 
(#—3) 
(e+1) 
Solution to Exercise 8.94 (p. 559) 


(x+2) 
x 
Solution to Exercise 8.96 (p. 559) 
b+3 
b+2 
Solution to Exercise 8.98 (p. 559) 
(4a—3) 
(a—1) 
Solution to Exercise 8.100 (p. 559) 
(x+3) 
(x+4) 
Solution to Exercise 8.102 (p. 559) 
a+2 
Solution to Exercise 8.104 (p. 560) 
—(a-1) or —at+l 
Solution to Exercise 8.106 (p. 560) 
—2 (x — 2) 
Solution to Exercise 8.108 (p. 560) 
—32+10 
10 
Solution to Exercise 8.110 (p. 560) 
—1 
Solution to Exercise 8.112 (p. 560) 
3 
ye —1 


Solution to Exercise 8.114 (p. 560) 

a(a+1)(a—1) 

Solution to Exercise 8.116 (p. 560) 

2a? +5 

Solution to Exercise 8.118 (p. 560) 
3 

a3 

Solution to Exercise 8.120 (p. 561) 
1 

16a2b8 

Solution to Exercise 8.122 (p. 561) 

(5x2 — 1) (2a — 3) 

Solution to Exercise 8.124 (p. 561) 

x # —3, 6 

Solution to Exercise 8.125 (p. 563) 

10 

Ee 

Solution to Exercise 8.126 (p. 563) 
3 

ap 

Solution to Exercise 8.127 (p. 563) 


1 
yr +1 


Solution to Exercise 8.128 (p. 


e+3 


(w+2)? 
(w—2)? 


Solution to Exercise 8.130 (p. 


20a2mn 


Solution to Exercise 8.131 (p. 


atl 


2-1 
Solution to Exercise 8.132 (p. 


3a+4 


3a+2 
Solution to Exercise 8.133 (p. 


6a 


5 
Solution to Exercise 8.135 (p. 


1 


Solution to Exercise 8.137 (p. 


16a? 


5 
Solution to Exercise 8.139 (p. 


9x4 


14 
Solution to Exercise 8.141 (p. 


20a y? 


3 
Solution to Exercise 8.143 (p. 


14 
3aty 


Solution to Exercise 8.145 (p. 


—15a?bpq 


Solution to Exercise 8.147 (p. 


3a 


Solution to Exercise 8.149 (p. 


9a3b 


2 
Solution to Exercise 8.151 (p. 


9p*y 
lla 


Solution to Exercise 8.153 (p. 


—6b? x 
A 


y 
Solution to Exercise 8.155 (p. 


xz+2 


atl 
Solution to Exercise 8.157 (p. 


2x+5 


x—2 
Solution to Exercise 8.159 (p. 


4 


x—1 
Solution to Exercise 8.161 (p. 


3 


4 
Solution to Exercise 8.163 (p. 


Aabx? 


Solution to Exercise 8.165 (p. 


4a?b 


3 
Solution to Exercise 8.167 (p. 


49m3n 


Solution to Exercise 8.169 (p. 


x—-—1 


x2+6 
Solution to Exercise 8.129 (p. 


563) 


563) 


564) 
564) 
564) 
564) 
564) 
565) 
565) 
565) 
565) 
565) 
565) 
565) 
565) 


565) 


565) 
565) 
565) 
566) 
566) 
566) 
566) 


566) 


641 


642 


Solution to Exercise 8.171 (p. 


G2Aaye=7F 


Solution to Exercise 8.173 (p. 


(x — 7)° (w@ +1) (x-1) 


Solution to Exercise 8.175 (p. 


G1) 


Solution to Exercise 8.177 (p. 


(a — 2b) (a +b) 


Solution to Exercise 8.179 (p. 


6(a—1) 
(w—3) 


Solution to Exercise 8.181 (p. 


(a+2)(a+3) 
(a—3)(a+1) 


Solution to Exercise 8.183 (p. 


1 


Solution to Exercise 8.185 (p. 


(2a+1)(a—6)(a+1) 
(3a+1)(a—1)(a—2) 


Solution to Exercise 8.187 (p. 


x(x—y) 


x—2 


a+3b 


a+b 
Solution to Exercise 8.193 (p. 


Qab? 


5 
Solution to Exercise 8.195 (p. 


—627y4 


Solution to Exercise 8.197 (p. 


—3(a—2)(a—1) 
2(a—6)(a+1) 


Solution to Exercise 8.199 (p. 


—5(#?+4a+1) 
(©-3)(@—1)? 


Solution to Exercise 8.201 (p. 


—(b-8) 
3(5+2) 


Solution to Exercise 8.203 (p. 


—2(x2+3) 
(#+1) 


Solution to Exercise 8.205 (p. 


3(x—3)(x+1) (22-3) 
2(a?—3x—2)(a—2) 


Solution to Exercise 8.207 (p. 


(x+4)(x—1) 
(x+3)(x?—4x—3) 


Solution to Exercise 8.209 (p. 


3(x—6)(a—1) 


(w+2)°(@+3) 


Solution to Exercise 8.211 (p. 


binomial; 2; 4, 2 


Solution to Exercise 8.213 (p. 


2a -4=2+2 


Solution to Exercise 8.215 (p. 


N= 18 


Solution to Exercise 8.216 (p. 


N = 63abz? 


~y 
Solution to Exercise 8.189 (p. 


xa+1 
Solution to Exercise 8.191 (p. 


566) 
566) 


566) 
566) 


566) 
566) 


567) 


567) 
567) 


567) 
567) 
567) 
567) 


567) 


567) 


567) 
567) 
568) 
568) 
568) 


568) 
568) 
572) 


572) 
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Solution to Exercise 8.217 (p. 

N = —2y? — 2y 

Solution to Exercise 8.218 (p. 

N=a?+9a+14 

Solution to Exercise 8.219 (p. 

N = 24a* (a —1) 

Solution to Exercise 8.220 (p. 

N = —16a*y3z° 

Solution to Exercise 8.221 (p. 

N = 6ab? + 18ab 

Solution to Exercise 8.222 (p. 

N =m? —m-— 30 

Solution to Exercise 8.223 (p. 

N=r?—7r+12 

Solution to Exercise 8.224 (p. 

N = 8ab? 

Solution to Exercise 8.225 (p. 

xy 

Solution to Exercise 8.226 (p. 

(e- 4)? (e +1) 

Solution to Exercise 8.227 (p. 

(m — 6) (m+ 1)*(m — 2)° 

Solution to Exercise 8.228 (p. 

(@ +1) (w — 1) (a - 3)? 

Solution to Exercise 8.229 (p. 

12y?(y — 2)? 

Solution to Exercise 8.230 (p. 

4a? 7 

ge) gd 

Solution to Exercise 8.231 (p. 
2x(x—1) x(x+6) 

(x+6)(a—1)? (a+6)(x—1) 

Solution to Exercise 8.232 (p. 
~3(b+1) 4b? 

B(O—1)(B+1)? B—1)(OF1) 

Solution to Exercise 8.233 (p. 

8(a—-1) —1(#-—3) 

(w—3)(@+2)(@—1)? (w—3)(a+2)(a—1) 

Solution to Exercise 8.234 (p. 
10x(a—4) 5a(a+4) 

(w+4)" (x4)? (w+4)*(a—4) 

Solution to Exercise 8.235 (p. 


572) 
572) 
572) 
572) 
572) 
572) 
572) 
572) 
575) 
575) 
575) 
575) 
575) 
576) 
576) 
576) 
576) 


576) 


576) 


—2a7b?(a—2)? 6b(a—6) (a—2) 2a*(a—6) 


a3(a—6)(a—2)*’ a3(a—6)(a—2)*? a3(a—6)(a—2)” 


Solution to Exercise 8.236 (p. 
3a? 

Solution to Exercise 8.238 (p. 
—2y 

Solution to Exercise 8.240 (p. 
12ab 

Solution to Exercise 8.242 (p. 
bay? 

Solution to Exercise 8.244 (p. 
—12axy? 


577) 
577) 
577) 
577) 


577) 


643 


644 


Solution to Exercise 8.246 (p. 


40xty 


Solution to Exercise 8.248 (p. 


5 (a — 2) 


Solution to Exercise 8.250 (p. 


4dax (a + 2) (a — 2) 


Solution to Exercise 8.252 (p. 


4x (b* — 5) 


Solution to Exercise 8.254 (p. 


3s (s — 7) 


Solution to Exercise 8.256 (p. 


(a + 2) (a— 4) 


Solution to Exercise 8.258 (p. 


5m (m — 2) 


Solution to Exercise 8.260 (p. 


9(b—4) 


Solution to Exercise 8.262 (p. 


—2x (x + 3) 


Solution to Exercise 8.264 (p. 


dy (y + 8) 


Solution to Exercise 8.266 (p. 


(y — 3)" 


Solution to Exercise 8.268 (p. 


(2-4)? 


Solution to Exercise 8.270 (p. 


b+4 


Solution to Exercise 8.272 (p. 


—3 (a —4) 


Solution to Exercise 8.274 (p. 


(x — 1) (3a +1) 


Solution to Exercise 8.276 (p. 


(y + 6) (y + 2) 


Solution to Exercise 8.278 (p. 


(a+3)(a+5) 


Solution to Exercise 8.280 (p. 


(a + 9) (a + 5) 


Solution to Exercise 8.282 (p. 


—Ta 


Solution to Exercise 8.284 (p. 


-k—6 


Solution to Exercise 8.286 (p. 


5b 4 
03> B3 


Solution to Exercise 8.288 (p. 


36 x 
4x?) 4x? 


Solution to Exercise 8.290 (p. 


2(a—5) 4(a+5) 
(@+5)@—8)’ +5)@-5) 


Solution to Exercise 8.292 (p. 


10(y+8) y+2 
(y+2)(y+8) ’ Cre (y+8) 


BS 


Solution to Exercise 8.294 (p. 


—3(b+5) bt 
b2(b+5) ? b2(6+5) 


577) 
577) 
577) 
577) 
577) 
578) 
578) 
578) 
578) 
578) 
578) 
578) 
578) 
578) 
578) 
578) 
579) 
579) 
579) 
579) 
579) 
579) 


579) 
579) 


579) 
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Solution to Exercise 8.296 (p. 


10a? 2 
a(a—6)?’ a(a—6) 


Solution to Exercise 8.298 (p. 


(w+1)(«—1) (%+4)(w—3) 
(w—1)(a%+2)(a—3)? (w—1)(x+2)(a—3) 


Solution to Exercise 8.300 (p. 


—4(b+1) (b+6)? 
(b+1)(b—1)(6+6) ? (6+1)(b—1) (646) 


Solution to Exercise 8.302 (p. 


(a+7)(«—7) (x+3)(a—3) 
(a+1)(x—3)(a—7)? (x+1)(x—3)(a—7) 


Solution to Exercise 8.304 (p. 


(x—2)? 2x(x+1) 
(x+1)(x—2)(a+6)? (@+1)(x—2)(x+6) 


Solution to Exercise 8.306 (p. 


eyes 
w—5? 2-5 


Solution to Exercise 8.308 (p. 


6 5 
xz—2? 2-2 


Solution to Exercise 8.310 (p. 


2m —7 
m—8’? m—8 


Solution to Exercise 8.312 (p. 


(y—7) (y—3) 


Solution to Exercise 8.314 (p. 


y+2 


Solution to Exercise 8.316 (p. 


2 


3 
Solution to Exercise 8.317 (p. 


5 


b 
Solution to Exercise 8.318 (p. 


x 


2 


3a+4y 


ay 
Solution to Exercise 8.320 (p. 


Solution to Exercise 8.321 (p. 


4x2 +7 
“(2"+3) 


Solution to Exercise 8.322 (p. 


—42+7 
(x+2)(x—3) 


Solution to Exercise 8.323 (p. 


da? +2a+1 
a(a—6) 


Solution to Exercise 8.324 (p. 


5ar+a+3 
(x—4)(x%—2) 


Solution to Exercise 8.325 (p. 


9Yaxr+5a 
12a% 


Solution to Exercise 8.326 (p. 


8b2—7b 
(b+1)(b—2) 


Solution to Exercise 8.327 (p. 


2a? —4da—25 
(a+2)(a+3) 


Solution to Exercise 8.328 (p. 


3a72-~192—18 
(x+3)(x—3) 


y 
Solution to Exercise 8.319 (p. 


579) 
579) 
580) 
580) 
580) 
580) 
580) 
580) 
580) 
580) 
583) 
583) 
583) 
583) 
583) 
583) 
583) 
583) 
583) 
585) 
585) 
586) 


586) 


645 


646 


Solution to Exercise 8.329 (p. 


5y7?+6y—12 
y(yt+4) 


Solution to Exercise 8.330 (p. 


2a? —10a+26 
(a—2)(a—1)(a—4) 


Solution to Exercise 8.331 (p. 


4b? +12b+46 
(b+3)?(b+2)? 


Solution to Exercise 8.332 (p. 


2a? —5a+8 
3(a+4)(a—-1) 


Solution to Exercise 8.333 (p. 


2x 
x—4 


Solution to Exercise 8.334 (p. 


8a—45 


x—6 
Solution to Exercise 8.335 (p. 


a*—a—14 


a+3 
Solution to Exercise 8.336 (p. 


1 


2: 
Solution to Exercise 8.338 (p. 


3 


10 
Solution to Exercise 8.340 (p. 


2 


x 
Solution to Exercise 8.342 (p. 


14y 


5x 
Solution to Exercise 8.344 (p. 


In 


2m 
Solution to Exercise 8.346 (p. 


Qy+12 
y—6 


Solution to Exercise 8.348 (p. 


4a+11 


a-1 


Solution to Exercise 8.350 (p. 


22+4 


5x 
Solution to Exercise 8.352 (p. 


2b+3 


b—3 
Solution to Exercise 8.354 (p. 


8 


o—6 
Solution to Exercise 8.356 (p. 


yt9 


yt8 


Solution to Exercise 8.358 (p. 


—Tx-8 


xt+2 
Solution to Exercise 8.360 (p. 


2(@+1) 


8x2 


Solution to Exercise 8.362 (p. 


4da-1 
10a 


Solution to Exercise 8.364 (p. 


5(@—2) 
(w—6)(a@—1) 


Solution to Exercise 8.366 (p. 


2y(4y+13) 
(y+4)(y+3) 


Solution to Exercise 8.368 (p. 


Qa? —2a+9 
(2-5) (@+2) 


586) 
586) 
586) 
586) 


586) 
586) 
586) 
587) 
587) 
587) 
587) 
587) 
587) 
587) 
587) 
587) 
587) 
587) 
588) 
588) 
588) 


588) 
588) 


588) 
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Solution to Exercise 8.370 (p. 


(y-1)(y-4) 


Solution to Exercise 8.372 (p. 


y" 
(y+1)(y+6) 


Solution to Exercise 8.374 (p. 


—~2a? —4a+9 
(a-+4)(a—1) 


Solution to Exercise 8.376 (p. 


7a—9 
(a+1)(a—3) 


Solution to Exercise 8.378 (p. 


2(a?+0+4) 
(x+2)(x—2)(a+4) 


Solution to Exercise 8.380 (p. 


2b? +3b+29 
(6—3)(b-+4)(6+5) 


Solution to Exercise 8.382 (p. 


—x2+29 
(x—2)(x+2)(a+7) 


Solution to Exercise 8.384 (p. 


5a4—3a°—34x?+342—60 
(x—2)(a+2)(a—3)(x+3)(x+4) 


Solution to Exercise 8.386 (p. 


(a+5)(a—2) 
(a+2)(a—3)(a—6) 


Solution to Exercise 8.388 (p. 


—a®—8a?—18a—1 
a?(a+3)(a—1) 


Solution to Exercise 8.390 (p. 


—2? 4277? +6r+ 18 
4x4 (x—2)(@+3) 


Solution to Exercise 8.392 (p. 


1424-903 — 227 +4+92—36 
823 (+3) (x—3) 


Solution to Exercise 8.394 (p. 


8x%+50 


32-13 


x2—6 
Solution to Exercise 8.398 (p. 


2at+1 


a—l 
Solution to Exercise 8.400 (p. 


3a7420—4 
atl 


Solution to Exercise 8.402 (p. 


Qn? +ar4+2 


x2—1 
Solution to Exercise 8.404 (p. 


—52#+31 


a—4 
Solution to Exercise 8.406 (p. 


—(y?+y+1) 
yt4 


Solution to Exercise 8.408 (p. 


Ta°+35a7+85a—1 
(a+7)(a+4) 


Solution to Exercise 8.410 (p. 


—2m 


m—6 
Solution to Exercise 8.412 (p. 


2y—13 
5Sy—4 


Solution to Exercise 8.414 (p. 


graye 


2+6 
Solution to Exercise 8.396 (p. 


588) 
588) 
588) 
588) 
588) 
589) 
589) 
589) 
589) 
589) 
589) 
589) 


589) 
589) 
589) 
589) 
590) 
590) 


590) 


590) 
590) 
590) 


590) 
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Solution to Exercise 8.416 (p. 590) 


Solution to Exercise 8.418 (p. 591) 
(x + 3) (a — 2) 

Solution to Exercise 8.419 (p. 594) 
z=-—10 

Solution to Exercise 8.420 (p. 594) 
a=—2 

Solution to Exercise 8.421 (p. 595) 
y = 3 is extraneous, so no solution. 
Solution to Exercise 8.422 (p. 596) 
o=4 

Solution to Exercise 8.423 (p. 596) 


This equation has no solution. x = 1 is extraneous. 


Solution to Exercise 8.424 (p. 597) 
x=6 

Solution to Exercise 8.426 (p. 597) 
y= 12 

Solution to Exercise 8.428 (p. 597) 
L=7T 

Solution to Exercise 8.430 (p. 597) 
y=-9 

Solution to Exercise 8.432 (p. 597) 
a=15 

Solution to Exercise 8.434 (p. 597) 
b = —47 

Solution to Exercise 8.436 (p. 597) 
a=—4 

Solution to Exercise 8.438 (p. 597) 
y= i 

Solution to Exercise 8.440 (p. 597) 
m=—3 

Solution to Exercise 8.442 (p. 597) 
x=2 

Solution to Exercise 8.444 (p. 597) 
a=6 

Solution to Exercise 8.446 (p. 598) 
—_ 
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Solution to Exercise 8.448 (p. 598) 
ie 

Solution to Exercise 8.450 (p. 598) 
a=2 

Solution to Exercise 8.452 (p. 598) 
No solution; 6 is an excluded value. 
Solution to Exercise 8.454 (p. 598) 
y=-12 

Solution to Exercise 8.456 (p. 598) 
b=8 

Solution to Exercise 8.458 (p. 598) 
no solution 

Solution to Exercise 8.460 (p. 598) 
No solution; —4 is an excluded value. 
Solution to Exercise 8.462 (p. 598) 
y= —6, 1 

Solution to Exercise 8.464 (p. 598) 
x=4, -5 

Solution to Exercise 8.466 (p. 598) 
y=4,-1 

Solution to Exercise 8.468 (p. 599) 
y=4,-4 

Solution to Exercise 8.470 (p. 599) 
y = 6,—-6 

Solution to Exercise 8.472 (p. 599) 
a=+,-2 


3° 
Solution to Exercise 8.474 (p. 599) 


Solution to Exercise 8.476 (p. 599) 


—_ _4 
t= mee 


Solution to Exercise 8.478 (p. 599) 


Solution to Exercise 8.480 (p. 599) 
na BY 
rt 
Solution to Exercise 8.482 (p. 599) 
W = P=2 
2 

Solution to Exercise 8.484 (p. 599) 

— A-P 
T= “pe 
Solution to Exercise 8.486 (p. 599) 
9.2 — Sx? 

y =P 
Solution to Exercise 8.488 (p. 599) 
Sy = 2K — 8 or 2S 
Solution to Exercise 8.490 (p. 600) 
hs = 6V—37a? 

2 as 
Solution to Exercise 8.492 (p. 600) 

8 
Toa 
Solution to Exercise 8.494 (p. 600) 
steepness 
Solution to Exercise 8.496 (p. 600) 


2x? —5a+1 
(w+1)(x—3) 


649 
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Solution to Exercise 8.497 (p. 601) 
The number added is 6. 
Solution to Exercise 8.498 (p. 602) 
There are two numbers: 3, Z. 
Solution to Exercise 8.499 (p. 603) 
Working together, A and B can pour the concrete walkway in 33hr. 
Solution to Exercise 8.500 (p. 604) 
It will take 40 hr to fill the tank. 
Solution to Exercise 8.501 (p. 605) 
Person A, 4 hr to complete the task; person B, 8 hr complete the task. 
Solution to Exercise 8.502 (p. 607) 
length = 36 ft, width = 3 ft. 
Solution to Exercise 8.503 (p. 607) 
The number added is 5. 
Solution to Exercise 8.505 (p. 608) 
The number added is —2. 
Solution to Exercise 8.507 (p. 608) 
The number subtracted is —17. 
Solution to Exercise 8.509 (p. 608) 
r= 4 6 
Solution to Exercise 8.511 (p. 608) 
2 
Solution to Exercise 8.513 (p. 608) 
35 hours 
Solution to Exercise 8.515 (p. 608) 
two minutes 
Solution to Exercise 8.517 (p. 608) 
No. « = —20 hours. 
Solution to Exercise 8.519 (p. 609) 
25 hours 
Solution to Exercise 8.521 (p. 609) 
First. person: 12 hours; second person: 4 hours 
Solution to Exercise 8.523 (p. 609) 
16,17 
Solution to Exercise 8.525 (p. 609) 
width = 9 ft; length = 21 ft 
Solution to Exercise 8.527 (p. 609) 
side 1 = 9 inches; side 2 = 12 inches; side 3 = 9 inches 
Solution to Exercise 8.529 (p. 609) 
(a) f = Pft (b) p= l5inches (c) q = 8cm 
Solution to Exercise 8.531 (p. 610) 
1 + hours 
Solution to Exercise 8.533 (p. 610) 
30 hours 
Solution to Exercise 8.535 (p. 610) 
m=1 
Solution to Exercise 8.537 (p. 610) 
0 


Solution to Exercise 8.539 (p. 613) 
12 
Ba 


Solution to Exercise 8.540 (p. 


3xz—1 
3241 


Solution to Exercise 8.541 (p. 


y(a—y) 


Solution to Exercise 8.542 (p. 


m—2 


m—3 
Solution to Exercise 8.543 (p. 


x 


x—2 
Solution to Exercise 8.544 (p. 


12 


5x 
Solution to Exercise 8.545 (p. 


3xz—1 
3241 


Solution to Exercise 8.546 (p. 


y(a—y) 


Solution to Exercise 8.547 (p. 


m-—2 
m—3 


Solution to Exercise 8.548 (p. 


x 


x—2 
Solution to Exercise 8.549 (p. 


5 


3 
Solution to Exercise 8.551 (p. 


y—1 
ytl1 


arc 


a 


ax 


Solution to Exercise 8.557 (p. 


2a+7 
2a—3 


Solution to Exercise 8.559 (p. 


2m—1 


m 
Solution to Exercise 8.561 (p. 


k-1 


Solution to Exercise 8.563 (p. 


3y? 


(2a—y)? 


Solution to Exercise 8.565 (p. 


=3 


x 
Solution to Exercise 8.567 (p. 


Yy-r 


xy 
Solution to Exercise 8.569 (p. 


y-l 
yt5 


Solution to Exercise 8.571 (p. 


3a — 4 


Solution to Exercise 8.573 (p. 


AE, 
a2+4 


Solution to Exercise 8.575 (p. 


(w—2)(x+1) 
(e=1)(e+3) 


Solution to Exercise 8.577 (p. 


ce? (Vit V2) 
c2+Vj1 Ve 


Solution to Exercise 8.579 (p. 


Ox? + 242 + 16 


Solution to Exercise 8.553 (p. 


—c 
Solution to Exercise 8.555 (p. 


613) 
613) 
613) 
613) 
615) 
615) 
615) 
615) 
615) 
615) 
615) 
616) 
616) 
616) 
616) 
616) 


616) 
616) 
616) 
616) 
617) 
617) 
617) 
617) 


617) 


651 


652 


Solution to Exercise 8.581 (p. 


xr=T7 


Solution to Exercise 8.583 (p. 


eee ee 


Solution to Exercise 8.584 (p. 


3x +4+4+4%2-4 


x a 


Solution to Exercise 8.585 (p. 


a+3b+2 


Solution to Exercise 8.586 (p. 


2xy — 1 


Solution to Exercise 8.587 (p. 


—2m?n? — 3mn3? + 4n 


Solution to Exercise 8.588 (p. 


1+ 


Solution to Exercise 8.589 (p. 


ee Oe 


Solution to Exercise 8.590 (p. 


Te Bb = 


Solution to Exercise 8.591 (p. 


14”%-14 _ 14 
r—3t a2+4r¢—5 t—3+ a+5 


Solution to Exercise 8.592 (p. 


1 
t-2+ a5 


Solution to Exercise 8.593 (p. 


4a +12 + 32, 


Solution to Exercise 8.594 (p. 


a +2e+6+4+ 14 


Solution to Exercise 8.595 (p. 


3a? —2e+3- 529, 


Solution to Exercise 8.596 (p. 


3a+6 


Solution to Exercise 8.598 (p. 


—2y+1 


Solution to Exercise 8.600 (p. 


—a (x — 2) 


Solution to Exercise 8.602 (p. 


3a+1 


Solution to Exercise 8.604 (p. 


307 +444 


Solution to Exercise 8.606 (p. 


ab+ 4a + 6b— 10 


Solution to Exercise 8.608 (p. 


—x7y? + 3xy—4 


Solution to Exercise 8.610 (p. 


ave taut 


Solution to Exercise 8.612 (p. 


8x7 — 10x” +120" bE 1204-1007 +8? 


3a 3a3 
Solution to Exercise 8.614 (p. 


2b? —3b3 c+4c 
= 


ac 
Solution to Exercise 8.616 (p. 


14+, 


617) 
618) 
618) 
619) 
619) 
619) 
623) 
623) 
623) 
623) 
624) 
624) 
624) 
624) 
624) 
625) 
625) 
625) 
625) 
625) 
625) 
625) 
625) 


625) 


625) 
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Solution to Exercise 8.618 (p. 


e—34 20 


Solution to Exercise 8.620 (p. 


ee 


Solution to Exercise 8.622 (p. 


1 
w—1l— say 


Solution to Exercise 8.624 (p. 


8) 
y-2+ am) 


Schition to Exercise 8.626 (p. 


e—¢+1-—) 


Solution to Paves 8.628 (p. 


et+e+l 


Solution to Exercise 8.630 (p. 


a +5e+114+ 2% 


Solution to Exercise 8.632 (p. 


a+a+24+ 8 


Solution to Exercise 8.634 (p. 


at ee er 


Solution to Exencise 8.636 (p. 
Solution to Exercise 8.638 (p. 


Solution to Exercise 8.640 (p. 


11 
OP a 


Solution to Exercise 8.642 (p. 


4 


UT ay 


Solution to Exercise 8.644 (p. 


1 
20 — 3554 


Solution to Exercise 8.646 (p. 


vane 2 
2x 32 — dg=7 


Solution to Exercise 8.648 (p. 


Ag? + 2x — a 


pouon to Exercise 8.650 (p. 


3+ Pay 


Solution to Exercise 8.652 (p. 
425 + 424 + 223 +727 4+ 1224114 5335 
Solution to Exercise 8.654 (p. 


4 _ _1_ 
v 22-15 


Solution to Exercise 8.656 (p. 


et+4 
2(a—3) 


Solution to Exercise 8.658 (p. 


a= 


Solution to Exercise 8.660 (p. 


2-8 


Sohition to Exercise 8.661 (p. 


xX#—A4 


Solution to Exercise 8.663 (p. 


Solution to Exercise 8.665 (p. 


m#0,1 


625) 
626) 
626) 
626) 
626) 
626) 
626) 
626) 
626) 
626) 
626) 
626) 
627) 
627) 
627) 
627) 
627) 
627) 
627) 
627) 
627) 
627) 
629) 
629) 


629) 


653 


654 


Solution to Exercise 8.667 (p. 


s#—-8,-4,0 


Solution to Exercise 8.669 (p. 


y#H-3 


Solution to Exercise 8.671 (p. 


—(4- 5) = 20, —-4(5) = —20 


Solution to Exercise 8.673 (p. 


~(7 - 10) = —70,—7 (10) = —70 


Solution to Exercise 8.675 (p. 


—6a 


Solution to Exercise 8.677 (p. 


9 


Solution to Exercise 8.679 (p. 


5m+1 


Solution to Exercise 8.681 (p. 


es, 
xrt+4 


Solution to Exercise 8.683 (p. 


m+5 
m(2m+3) 


Solution to Exercise 8.685 (p. 


3at+4 


a(5a+6) 


Solution to Exercise 8.687 (p. 
5 


y—4 


Solution to Exercise 8.689 (p. 


3a”(a?—2) 


a2—7 
Solution to Exercise 8.691 (p. 


Solution to Exercise 8.693 (p. 


x+6 
2 


x 
Solution to Exercise 8.695 (p. 


y—4 
y-l 


Solution to Exercise 8.697 (p. 


3r+2 


r—2 
Solution to Exercise 8.699 (p. 


a(a-— 2) 


Solution to Exercise 8.701 (p. 


6a+1 


1 


6x 
Solution to Exercise 8.705 (p. 


eT 


=I 
Solution to Exercise 8.707 (p. 


20mr (2m? _ 1) 


Solution to Exercise 8.709 (p. 


—Ta 


3a—1 


Solution to Exercise 8.711 (p. 


13y—5 


8yt+1 


Solution to Exercise 8.713 (p. 


2a(6a—13) 
(a+6)(a—8) 


y? —Ty—23 
(y+4)(y+1) 


5a+2 
Solution to Exercise 8.703 (p. 


Solution to Exercise 8.715 (p. 


629) 
630) 
630) 
630) 
630) 
630) 
630) 
630) 
630) 
630) 
631) 


631) 


631) 
631) 
631) 
631) 
631) 
631) 
632) 
632) 
632) 
632) 
632) 


632) 


632) 
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Solution to Exercise 8.717 (p. 


2(8a?—a+1) 
(2a+1)(4a—3) 


Solution to Exercise 8.719 (p. 


3r(3r+7) 
air 245) 


Solution to Exercise 8.721 (p. 


—16a?—18a—17 
2(4a—1)(4a+1)(2a—1) 


Solution to Exercise 8.723 (p. 


(x+4)(x—4) 
(x—2)(x—6) 


Solution to Exercise 8.725 (p. 


(r +3) (r +4) 


Solution to Exercise 8.727 (p. 


(a — 7) (a+ 1) 


Solution to Exercise 8.729 (p. 


Tx? —~202+1 
(x—4) 


Solution to Exercise 8.731 (p. 


(y+2) 
(y+3)(y+7) 


Solution to Exercise 8.733 (p. 


5a —26a7—192%—105 
(w?—2a2—35)(x+1)(a+2) 


Solution to Exercise 8.735 (p. 


1323 —39"?+51a2—100 
(2x+3)(x—7)(5x—2) 


Solution to Exercise 8.737 (p. 


a=4 


Solution to Exercise 8.739 (p. 


a4 


Solution to Exercise 8.741 (p. 


a=1 


Solution to Exercise 8.743 (p. 


No solution; m = 8 is excluded. 


Solution to Exercise 8.745 (p. 


No solution; b = 7 is excluded. 


Solution to Exercise 8.747 (p. 


Pr 
Solution to Exercise 8.749 (p. 


pS 2mn—Qs 


Solution to Exercise 8.751 (p. 


2 


Solution to Exercise 8.753 (p. 


No rational solution. 


Solution to Exercise 8.755 (p. 


3 hrs 


Solution to Exercise 8.757 (p. 


24 hrs 


Solution to Exercise 8.759 (p. 
(a) 176 units of pressure; (b) 3 units of length 
Solution to Exercise 8.761 (p. 


a+6 


Solution to Exercise 8.763 (p. 


xv? +2r7+4 


632) 


632) 
632) 
632) 


633) 
633) 


633) 
633) 
633) 
633) 


633) 
633) 
633) 
633) 
634) 
634) 
634) 
634) 
634) 
634) 
634) 
634) 
635) 


635) 


655 


656 


Solution to Exercise 8.765 (p. 


m> + 4m? —1 


Solution to Exercise 8.767 (p. 


a*+6a—2— 8 


a—9 


Solution to Exercise 8.769 (p. 


2 44 


Solution to Exercise 8.771 (p. 


yo +3 


Solution to Exercise 8.773 (p. 


av*—ax+1 


Solution to Exercise 8.775 (p. 


ye +3 


Solution to Exercise 8.776 (p. 


a #—3,8 


Solution to Exercise 8.777 (p. 


—3 


Solution to Exercise 8.778 (p. 


—274-—5 


Solution to Exercise 8.779 (p. 


5a° (a — 3)? (a +5) 


Solution to Exercise 8.780 (p. 


a+4 


x2—5 
Solution to Exercise 8.781 (p. 


A4xe+3 


(a — 3) (a + 2) 


Solution to Exercise 8.783 (p. 


(a + 2) (a— 2) (a+ 3) (a—4) 


Solution to Exercise 8.784 (p. 


a+5 


9Jabx 


Solution to Exercise 8.786 (p. 


(y+3)(y+8) 
(y+1)(y-3) 


Solution to Exercise 8.787 (p. 


2(y?—22) 
(y—8)(y—3) (y+6) 


Solution to Exercise 8.788 (p. 


62a+19 
(2e+7) (6x—1) 


Solution to Exercise 8.789 (p. 


8a4(x+1) 
3(@—1) 


Solution to Exercise 8.790 (p. 


5m+1 


2 
Solution to Exercise 8.791 (p. 


—Ty?+15y+63 
(4y—1)(2y+3) (y+6) 


Solution to Exercise 8.792 (p. 


r= 2 


Solution to Exercise 8.793 (p. 


No solution; m = 4 is excluded. 


Solution to Exercise 8.794 (p. 


7 


22+7 
Solution to Exercise 8.782 (p. 


a+6 
Solution to Exercise 8.785 (p. 


635) 
635) 
635) 
635) 
635) 
635) 
636) 
636) 
636) 
636) 
636) 
636) 
636) 
636) 
636) 
636) 


636) 
636) 
636) 
636) 


636) 


636) 


636) 
637) 


637) 
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Solution to Exercise 8.795 (p. 


12 hours 


Solution to Exercise 8.796 (p. 


8 ft by 14 ft 


Solution to Exercise 8.797 (p. 


Ax—3 


42+3 
Solution to Exercise 8.798 (p. 


x—6 


2+5 
Solution to Exercise 8.799 (p. 


a+4r-—3 


Solution to Exercise 8.800 (p. 


2a? + 4 + 134+ 2 


637) 
637) 
637) 
637) 
637) 


637) 


657 
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Chapter 9 


Roots, Radicals, and Square Root 
Equations 


9.1 Objectives’ 


After completing this chapter, you should 


Square Root Expressions (Section 9.2) 


e understand the concept of square root 
e be able to distinguish between the principal and secondary square roots of a number 
e be able to relate square roots and meaningful expressions and to simplify a square root expression 


Simplifying Square Root Expressions (Section 9.3) 


e be able to identify a perfect square 
e be familiar with the product and quotient properties of square roots 
e be able to simplify square roots involving and not involving fractions 


Multiplication of Square Root Expressions (Section 9.4) 


e be able to use the product property of square roots to multiply square roots 


Division of Square Root Expressions (Section 9.5) 


e be able to use the division property of square roots, the method of rationalizing the denominator, and 
conjugates to divide square roots 


Addition and Subtraction of Square Root Expressions (Section 9.6) 


e understand the process used in adding and subtracting square roots 
e be able to add and subtract square roote 


Square Root Equations with Applications (Section 9.7) 


e be able to recognize square root equations and extraneous solutions 
e be able to solve square root equations 


'This content is available online at <http://cnx.org/content /m22797/1.4/>. 
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9.2 Square Root Expressions * 


9.2.1 Overview 


Square Roots 

Principal and Secondary Square Roots 
Meaningful Expressions 

Simplifying Square Roots 


9.2.2 Square Roots 


When we studied exponents in Section Section 2.5, we noted that 47 = 16 and (—4)? = 16. We can see that 16 
is the square of both 4 and —4. Since 16 comes from squaring 4 or —4, 4 and —4 are called the square roots 
of 16. Thus 16 has two square roots, 4 and —4. Notice that these two square roots are opposites of each other. 


We can say that 

Square Root 

The square root of a positive number x is a number such that when it is squared the number x results. 
Every positive number has two square roots, one positive square root and one negative square root. 

Furthermore, the two square roots of a positive number are opposites of each other. The square root of 0 is 

0. 


9.2.3 Sample Set A 


Example 9.1 
The two square roots of 49 are 7 and —7 since 


7?=49 and (-7)?=49 


Example 9.2 
49 7 a7 
The two square roots of ¢ are ; and = since 
(Z)°=2-7=4% and (St)? =. 2=8 
8) ~8'° 8 64 8) —~ 8 8 — 64 


9.2.4 Practice Set A 


Name both square roots of each of the following numbers. 


Exercise 9.1 (Solution on p. 713.) 
36 

Exercise 9.2 (Solution on p. 713.) 
25 

Exercise 9.3 (Solution on p. 713.) 
100 

Exercise 9.4 (Solution on p. 713.) 
64 

Exercise 9.5 (Solution on p. 713.) 
1 


?This content is available online at <http://cnx.org/content /m18879/1.4/>. 
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Exercise 9.6 (Solution on p. 713.) 
1 

4 
Exercise 9.7 (Solution on p. 713.) 
9 

16 
Exercise 9.8 (Solution on p. 713.) 
0.1 
Exercise 9.9 (Solution on p. 713.) 
0.09 


9.2.5 Principal and Secondary Square Roots 


There is a notation for distinguishing the positive square root of a number x from the negative square root 
of x. 

Principal Square Root: /z 

If x is a positive real number, then 


/x represents the positive square root of x. The positive square root of a number is called the 
principal square root of the number. 
Secondary Square Root: —,/z 

—./x represents the negative square root of x. The negative square root of a number is called the 
secondary square root of the number. 


—,/z indicates the secondary square root of 2. 
Radical Sign, Radicand, and Radical 
In the expression ,/Z, 


isscalited Aaadieal Siew: 
x is called the radicand. 


/« is called a radical. 
The horizontal bar that appears attached to the radical sign, ,/ , is a grouping symbol that specifies 
the radicand. 


Because \/z and —,/x are the two square root of z, 


9.2.6 Sample Set B 


Write the principal and secondary square roots of each number. 


Example 9.3 


Principal square root is /9 = 3. 
Secondary square root is — /9 = —3. 
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Example 9.4 


Principal square root is V15. 
Secondary square root is — V/15. 
Example 9.5 


Use a calculator to obtain a decimal approximation for the two square roots of 34. Round to two 
decimal places. 


On the Calculater 
Type 34 
Press Sx 


Display reads: 5.8309519 
Round to 5.83. 


Notice that the square root symbol on the calculator is ,/ . This means, of course, that a 


calculator will produce only the positive square root. We must supply the negative square root 
ourselves. 


J/34 & 5.83 and —/34 & —5.83 


Note: The symbol * means "approximately equal to." 


Example 9.6 
The number 50 is between what two whole numbers? 


Since 7? = 49, /49 = 7. 
Since 8? = 64, /64 = 8. Thus, 
7< V50<8 
Thus, 50 is a number between 7 and 8. 
V49 V50 V64 


S$} a$$ i 
0 7 8 


9.2.7 Practice Set B 


Write the principal and secondary square roots of each number. 


Exercise 9.10 (Solution on p. 713.) 
100 
Exercise 9.11 (Solution on p. 713.) 


121 


663 


Exercise 9.12 (Solution on p. 713.) 
35 
Exercise 9.13 (Solution on p. 713.) 


Use a calculator to obtain a decimal approximation for the two square roots of 35. Round to two 
decimal places. 


9.2.8 Meaningful Expressions 


Since we know that the square of any real number is a positive number or zero, we can see that expressions 
such as ./—16 do not describe real numbers. There is no real number that can be squared that will produce 
—16. For \/z to be a real number, we must have x > 0. In our study of algebra, we will assume that all 
variables and all expressions in radicands represent nonnegative numbers (numbers greater than or equal to 
Zer0). 


9.2.9 Sample Set C 


Write the proper restrictions that must be placed on the variable so that each expression represents a real 
number. 


Example 9.7 
For a — 3 to be a real number, we must have 


z—3>0 or xr>3 


Example 9.8 
For /2m +7 to be a real number, we must have 


2m+7>0 or 2m > —7 or m> 


9.2.10 Practice Set C 
Write the proper restrictions that must be placed on the variable so that each expression represents a real 
number. 


Exercise 9.14 (Solution on p. 713.) 


Exercise 9.15 (Solution on p. 713.) 
y—8 
Exercise 9.16 (Solution on p. 713.) 


Exercise 9.17 (Solution on p. 713.) 
5m — 6 
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9.2.11 Simplifying Square Roots 


When variables occur in the radicand, we can often simplify the expression by removing the radical sign. 
We can do so by keeping in mind that the radicand is the square of some other expression. We can simplify 
a radical by seeking an expression whose square is the radicand. The following observations will help us find 
the square root of a variable quantity. 


Example 9.9 
Since (23)? =a? .? =7% x3 is a square root of x°. Also 


gore 


exponent exponent 
of x6 of ¥x8 


Example 9.10 
Since (x4)? = «+? = 78, «4 is a square root of 2°. Also 


8+2=4 


exponent exponent 
of x8 of ¥x8 


Example 9.11 
Since (2°)? = 2°? = g!? 7° is a square root of x!*. Also 


1Z2+-2= A 
exponent exponent 
of x? of Vx!2 


Vxl2 = x6 


These examples suggest the following rule: 
If a variable has an even exponent, its square root can be found by dividing that exponent by 2. 
The examples of Sample Set B illustrate the use of this rule. 


9.2.12 Sample Set D 
Simplify each expression by removing the radical sign. Assume each variable is nonnegative. 


Example 9.12 


: : : 2 
Va’. We seek an expression whose square is a?. Since (a)~ = a?, 


Vaz=a Notice that 2+ 2 = 1. 


Example 9.13 
Jy. We seek an expression whose square is y?. Since (y*) a ye, 


ys = y* Notice that 8 +2 = 4. 
Example 9.14 
V25m2n8, We seek an expression whose square is 25m?n°. Since (5mn?) * = 25m?2n8, 
V25m2n®§ =5mn3? —Noticethat 2+ 2 = land6 +2 =3. 
Example 9.15 


—1/121410(b — 1)’. We seek an expression whose square is 121a!°(b — 


2 2 10 4 
[1105(0 — 1)?| = 121a!(b—1)4, 
121a10(b —1)* = 11a5(b-1) 
Then, — \/121a!9(b—1)* = -11a5(b—1)? —Notiicethat 10 + 2 = 5and4+2=2. 


9.2.13 Practice Set D 


Simplify each expression by removing the radical sign. Assume each variable is nonnegative. 
Exercise 9.18 (Solution on p. 713.) 
/7,8 
y 
Exercise 9.19 (Solution on p. 713.) 
Vv 16a4 


Exercise 9.20 (Solution on p. 713.) 

Vf 4924 y6 

Exercise 9.21 (Solution on p. 713.) 

—/100a8 y!2z2 

Exercise 9.22 (Solution on p. 713.) 

—1/36(a +5)" 

Exercise 9.23 (Solution on p. 713.) 
225w4(z? — 1)? 

Exercise 9.24 (Solution on p. 713.) 

/0.25y8z14 

Exercise 9.25 (Solution on p. 713.) 

Vx2", where n is a natural number. 


Exercise 9.26 (Solution on p. 714.) 
Va4", where n is a natural number. 
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9.2.14 Exercises 


Exercise 9.27 (Solution on p. 714.) 
How many square roots does every positive real number have? 


Exercise 9.28 
The symbol ,/ represents which square root of a number? 


Exercise 9.29 (Solution on p. 714.) 
The symbol —,/ represents which square root of a number? 


For the following problems, find the two square roots of the given number. 


Exercise 9.30 
64 


Exercise 9.31 (Solution on p. 714.) 
81 


Exercise 9.32 
25 


Exercise 9.33 (Solution on p. 714.) 
121 


Exercise 9.34 
144 


Exercise 9.35 (Solution on p. 714.) 
225 


Exercise 9.36 

10,000 

Exercise 9.37 (Solution on p. 714.) 
1 

16 

Exercise 9.38 

1 

49 

Exercise 9.39 (Solution on p. 714.) 


25 
36 


Exercise 9.40 
121 
225 


Exercise 9.41 (Solution on p. 714.) 
0.04 
Exercise 9.42 
0.16 
Exercise 9.43 (Solution on p. 714.) 
1.21 
For the following problems, evaluate each expression. If the expression does not represent a real number, 
write "not a real number." 


Exercise 9.44 

V49 

Exercise 9.45 (Solution on p. 714.) 
V64 

Exercise 9.46 


—V36 
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Exercise 9.47 (Solution on p. 714.) 
—v100 
Exercise 9.48 


—V169 


Exercise 9.49 (Solution on p. 714.) 
36 


81 


Exercise 9.50 


ee ei 
169 


Exercise 9.51 (Solution on p. 714.) 
V —225 
Exercise 9.52 
V—36 
Exercise 9.53 (Solution on p. 714.) 
—-V-1 
Exercise 9.54 
—V-5 
Exercise 9.55 (Solution on p. 714.) 
~(-V9) 
Exercise 9.56 
— (—V0.81) 
For the following problems, write the proper restrictions that must be placed on the variable so that the 
expression represents a real number. 
Exercise 9.57 (Solution on p. 714.) 
Vy + 10 
xercise 9.58 
Vai+A4 
Exercise 9.59 (Solution on p. 714.) 
Va— 16 
Exercise 9.60 
Vvh—-11 
Exercise 9.61 (Solution on p. 714.) 
V2k—-1 
Exercise 9.62 
Viz +8 
Exercise 9.63 (Solution on p. 714.) 
V¥—22—8 
Exercise 9.64 
V—oy + 15 
For the following problems, simplify each expression by removing the radical sign. 
Exercise 9.65 (Solution on p. 714.) 


& 


Exercise 9.67 (Solution on p. 714.) 
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Exercise 9.68 
AG 

Exercise 9.69 (Solution on p. 714.) 
/p4yi0 

Exercise 9.70 

V/q6h20 


Exercise 9.71 (Solution on p. 714.) 


Exercise 9.72 
xsy 
Exercise 9.73 (Solution on p. 714.) 


V81a2b2 


(Solution on p. 715.) 


Exercise 9.76 
\/225p!4716 


Exercise 9.77 (Solution on p. 715.) 
3602214 


Exercise 9.78 


Exercise 9.79 (Solution on p. 715.) 
25x12(y —1)* 

Exercise 9.80 
64a!9(a + 4)'* 

Exercise 9.81 (Solution on p. 715.) 

/9m&n4(m +n)'® 

Exercise 9.82 

V 25m 25n42 766 584 

Exercise 9.83 (Solution on p. 715.) 
(f —2)’(g + 6)" 

Exercise 9.84 

2c 8)? e(Sese dl)” 

Exercise 9.85 (Solution on p. 715.) 

— 6474522 

Exercise 9.86 

—\/121a8(a — 4)® 

Exercise 9.87 (Solution on p. 715.) 

- |- (w + 6) 

Exercise 9.88 

= E /4a2b2(c2 + 3) 
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Exercise 9.89 (Solution on p. 715.) 


V1.21h4k4 
Exercise 9.90 
/2.25m5p® 


Exercise 9.91 (Solution on p. 715.) 


_ | 169a2b*c% 
19624 y6z8 


Exercise 9.92 


a 81y4(z—-1)? 
22528 z4w% 


9.2.15 Exercised for Review 


Exercise 9.93 (Solution on p. 715.) 
2 
(Section 8.4) Find the quotient. 2-' + 2-1 


4e2—-1 * 2Qa+1° 
Exercise 9.94 


(Section 8.6) Find the sum. =a + aa +o. 


Exercise 9.95 (Solution on p. 715.) 


(Section 8.7) Solve the equation, if possible: +, = + 3 


2 bs 
Exercise 9.96 a aly 
(Section 8.10) Perform the division: 2% —32 +102 | 


5a 
Exercise 9.97 (Solution on p. 715.) 
(Section 8.10) Perform the division: at abo" 182-21 


9.3 Simplifying Square Root Expressions * 


9.3.1 Overview 


Perfect Squares 

The Product Property of Square Roots 
The Quotient Property of Square Roots 
Square Roots Not Involving Fractions 
Square Roots Involving Fractions 


To begin our study of the process of simplifying a square root expression, we must note three facts: one fact 
concerning perfect squares and two concerning properties of square roots. 


9.3.2 Perfect Squares 


Perfect Squares 
Real numbers that are squares of rational numbers are called perfect squares. The numbers 25 and ; are 


examples of perfect. squares since 25 = 5? and ; = eo and 5 and 4 are rational numbers. The number 2 


=~, 2 

is not a perfect square since 2 = (/2) and 2 is not a rational number. 
Although we will not make a detailed study of irrational numbers, we will make the following observation: 
Any indicated square root whose radicand is not a perfect square is an irrational number. 


The numbers 6, /15, and /3 are each irrational since each radicand (6, 15, 3) is not a perfect square. 


’This content is available online at <http://cnx.org/content /m21973/1.3/>. 
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9.3.3 The Product Property of Square Roots 
Notice that, 


V9-4=V/36=6 and 
V9V4=3-2 =6 
Since both /9 - 4 and V9 V4 equal 6, it must be that 


V9 -4= V9V/4 
The Product Property //7y = x \/j 
This suggests that in general, if 2 and y are positive real numbers, 


Vi = VeVi 


The square root of the product is the product of the square roots. 


9.3.4 The Quotient Property of Square Roots 


We can suggest a similar rule for quotients. Notice that 


[8 =v9=3 and 
V36 _ 6 _9 
a oe 


Since both 36 and vee equal 3, it must be that 


(2-4 
4 V4 
Va 


The Quotient Property ve =a 


This suggests that in general, if 2 and y are positive real numbers, 


z_ Ve 

7 ag eo 

The square root of the quotient is the quotient of the square roots. 
CAUTION 

It is extremely important to remember that. 


VErue Vet yy oo VEU F VE- Vi 
For example, notice that 16 +9 = /25 = 5, but 16+ /9 =4+3=7. 
We shall study the process of simplifying a square root expression by distinguishing between two types 
of square roots: square roots not involving a fraction and square roots involving a fraction. 


9.3.5 Square Roots Not Involving Fractions 


A square root that does not involve fractions is in simplified form if there are no perfect square in the 
radicand. 

The square roots VE Vab, /dmn,\/2 (a+ 5) are in simplified form since none of the radicands contains 
a perfect square. 

The square roots fx? Va = Va?a are not in simplified form since each radicand contains a perfect 
square. 

To simplify a square root expression that does not involve a fraction, we can use the following two rules: 
SIMPLIFYING SQUARE ROOTS WITHOUT FRACTIONS 
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1. If a factor of the radicand contains a variable with an even exponent, the square root is obtained by 
dividing the exponent by 2. 

2. If a factor of the radicand contains a variable with an odd exponent, the square root is obtained by 
first factoring the variable factor into two factors so that one has an even exponent and the other has 
an exponent of 1, then using the product property of square roots. 


9.3.6 Sample Set A 


Simplify each square root. 


Example 9.16 
Va*. The exponent is even: 4 = 2. The exponent on the square root is 2. 


5 = 
Vat = a? 
Example 9.17 
1 


Va°b!9. Both exponents are even: 8 = 3 and a = 5. The exponent on the square root of a® is 3. 
The exponent on the square root if 51° is 5. 


Vahl = a3h° 
Example 9.18 
/y®. The exponent is odd: y° = y*ty. Then 


Ve = Vyty = Ve VI=vPVd 


Example 9.19 


V36a7H 20 = —-V/62. a5 ab10Hc20 a’ = aba, b!! = 6! 
= V67a5b10°¢20 . ab by the commutative property of multiplication. 
= vV62a5!%C29V/ab by the product property of square roots. 
a 6a3b°c!9/ab 


Example 9.20 
4928 y3(a — 1° = a8 y2y(a — 1)° 
= 7228 y? (a — 1° 9 
a 7x*y(a— 1 V9 


Example 9.21 
J75 = V25 -38= V5? - 3 = V52V3 = 5V3 


9.3.7 Practice Set A 


Simplify each square root. 


Exercise 9.98 (Solution on p. 715.) 
Vm 
Exercise 9.99 (Solution on p. 715.) 


V hi4K22 


Exercise 9.100 (Solution on p. 715.) 


V 81q!2h6c38 
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Exercise 9.101 (Solution on p. 715.) 
V 14424y80(b + 5)*° 

Exercise 9.102 (Solution on p. 715.) 
Vw? 

Exercise 9.103 (Solution on p. 715.) 
ERIE 

Exercise 9.104 (Solution on p. 715.) 
V27a3b4c° d& 

Exercise 9.105 (Solution on p. 715.) 
\/180m4n'5 (a 10 


9.3.8 Square Roots Involving Fractions 


A square root expression is in simplified form if there are 


1. no perfect squares in the radicand, 
2. no fractions in the radicand, or 
3. 3. no square root expressions in the denominator. 


The square root expressions 5a, eee and ne ¢—4 are in simplified form. 
The square root expressions Sz jae and oh are not in simplified form. 
SIMPLIFYING SQUARE ROOTS WITH FRACTIONS 


x 


To simplify the square root expression “a ' 


1. Write the expression as a using the rule Te = we 
2. Multiply the fraction by 1 in the form of ve 


3. Simplify the remaining fraction, ee 


Rationalizing the Denominator 
The process involved in step 2 is called rationalizing the denominator. This process removes square root 
expressions from the denominator using the fact that (/) (/y) =y. 


9.3.9 Sample Set B 
Simplify each square root. 


Example 9.22 


9 _ v9 _3 
25 4/25) 5 


Example 9.23 


(2-4-4. 4-8 
5 v5 v5 VB 5 


673 


Example 9.24 


Jenene V8 3V8_ 3V4-2  38V4V2_— 3 2V2 332 
S46 48 ve & & 8 8 4 


Example 9.25 


(eee k Ro Re eR Be A OR RIE 
mms Vm Vm V2 mm mmm my/my/m sm Mm m? 


Example 9.26 


Vx? —8¢+16 = 4/(x—4)? 
x—A 


9.3.10 Practice Set B 


Simplify each square root. 
Exercise 9.106 (Solution on p. 715.) 


& 
val 
oO 
s 
iz) 
me 
wn 
io) 
Ko) 
—_ 
i=) 
I 


(Solution on p. 715.) 


SOE Sey 
oF 


& 


xercise 9.108 (Solution on p. 715.) 


on 


Exercise 9.109 (Solution on p. 715.) 
10 

V4 

Exercise 9.110 (Solution on p. 715.) 
9 
4 

Exercise 9.111 (Solution on p. 716.) 
a3 
6 

Exercise 9.112 (Solution on p. 716.) 
yt 
Pa 

Exercise 9.113 (Solution on p. 716.) 
32a® 


& 
val 
Os 
so 
ie) 
= 
wn 

lo) 

co 

_ 
_ 
PN 


(Solution on p. 716.) 
(x +9)? 
Exercise 9.115 (Solution on p. 716.) 


Vx? + 14x + 49 
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9.3.11 Exercises 


For the following problems, simplify each of the radical expressions. 
Exercise 9.116 (Solution on p. 716.) 


Exercise 9.118 (Solution on p. 716.) 


4 
bo 
ANS 
8 
on 


xercise 9.119 


& 


xercise 9.120 (Solution on p. 716.) 


_ 


xercise 9.121 


ercise 9.122 (Solution on p. 716.) 


a 
BR 


Exercise 9.123 


& 
pal 
oO 
s 
iz) 
_ 
n 
io) 
Ko) 
= 
NO 
iS 


(Solution on p. 716.) 


:8 
w 
jor) 
3 


xercise 9.125 


49 
Exercise 9.126 (Solution on p. 716.) 


= 
Sie & 
qe. 


< 


4 
Dx 
BS] 0 
Qs 
lie) 
ree 
lo) 
=) 
—_ 
bo 
N 


Exercise 9.128 (Solution on p. 716.) 


Exercise 9.130 (Solution on p. 716.) 


Exercise 9.132 (Solution on p. 716.) 


Exercise 9.134 (Solution on p. 716.) 
V32x7 


Exercise 9.135 


Exercise 9.136 (Solution on p. 716.) 


Exercise 9.137 

/48p11 ¢5 
Exercise 9.138 
4V/18a°b17 
Exercise 9.139 
84/ 108221 y3 
Exercise 9.140 
—4V/75a4tb® 
Exercise 9.141 
6/7222 y4z10 
Exercise 9.142 
Lg / pi? 
Exercise 9.143 
_/¢l8 
Exercise 9.144 
Vv a2b2c?2 
Exercise 9.145 

/Ag2y2 22 
Exercise 9.146 
—/9a2b3 
Exercise 9.147 
—/16r4y® 
Exercise 9.148 

/mEnB p12 G20 
Exercise 9.149 
Vr2 


Exercise 9.150 


Exercise 9.151 


Exercise 9.156 
2/32 
3 


va 
Exercise 9.157 
5 


6 


Exercise 9.158 
2 


7 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


716.) 


716.) 


716.) 


716.) 


716.) 


716.) 


716.) 


716.) 


716.) 


717.) 


717.) 
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Exercise 9.159 
3 
10 

Exercise 9.160 (Solution on p. 717.) 
4 


3 


Exercise 9.161 
2 


5 
Exercise 9.162 (Solution on p. 717.) 


Exercise 9.163 
16a? 


Exercise 9.164 (Solution on p. 717.) 


& 


xercise 9.166 (Solution on p. 717.) 


& 


xercise 9.167 


= 


& 


xercise 9.168 (Solution on p. 717.) 


& 


xercise 9.169 


SIS 


& 
pal 
ie) 
s 
QO 
me 
n 
lo) 
Ko) 
—_ 
I 
So 


(Solution on p. 717.) 


49x27 y> 29 
25a3p11 


Exercise 9.171 
27x6yl5 
B3n5y> 


Exercise 9.172 (Solution on p. 717.) 
(b+ 2)" 
Exercise 9.173 
(a—7)" 
Exercise 9.174 (Solution on p. 717.) 
(x4 
Exercise 9.175 
(w+ 2)°(@ +1) 
Exercise 9.176 (Solution on p. 717.) 
y (a—3)"(a-1)° 
Exercise 9.177 
(b+7)°(b—7)° 
Exercise 9.178 (Solution on p. 717.) 


Va? — 10a + 25 


T 
iw) 
YS 

fon 
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Exercise 9.179 

Vb? +6b+4+ 9 

Exercise 9.180 (Solution on p. 717.) 
(a2 —2a+1)* 

Exercise 9.181 
(x2 + 22 +1)” 


9.3.12 Exercises For Review 
Exercise 9.182 (Solution on p. 717.) 
(Section 5.7) Solve the inequality 3(a +2) < 2(3a+4) 
Exercise 9.183 
(Section 7.2) Graph the inequality 6” < 5(a+ 1) —6. 


2 


Exercise 9.184 (Solution on p. 717.) 
(Section 7.5) Supply the missing words. When looking at a graph from left-to-right, lines with 
eae ae slope rise, while lines with slope fall. 


Exercise 9.185 , 
(Section 8.9) Simplify the complex fraction ate. 


Exercise 9.186 (Solution on p. 717.) 
(Section 9.2) Simplify V121a4+w®z® by removing the radical sign. 


9.4 Multiplication of Square Root Expressions * 


9.4.1 Overview 


e The Product Property of Square Roots 
e Multiplication Rule for Square Root Expressions 


9.4.2 The Product Property of Square Roots 


In our work with simplifying square root expressions, we noted that 


Vay = Vivy 
Since this is an equation, we may write it as 
Vay = Say 


“This content is available online at <http://cnx.org/content/m21975/1.3/>. 
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To multiply two square root expressions, we use the product property of square roots. 
The Product Property /2\/y = \/ty 


VaVvy = Vary 


The product of the square roots is the square root of the product. 
In practice, it is usually easier to simplify the square root expressions before actually performing the 
multiplication. To see this, consider the following product: 


V8V48 


We can multiply these square roots in either of two ways: 


Example 9.27 
Simplify then multiply. 


J4-2V16-3 = (2v2) (4v3) = 2.4/2-3 =8V6 


Example 9.28 
Multiply then simplify. 


V8V/48 = V8 - 48 = V384 = V64-6 = 8V6 


Notice that in the second method, the expanded term (the third expression, /384) may be difficult to factor 
into a perfect square and some other number. 


9.4.3 Multiplication Rule for Square Root Expressions 


The preceding example suggests that the following rule for multiplying two square root expressions. 
Rule for Multiplying Square Root Expressions 


1. Simplify each square root expression, if necessary. 
2. Perform the multiplecation. 
3. Simplify, if necessary. 


9.4.4 Sample Set A 
Find each of the following products. 
Example 9.29 


/3V6 = V3-6=V18= V9-2=3V2 


Example 9.30 


V8V2 = 22/2 = 22-2 =2V4=2-2=4 
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This product might be easier if we were to multiply first and then simplify. 


V8V/2 = V8-2=V16 =4 


Example 9.31 


V20V7 = V4V5V7 = 25-7 = 235 


Example 9.32 


V5a3V/27a5 = (av5a) (3a? V3a) = 3a%V'15a? 
= 8a2-aV/15 
= 3atV/15 


Example 9.33 


V (e+ 2)'Vx—1=\/(e+2)° (a +2)Ve—-1 = (x +2)? f/a+2)Ve—1 
( 


or 
Example 9.34 


¥3(7 + V6) = 7V3 + V3 V6 = 7V3 + V18 
Aa =7¥3+V9-2 
= 7V3 + 3v2 


Example 9.35 


V6(V2 — V10) = V6 V2 — V6 V10 


= ¥12 — V60 
Oe ey ees 
= 2V3 — 2V15 


Example 9.36 
45a%b3[V9ab — V5(6 — 3)5] = 3a%bV5b[3Vab — (b — 3)V5(b — 3))] 
Mee ee 
= 9a%bV5ab? — 3a3b(b — 3)V25b(b — 3) 
= 9a3b2V5a — 3a%b(b — 3) - 5Vb(b — 3) 
= 9a3b2V5a — 15a3b(b — 3)Vb(b — 3) 
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9.4.5 Practice Set A 


Find each of the following products. 
Exercise 9.187 (Solution on p. 717.) 
v5v6 
Exercise 9.188 (Solution on p. 717.) 
V32V2 
Exercise 9.189 (Solution on p. 717.) 
Vat4Va+3 
Exercise 9.190 (Solution on p. 717.) 
V8mFnV20m?n 
Exercise 9.191 (Solution on p. 717.) 

9(k — 6)°VEE> TSE 36 

Exercise 9.192 (Solution on p. 717.) 
V3 (v2+ v5) 
Exercise 9.193 (Solution on p. 717.) 
V2a (v5 = vBa5) 
Exercise 9.194 (Solution on p. 717.) 


V32m5n8 (v/2mn? — V10n") 


9.4.6 Exercises 


Exercise 9.195 (Solution on p. 717.) 
V2V10 

Exercise 9.196 

V3Vv15 

Exercise 9.197 (Solution on p. 718.) 
V7V8 

Exercise 9.198 

V20V3 

Exercise 9.199 (Solution on p. 718.) 
V32V27 

Exercise 9.200 

V45/50 

Exercise 9.201 (Solution on p. 718.) 
V5V5 

Exercise 9.202 

Vivi 

Exercise 9.203 (Solution on p. 718.) 
v8v8 

Exercise 9.204 

V15V15 

Exercise 9.205 (Solution on p. 718.) 


V48,/27 


Exercise 9.206 
V80V20 
Exercise 9.207 
v5/m 
Exercise 9.208 
Viva 
Exercise 9.209 
v6/m 
Exercise 9.210 
V10Vh 
Exercise 9.211 
V20/a 
Exercise 9.212 
V48,/e 
Exercise 9.213 
VBVG 
Exercise 9.214 
V200/m 
Exercise 9.215 
Vala 
Exercise 9.216 
Vala 
Exercise 9.217 
NEE 
Exercise 9.218 
Vhvh 
Exercise 9.219 
V3V3 
Exercise 9.220 
v6v6 
Exercise 9.221 
ViVk 
Exercise 9.222 
vinm 
Exercise 9.223 
Vm2/m 
Exercise 9.224 
VaVJa 
Exercise 9.225 
Vx3\/e 
Exercise 9.226 
VEU 
Exercise 9.227 
vivy' 
Exercise 9.228 


VEV KE 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 
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on p. 
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on p. 
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Exercise 9.229 (Solution on p. 718.) 
VabVae 

Exercise 9.230 

Va3V x7 

Exercise 9.231 (Solution on p. 718.) 
V29V 23 

Exercise 9.232 

Vy 

Exercise 9.233 (Solution on p. 718.) 
Ve V/y" 

Exercise 9.234 

Nearec 

Exercise 9.235 (Solution on p. 718.) 
Vat 2/2 —3 

Exercise 9.236 

Va—6VaFT 

Exercise 9.237 (Solution on p. 718.) 
Vy + 3Vy—2 

Exercise 9.238 

Vh+1Vh—1 

Exercise 9.239 (Solution on p. 718.) 
Vai +91/ (x +9)? 

Exercise_9.240 

vy — 3y/ (y— 3) 

Exercise 9.241 (Solution on p. 718.) 
V3a2V'15a3 

Exercise 9.242 

V2Imin3V14mbn 

Exercise 9.243 (Solution on p. 718.) 
120 . a) \/3(p — 4)’ 

Exercise 9.244 

\/15a2(b-+ 4)4y/2103(b+ 4)° 

Exercise 9.245 (Solution on p. 718.) 
V125mintr8\/8m6r 

Exercise 9.246 

V7(2k mide aes 1)° (142k =r" 

Exercise 9.247 (Solution on p. 719.) 
VP Vy Vy? 

Exercise 9.248 

V 0/02/29 

Exercise 9.249 (Solution on p. 719.) 
V2a4V/5a3V/2a7 

Exercise 9.250 


Var /a" 


683 


Exercise 9.251 (Solution on p. 719.) 
Vern yin 

Exercise 9.252 

Exercise 9.253 (Solution on p. 719.) 
V2m3"+1V10mnt3 

Exercise 9.254 

\/75(a — 2)’ 48a — 96 

Exercise 9.255 (Solution on p. 719.) 
V3 (v8 + V6) 

Exercise 9.256 

V5 (V3+ v7) 

Exercise 9.257 (Solution on p. 719.) 
V3 (Va + v2) 

Exercise 9.258 

Vit (y+ v3) 

Exercise 9.259 (Solution on p. 719.) 
V8 (Va ~ v3a) 

Exercise 9.260 

Jr (v rv 2") 

Exercise 9.261 (Solution on p. 719.) 
vi (Vib + V50") 

Exercise 9.262 

V8a® (v2a - v6a"™) 

Exercise 9.263 (Solution on p. 719.) 


Vi12m3 (vem = v3m) 
Exercise 9.264 


J5a4y3 (Say — 5V7a) 


9.4.7 Exercises for Review 
Exercise 9.265 (Solution on p. 719.) 
(Section 6.6) Factor a*y* — 25w?. 


Exercise 9.266 
(Section 7.5) Find the slope of the line that passes through the points (—5,4) and (—3,4). 


Exercise 9.267 (Solution on p. 719.) 
(Section 8.4) Perform the indicated operations: 


15a? — 20x 82+ 12 _ ba? + 15a 
622 +x"—12 22-Qe—-—15 °° w%-—25 


Exercise 9.268 
(Section 9.2) Simplify \/x*y?z® by removing the radical sign. 
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Exercise 9.269 (Solution on p. 719.) 


(Section 9.3) Simplify /1223y°z8. 


9.5 Division of Square Root Expressions’ 


9.5.1 Overview 


e The Division Property of Square Roots 
e Rationalizing the Denominator 
e Conjugates and Rationalizing the Denominator 


9.5.2 The Division Property of Square Roots 


In our work with simplifying square root expressions, we noted that 


Since this is an equation, we may write it as 


Jax x 


vi Vy 


To divide two square root expressions, we use the division property of square roots. 
Peete ve_ fe 
The Division Property a ve 


The quotient of the square roots is the square root of the quotient. 


9.5.3 Rationalizing the Denominator 


As we can see by observing the right side of the equation governing the division of square roots, the process 
may produce a fraction in the radicand. This means, of course, that the square root expression is not in 
simplified form. It is sometimes more useful to rationalize the denominator of a square root expression before 
actually performing the division. 


>This content is available online at <http://cnx.org/content/m21968/1.3/>. 


9.5.4 Sample Set A 
Simplify the square root expressions. 


Example 9.37 
3 


7 


This radical expression is not in simplified form since there is a fraction under the radical 
sign. We can eliminate this problem using the division property of square roots. 


(2-8-8 =v 
Tale aft. af OR 
Example 9.38 


Vd 
73" 
5 
3° 
the denominator before we perform the division. 


A direct application of the rule produces which must be simplified. Let us rationalize 


V5 _ V5 V3 _ V5V3 _ VI5 
v3 V8 V8 3 3 


Example 9.39 
MOT af 21 
v7 V7 v3. 


The rule produces the quotient quickly. We could also rationalize the denominator first and 
produce the same result. 


V21_ V2 V7 _ Va-7_ V3-77 _ V3? _ V3 _ og 
ya ee nn Ce rin en ee 


Example 9.40 


V 80x29 80x9 
nes Me = V1625 = V16V x42 = 427 /z 


5at 7 5at 


Example 9.41 


Bpr 357 = 
vee = a — /1002b? = abV'10 
ae 


Example 9.42 
V5a 


ve" 


Some observation shows that a direct division of the radicands will produce a fraction. This 
suggests that we rationalize the denominator first. 


vba V5a Vb V5avb _ V5ab 


vo vb vb 6 
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Example 9.43 


vm—-6 Vm—-6 Vm+2_ Vm? —4m- 12 
HEED: MD alae oe m+2 


Example 9.44 


ets ae -/2 -y-12 - (UD wed - et NeR 9. ym 


y+3 (y + 3) ) (y+ 3) 


9.5.5 Practice Set A 


Simplify the square root expressions. 
Exercise 9.270 (Solution on p. 719.) 


Exercise 9.271 (Solution on p. 719.) 
V7 
v3 


Exercise 9.272 (Solution on p. 719.) 
Ja0mEn® 

V5m2n 
Exercise 9.273 (Solution on p. 719.) 
Wren 

2(a+7)3 

Exercise 9.274 (Solution on p. 719.) 
Vnt4 


Exercise 9.275 (Solution on p. 719.) 


Exercise 9.276 (Solution on p. 719.) 


Exercise 9.277 (Solution on p. 719.) 
Vaam—5 
Vam—T 


9.5.6 Conjugates and Rationalizing the Denominator 


To perform a division that contains a binomial in the denominator, such as ce we multiply the numerator 
and denominator by a conjugate of the denominator. 
Conjugate 
A conjugate of the binomial a + b is a — b. Similarly, a conjugate of a — b is a+ b. 

Notice that when the conjugates a+ b and a — b are multiplied together, they produce a difference of 
two squares. 


(a+b) (a—b) =a? —ab+ab—b* =a? —- 0b? 


This principle helps us eliminate square root radicals, as shown in these examples that illustrate 
finding the product of conjugates. 
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Example 9.45 


(5+ v2) (5- v2) = 5? - (v2) 


Example 9.46 


(V6 - v7) (V6+ v7) = (v6)'- (v7) 
6 


9.5.7 Sample Set B 
Simplify the following expressions. 


Example 9.47 
3 


4+V6" 
The conjugate of the denominator is 4 — /6. Multiply the fraction by 1 in the form of 
4—V6 
4-6" 
3 4-V6 _ 3(4—v6) 
44V6 4-V6 42-6)” 
— 12-3V6 
16—6 
— 12-3Vv6 
10 


Example 9.48 


V2x 
V3-V5x" 
The conjugate of the denominator is V3 + /5a. Multiply the fraction by 1 in the form of 
3+V5a 
V34+V52° 
Jie VBtVea V2 (V34+-V522) 
3-V5a | V34+V5a (v3) (v5e)” 
— v2a/3+V/20V/5ar 
3—5a 
— v6e+Vv102? 
3-5a 
— V6rt+eV10 
an 3-52 
9.5.8 Practice Set B 
Simplify the following expressions. 
Exercise 9.278 (Solution on p. 719.) 
5 
9+V7 
Exercise 9.279 (Solution on p. 719.) 
-2 
1-V3x 
Exercise 9.280 (Solution on p. 719.) 
V8 


V3a+V 20 
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Exercise 9.281 (Solution on p. 719.) 


Yam 
m—V3m 


9.5.9 Exercises 


For the following problems, simplify each expressions. 


Exercise 9.282 (Solution on p. 719.) 
2 


te 
age Ske 

ols 

le) 

—e 

n 

oO 

=) 

N 

i?.¢) 

ie) 


& 


xercise 9.284 (Solution on p. 720.) 


sip 


ercise 9.285 


sae 


& 


xercise 9.286 (Solution on p. 720.) 


Sia 


ercise 9.287 


See 


& 


xercise 9.288 (Solution on p. 720.) 


zk 


xercise 9.289 


& 


oO 


xercise 9.290 (Solution on p. 720.) 


& 
gis 
OUD 


xercise 9.291 


iw) 
iw) 
oo 


& 


xercise 9.292 (Solution on p. 720.) 


iN 
© 


iw) 
iw) 
on 


rcise 9.293 


& 


oO 


x 


& 
oe 


xercise 9.294 (Solution on p. 720.) 


ee 


& 


xercise 9.295 


& 
NI 


xercise 9.296 (Solution on p. 720.) 


& 
Nilo 


xercise 9.297 


ao 
oe 


& 


xercise 9.298 (Solution on p. 720.) 


Sle 
HLH 


Exercise 9.299 


16 
Exercise 9.300 


& 
pal 
o 
s 
fe) 
me 
n 
fo) 
= 
to 
S 
oo 


Exercise 9.304 
7T2m7 
2m3 


Exercise 9.305 


Exercise 9.306 
0 


Exercise 9.310 


V108x21 
V 324 


Exercise 9.311 
7 


Exercise 9.316 
5a 


V2 
Exercise 9.317 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


720.) 


720.) 


720.) 


720.) 


720.) 


720.) 


720.) 


720.) 


720.) 


720.) 
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Exercise 9.319 
5(p—a)°(r+s)* 
/ 25(r+s)> 
Exercise 9.320 (Solution on p. 720.) 
m(m—6)—m?2+6m 
3m—7 


Exercise 9.322 (Solution on p. 720.) 
s+3 


Exercise 9.323 
JVa2+3a+2 
JYatl 
Exercise 9.324 (Solution on p. 720.) 
Vx2—102+24 
a—4 
Exercise 9.325 
Va? —20—8 
Va2+2 
Exercise 9.326 (Solution on p. 720.) 
Va2—4043 
x£—3 
Exercise 9.327 
V2x22—x7-1 
x2—l1 
Exercise 9.328 (Solution on p. 720.) 
—5 
44+V/5 
Exercise 9.329 
1 
1+Vx 
Exercise 9.330 (Solution on p. 720.) 


V5—-1 

Exercise 9.332 (Solution on p. 721.) 
—6 

V7+2 

Exercise 9.333 


3 
v3-V2 
Exercise 9.334 (Solution on p. 721.) 
pees 
V6+V2 
Exercise 9.335 
V5 
v8—-V6 
Exercise 9.336 (Solution on p. 721.) 


Exercise 9.337 
Via 
2-Vba 
Exercise 9.338 (Solution on p. 721.) 


1+V3y 
Exercise 9.339 
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Exercise 9.340 (Solution on p. 721.) 
ae 

Jat+vb 

Exercise 9.341 

ers 


Exercise 9.342 (Solution on p. 721.) 
Via 
Vba+ Jar 


Exercise 9.343 


9.5.10 Exercises for Review 
Exercise 9.344 (Solution on p. 721.) 
(Section 2.6) Simplify «°y” (34) ‘ 
Exercise 9.345 
(Section 5.7) Solve the compound inequality —8 < 7— 5a < —23. 


Exercise 9.346 (Solution on p. 721.) 
(Section 7.6) Construct the graph of y = $a — 4. 


a 


Exercise 9.347 
(Section 9.2) The symbol \/z represents which square root of the number x, x > 0? 


Exercise 9.348 (Solution on p. 721.) 


(Section 9.4) Simplify Va? + 8a + 16. 


9.6 Addition and Subtraction of Square Root Expressions ° 


9.6.1 Overview 


e The Logic Behind The Process 
e The Process 


®This content is available online at <http://cnx.org/content /m21957/1.3/>. 
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9.6.2 The Logic Behind The Process 


Now we will study methods of simplifying radical expressions such as 


4/3+8V3 or  5V2x—-11V2e +4 (V2r +1) 
The procedure for adding and subtracting square root expressions will become apparent if we think back 
to the procedure we used for simplifying polynomial expressions such as 


Aa + 8x or 5a — lla+4(a+1) 


The variables x and a are letters representing some unknown quantities (perhaps x represents 3 and a 
represents 22). Combining like terms gives us 


4x + 8x = 122 or 4/3 + 8V3 = 123 
and 
Ba—lla+4(a+1) or = 5 2e—11V2a+4(V2x+1) 
5a—lla+4a+4 5V/2e —-11/2r+4/2r4+4 
—2a+4 2/22 +4 


9.6.3 The Process 


Let’s consider the expression 4/3 + 8/3. There are two ways to look at the simplification process: 


1. We are asking, “How many square roots of 3 do we have?” 
4/3 means we have 4 “square roots of 3” 
8,/3 means we have 8 “square roots of 3” 


Thus, altogether we have 12 “square roots of 3.” 
2. We can also use the idea of combining like terms. If we recall, the process of combining like terms is 
based on the distributive property 


4a + 84 = 12a because du + 84 = (44+ 8) a = 12e 
We could simplify 4/3 + 8/3 using the distributive property. 


4/3 + 8/3 = (44+. 8) V3 = 12V3 


Both methods will give us the same result. The first method is probably a bit quicker, but keep in mind, 
however, that the process works because it is based on one of the basic rules of algebra, the distributive 
property of real numbers. 


9.6.4 Sample Set A 
Simplify the following radical expressions. 


Example 9.49 
—6V10 + 11V10 = 5/10 
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Example 9.50 


4/32 + 5/2. Simplify 32. 
4/16 -24+5V2 = 4/16/2+5V2 
= 4.4/245/2 
= 16/2+5/2 
= 21/2 


Example 9.51 
—3aV/75 + 2aV/48 — 2/27. Simple each of the three radicals. 


= 32/25 -34+22¢V/16- 3-2/9 - 3 
— —152r/3 + 82/3 — 32V3 

= (—152 + 82 — 3x) V3 

= —102/3 


Example 9.52 
Sav 2403 — 7V/54a® + a? V/6a + 6a. Simplify each radical 
5aV4-6-a2-a—7V9-6-at-ata*V6a+ 6a 
= 10a?\/6a — 21a?V/6a + a? 6a + 6a 
= (10a? — 21a? + a?) V6a + 6a 


— Factor out — 2a. 
= ~1002./6a + 6a aedeae 


= —2a (5aV/6a — 3) 


(This step is optional 


9.6.5 Practice Set A 


Find each sum or difference. 
Exercise 9.349 (Solution on p. 721.) 
4y/18 — 58 
Exercise 9.350 (Solution on p. 721.) 
62/48 + 8x75 
Exercise 9.351 (Solution on p. 721.) 
—7V/ 84x — 12V1892 + 2/212 
Exercise 9.352 (Solution on p. 721.) 
9V6 — 86 +3 
Exercise 9.353 (Solution on p. 721.) 
Vas + 4a/a 
Exercise 9.354 (Solution on p. 721.) 
dav/54a3 + 36a? + 3V 2405 — 3x 
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9.6.6 Sample Set B 
Example 9.53 


¥7(v8 — 3). Use the distributive property to distribute the V7. 
V7(V8 — 3) = V7 V8—V7-3 

= 56 — 3V7 Simply V56. 

= V4-14—3V7 

= 2V14 — 3v7 


Example 9.54 


(V2 + V3)(v5 + V12). Use the distributive property. 
i =~ 
(V2 + V3)(v5 + V12) = V2 V5 + V2 V12 + V3 V5 + VB V12 
, a 


= 10 + V24 + V15 + V36 
= J10+ 2V6+ V15+6 


Example 9.55 


(4V2 — 3V6)(5V2 + V6) 
Py my 

(4V2 — 3V6)(5V2 + V6) 
le 


=4-5V2 V2+4V2 V6—3 - 5V6 V2 — 3V6 V6 
= 20V4 + 4V12 — 15V12 — 3V36 
=20-2+4V4-3—15V4-3-3:°6 

= 40 + 8V3 — 30V3 — 18 

=22-—22V3 or 22(1— V3) 


Example 9.56 


34-78 
3-V3° 


Ss 


3-V8 38+ 


3B4V8 | 34 


a 


Example 9.57 


24+V7 

4—/3° 
24V7 . 44+-V3 
4—-V/3 44-3 


Exercise 9.355 
V5 (v6 — 4) 


Exercise 9.356 


(3+V8) (3+ V8) 
3?—(V8) 
9+3/8+3V8+V8V/8 
9-8 


9+6V8+8 
1 
17+ 6V8 


17+6/4-2 
17+ 12/2 


(2+-v7)(4+v8) 
eva)" 


i. <) 


+2/3-44V74-V3I 
1 


6-3 


842V344V74+V21 
13 


9.6.7 Practice Set B 


(V5 + V7) (V2 + V8) 


Exercise 9.357 


(3/2 — 2V3) (4V3 + V8) 


Exercise 9.358 


4475 
3-V8 


9.6.8 Exercises 


Exercise 9.359 
Ay/5 — 2/5 
Exercise 9.360 
10/2 + 8V2 
Exercise 9.361 
-3V6 — 12V6 
Exercise 9.362 
—V10 — 2V/10 
Exercise 9.363 


3V 7x + 27x 
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We'll rationalize the denominator by multiplying this fraction 


+Vv8 
L/8" 


by 1 inthe form = 


Rationalize the denominator by multiplying this fraction by 


ei 44/3 
1 in the from rae a 


Simplify each by performing the indicated operation. 


(Solution on p. 721.) 


(Solution on p. 721.) 


(Solution on p. 721.) 


(Solution on p. 721.) 


For the following problems, simplify each expression by performing the indicated operation. 


(Solution on p. 722.) 


(Solution on p. 722.) 


(Solution on p. 722.) 
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Exercise 9.364 

6V3a + V3a 

Exercise 9.365 (Solution on p. 722.) 
2/18 + 5V32 

Exercise 9.366 

4/27 — 3/48 

Exercise 9.367 (Solution on p. 722.) 
V¥200 — V/128 

Exercise 9.368 

4y/300 + 2/500 

Exercise 9.369 (Solution on p. 722.) 
6/40 + 8/80 

Exercise 9.370 

2,/120 — 5/30 

Exercise 9.371 (Solution on p. 722.) 
8/60 — 3V/15 

Exercise 9.372 

Va? — 3aV/a 

Exercise 9.373 (Solution on p. 722.) 
V4a3 + x/e 

Exercise 9.374 

2bVa3b° + 6avab™ 

Exercise 9.375 (Solution on p. 722.) 
Say 2ry? — 3y?/2x3y 

Exercise 9.376 

5/20 + 3V/45 — 3/40 

Exercise 9.377 (Solution on p. 722.) 
J 24 — 2/54 — 4/12 

Exercise 9.378 

6V18 + 5/32 + 4/50 

Exercise 9.379 (Solution on p. 722.) 
—8/20 — 9/125 + 10/180 

Exercise 9.380 

2/27 + 4/3 — 6/12 

Exercise 9.381 (Solution on p. 722.) 
V14 + 2/56 — 3/136 

Exercise 9.382 

3/2 + 2V63 + 5/7 

Exercise 9.383 (Solution on p. 722.) 
Aan 32 + 2V3a223 + 730223 

Exercise 9.384 

3by/By + 41/5b2y3 — 2,/5b2y3 

Exercise 9.385 (Solution on p. 722.) 
V2 (v3 +1) 

Exercise 9.386 


V3 (v5 — 3) 


Exercise 9.387 
v5 (v5 — v2) 
Exercise 9.388 
Vi (v6 v3) 
Exercise 9.389 
V8 (V3 + v3) 
Exercise 9.390 
Vi0 (vi0— v5) 


Exercise 9.391 


(1+ v3) (2— v3) 


Exercise 9.392 


(5 + v6) (4— v6) 


Exercise 9.393 


(3 — v2) (4— v2) 


Exercise 9.394 


(5+ v7) (4- v7) 


Exercise 9.395 


(V2 + V5) (V2 +35) 


Exercise 9.396 


(2V6 — V3) (3V6 + 2V3) 


Exercise 9.397 


(45 — 2/3) (3V5 + V3) 


Exercise 9.398 


(3/8 — 2V2) (4V2 — 5 v8) 


Exercise 9.399 


(V12 + 5V3) (2V3 — 2v'12) 


Exercise 9.400 


(1+ v3)" 
Exercise 9.401 
(3+ v5)" 
Exercise 9.402 
(2- v6)" 
Exercise 9.403 
(2- v7)" 
Exercise 9.404 
(1+ v3a)" 
Exercise 9.405 
(2+ v5z)" 
Exercise 9.406 
(3 3a)" 
Exercise 9.407 
(va) 


Exercise 9.408 


(20+ Va) 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


722.) 


722.) 


722.) 


722.) 


722.) 


722.) 


722.) 


722.) 


722.) 


722.) 


722.) 
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Exercise 9.409 (Solution on p. 723.) 
2 
(3y — Ty) 


Exercise 9.410 

(3 + v3) (3— v3) 

Exercise 9.411 (Solution on p. 723.) 
(2+ v5) (2— v5) 

Exercise 9.412 

(8+ Vi) (8 - 10) 

Exercise 9.413 (Solution on p. 723.) 
(6+ v7) (6— v7) 

Exercise 9.414 

(/2+ V3) (V2 — v3) 

Exercise 9.415 (Solution on p. 723.) 
(V5 + V2) (v5 — V2) 

Exercise 9.416 

(va+ vb) (va - vb) 

Exercise 9.417 (Solution on p. 723.) 
(va + Vu) (V2 — vy) 


Exercise 9.418 
2 


5+V3 


Exercise 9.419 (Solution on p. 723.) 
4 


6+V2 

Exercise 9.420 
1 

3-V2 

Exercise 9.421 (Solution on p. 723.) 
1 

4-3 

Exercise 9.422 
8 

2-V6 

Exercise 9.423 (Solution on p. 723.) 
2 


S$ 


Exercise 9.424 

V5 _ 

3+V/3 

Exercise 9.425 (Solution on p. 723.) 
V3 

6+V6 

Exercise 9.426 

2-vV8 

24+V8 

Exercise 9.427 (Solution on p. 723.) 
A+-V/5 

4-5 

Exercise 9.428 

14+V6 

1-V6 

Exercise 9.429 (Solution on p. 723.) 
8-V3 

2+V18 

Exercise 9.430 

6-V2 

44-V12 
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Exercise 9.431 (Solution on p. 723.) 
v3-V2 

V3+V2 

Exercise 9.432 

V6a-V8a 

V8a+V6a 

Exercise 9.433 (Solution on p. 723.) 
V2b-V3b 

V3b+-V2b 


9.6.9 Exercises For Review 


Exercise 9.434 i 
(Section 2.7) Simplify (4) : 
xercise 9. olution on p. 723. 
E ise 9.435 Soluti 
(Section 2.7) Simplify (8x3y)"(x2y3)*. 
Exercise 9.436 
(Section 3.7) Write (x —1)*(a«—1)~" so that only positive exponents appear. 
Exercise 9.437 (Solution on p. 723.) 
Section 9.3) Simplify /2725y1%z3. 
( plify y 
Exercise 9.438 


(Section 9.5) Simplify EJs by rationalizing the denominator. 


9.7 Square Root Equations with Applications’ 


9.7.1 Overview 


e Square Root Equations And Extraneous Solutions 
e Method For Solving Square Root Equations 


9.7.2 Square Root Equations And Extraneous Solutions 


Square Root Equation 

A square root equation is an equation that contains a variable under a square root sign. The fact that 
Jaz: V/x = (Jz) = xsuggests that we can solve a square root equation by squaring both sides of the 
equation. 

Extraneous Solutions 

Squaring both sides of an equation can, however, introduce extraneous solutions. Consider the equation 


x=-—-6 

The solution is —6. Square both sides. 
a? = (-6)? 
x? = 36 


This equation has two solutions, —6 and +6. The +6 is an extraneous solution since it does not check in 
the original equation: +6 4 —6. 


“This content is available online at <http://cnx.org/content/m21965/1.3/>. 
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9.7.3 Method For Solving Square Root Equations 


Solving Square Root Equations 


. Square both sides of the equation. 


. Repeat step 1 if radicals are still present. 


Ook WMH 


9.7.4 Sample Set A 
Solve each square root equation. 


Example 9.58 


— 
8] 
II 
00 


x 64 
Check : /64 = 8 
8 = 8 


64 is the solution. 


Example 9.59 


4 
16 
19 
Check : J/19—-3 = vVI16 
4 
4 


19 is the solution. 


Example 9.60 


V2m+3—V/m-—8 


2m+3 
2m+3 
m 


Check : /2(-11) +3 - /(-11) -8 


00S AG 


. Isolate a radical. This means get a square root expression by itself on one side of the equal sign. 
. Simplify the equation by combining like terms. 


. Obtain potential solutions by solving the resulting non-square root equation. 
. Check each potential solution by substitution into the original equation. 


The radical is isolated Square both sides. 


Check this potential solution. 
Is this correct? 


Yes, this is correct. 


The radical is isolated. Square both sides. 
Solve this nonradical equation. 
Check this potential solution. 
Is this correct? 
Is this correct? 


Yes, this is correct. 


= 0. Isolate either radical. 
m—8 Square both sides. 

= m-8 Solve this nonradical equation. 

= —ll Check this potential solution. 

= 0 Is this correct? 

= 0 Is this correct? 


Since —19is not a real number, the potential solution of m 
—11 does not check. This equation has no real solution. 


Example 9.61 


V4a —-5 = —6. By inspection, this equation has no real solution. 


The symbol, ,/__, signifies the positive square root and not the negative square root. 


9.7.5 Practice Set A 


Solve each square root equation. 
Exercise 9.439 (Solution 
Jy = 14 
Exercise 9.440 (Solution 
Va—-7=5 
Exercise 9.441 (Solution 
V3a+8— V2a+5=0 
Exercise 9.442 (Solution 


vm—4=-11 


9.7.6 Exercises 


For the following problems, solve the square root equations. 
Exercise 9.443 (Solution 
VJr=d 
Exercise 9.444 
Vy =7 
Exercise 9.445 (Solution 
Ja =10 
Exercise 9.446 
Jce=12 
Exercise 9.447 (Solution 
Jr=—3 
Exercise 9.448 
Vy = —6 
Exercise 9.449 (Solution 
V/z=0 
Exercise 9.450 
Jr=1 
Exercise 9.451 (Solution 
Ve+3=3 
Exercise 9.452 


Vga 5 =5 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


723.) 


723.) 


723.) 


723.) 


723.) 


723.) 


723.) 


723.) 


723.) 
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Exercise 9.453 (Solution on p. 723.) 
Va+2=6 

Exercise 9.454 

Jyt7=9 

Exercise 9.455 (Solution on p. 724.) 
Jy—-4-4=0 

Exercise 9.456 

Vv«z—-10—10=0 

Exercise 9.457 (Solution on p. 724.) 
v«z—-16=0 

Exercise 9.458 

Jy — 25 =0 

Exercise 9.459 (Solution on p. 724.) 
V6m—4= /5m—1 

Exercise 9.460 

Jr +6 = /3a +7 

Exercise 9.461 (Solution on p. 724.) 
V7a+6= 3a — 18 

Exercise 9.462 

V4r +3 = Je —9 

Exercise 9.463 (Solution on p. 724.) 
V10a—7— /2a+9=0 

Exercise 9.464 
V12k —5— V9k+10=0 


Exercise 9.465 (Solution on p. 724.) 
V«z—6—vV3x—-8=0 


Exercise 9.466 

V4a — 5 — /7a — 20 =0 

Exercise 9.467 (Solution on p. 724.) 
V2m —6 = V/m— 2 

Exercise 9.468 

Vor —11 = V5r4+3 

Exercise 9.469 (Solution on p. 724.) 
/3a +1 = /2x —6 

Exercise 9.470 


vi—-T—vVdx+1=0 
Exercise 9.471 (Solution on p. 724.) 
V2at+9—-Va—-4=0 


Exercise 9.472 

At a certain electronics company, the daily output Q is related to the number of people A on the 
assembly line by Q = 400 + 10V/A + 125. 

(a) Determine the daily output if there are 44 people on the assembly line. 


(b) Determine how many people are needed on the assembly line if the daily output is to 
be 520. 


Exercise 9.473 (Solution on p. 724.) 
At a store, the daily number of sales S is approximately related to the number of employees FE) by 


S=100+ 15V£+6 


(a) Determine the approximate number of sales if there are 19 employees. 


(b) Determine the number of employees the store would need to produce 310 sales. 
Exercise 9.474 


#3 The resonance frequency f in an electronic circuit containing inductance L and capacitance C 
in series is given by 


sy il 
f= s/t 


(a) Determine the resonance frequency in an electronic circuit if the inductance is 4 and 
the capacitance is 0.0001. Use a = 3.14. 


(b) Determine the inductance in an electric circuit if the resonance frequency is 7.12 and 
the capacitance is 0.0001. Use a = 3.14. 

Exercise 9.475 (Solution on p. 724.) 
If two magnetic poles of strength m and m’ units are at a distance r centimeters (cm) apart, the 
force F of repulsion in air between them is given by 


(a) Determine the force of repulsion if two magnetic poles of strengths 20 and 40 units are 
5 cm apart in air. 


(b) Determine how far apart are two magnetic poles of strengths 30 and 40 units if the 
force of repulsion in air between them is 0.0001. 

Exercise 9.476 

The velocity V in feet. per second of outflow of a liquid from an orifice is given by V = 8Vh, where 
h is the height in feet of the liquid above the opening. 

(a) Determine the velocity of outflow of a liquid from an orifice that is 9 feet below the top surface 
of a liquid (V is in feet /sec). 


(b) Determine how high a liquid is above an orifice if the velocity of outflow is 81 feet /second. 
Exercise 9.477 (Solution on p. 724.) 


The period T in seconds of a simple pendulum of length L in feet is given by T = 27,/ z. 
(a) Determine the period of a simple pendulum that is 2 feet long. Use a = 3.14. 


(b) Determine the length in feet of a simple pendulum whose period is 10.8772 seconds. 
Use 7 = 3.14. 


Exercise 9.478 
The kinetic energy KE in foot pounds of a body of mass m in slugs moving with a velocity v in 
feet /sec is given by 


(a) Determine the kinetic energy of a 2-slug body moving with a velocity of 4 ft/sec. 
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(b) Determine the velocity in feet /sec of a 4-slug body if its kinetic energy is 50 foot pounds. 


9.7.7 Exercises For Review 
Exercise 9.479 (Solution on p. 724.) 
10,3 4 
(Section 3.7) Write tv (+7)"_ 50 that only positive exponents appear. 


x 2y3(a+7)—1 
Exercise 9.480 
(Section 5.2) Classify z+ 4 = «+7 as an identity, a contradiction, or a conditional equation. 


Exercise 9.481 (Solution on p. 724.) 
(Section 7.5) Supply the missing words. In the coordinate plane, lines with slope rise 
and lines with slope fall. 


Exercise 9.482 

(Section 9.3) Simplify /(x + 3)*(x —2)°. 

Exercise 9.483 (Solution on p. 724.) 
(Section 9.6) Simplify (3 + V5) (4— V5). 


9.8 Summary of Key Concepts * 


9.8.1 Summary of Key Concepts 


Square Root (Section 9.2) 
The square root of a positive number x is a number such that when it is squared, the number z results. 


Every positive number has two square roots, one positive and one negative. They are opposites of 
each other. 

Principal Square Root \/z (Section 9.2) 

If x is a positive real number, then 


x represents the positive square root of x. The positive square root of a number is called the 
principal square root of the number. 

Secondary Square Root —,/x (Section 9.2) 

—,/z represents the negative square root of x. The negative square root of a number is called the secondary 
square root of the number. 

Radical Sign, Radicand; and Radical (Section 9.2) 

In the expression ./2, 

J is called the radical sign. 

x is called the radicand. 

/z is called a radical. 


The horizontal bar that appears attached to the radical sign, \/, is a grouping symbol that specifies 
the radicand. 

Meaningful Expressions (Section 9.2) 

A radical expression will only be meaningful if the radicand (the expression under the radical sign) is not 
negative: 


®This content is available online at <http://cnx.org/content /m21971/1.3/>. 
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/—25 is not meaningful and /—25 is not a real number 
Simplifying Square Root Expressions (Section 9.2) 
If a is a nonnegative number, then 


Va? =a 

Perfect Squares (Section 9.3) 

Real numbers that are squares of rational numbers are called perfect squares. 
Irrational Numbers (Section 9.3) 

Any indicated square root whose radicand is not a perfect square is an irrational number. 


V2, V5 and V10 are irrational numbers 
The Product Property (Section 9.3) 
Vey = Va VV 
The Quotient Property (Section 9.3) 
x Ve 
ls ee 
Be Careful (Section 9.3) 
Jety # Je+yy (VI6+9 F V16+V9 
Va-y # Va-vy¥ (V25-16 4 V25-VI16 
Simplified Form (Section 9.3) 


A square root that does not involve fractions is in simplified form if there are no perfect squares in the 
radicand. 


A square root involving a fraction is in simplified form if there are no 


1. perfect squares in the radicand, 
2. fractions in the radicand, or 
3. square root expressions in the denominator 


Rationalizing the Denominator (Section 9.3) 

The process of eliminating radicals from the denominator is called rationalizing the denominator. 
Multiplying Square Root Expressions (Section 9.4) 

The product of the square roots is the square root of the product. 


VE/y = JPY 
1. Simplify each square root, if necessary. 


2. Perform the multiplication. 
3. Simplify, if necessary. 


Dividing Square Root Expressions (Section 9.5) 
The quotient of the square roots is the square root of the quotient. 


Vu y 
Addition and Subtraction of Square Root Expressions (Section 9.6) 


ala + bfx = (a+b) fz 
ar/x — bx = (a — b) f/x 


Square Root Equation (Section 9.7) 
A square root equation is an equation that contains a variable under a square root radical sign. 
Solving Square Root Equations (Section 9.7) 
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. Isolate a radical. 

. Square both sides of the equation. 

. Simplify by combining like terms. 

. Repeat step 1 if radical are still present. 

. Obtain potential solution by solving the resulting non-square root equation. 
. Check potential solutions by substitution. 


AOowkrwWn re 


9.9 Exercise Supplement ° 


9.9.1 Exercise Supplement 


9.9.1.1 Square Root Expressions (Section 9.2) - Addition and Subtraction of Square Root 
Expressions (Section 9.6) 


For the following problems, simplify the expressions. 

Exercise 9.484 (Solution on p. 724.) 

V10V2 

Exercise 9.485 

v6v8 

Exercise 9.486 (Solution on p. 724.) 

V18V/40 

Exercise 9.487 

Vil vit 

Exercise 9.488 (Solution on p. 724.) 

VIVY 

Exercise 9.489 

vaVve 

Exercise 9.490 (Solution on p. 724.) 
m+3Vm+3 

Exercise 9.491 

Va—7V/a—7 

Exercise 9.492 (Solution on p. 724.) 

Va2+4a+4 

Exercise 9.493 

\/y? — 12y + 36 


Exercise 9.494 (Solution on p. 724.) 


n—-1 


Exercise 9.496 (Solution on p. 724.) 


Exercise 9.498 (Solution on p. 724.) 


®This content is available online at <http://cnx.org/content /m21962/1.4/>. 


Exercise 9.499 
4e2+4e+1 
VY2xz+1 

Exercise 9.500 
w2?—11la+24 

x—8 

Exercise 9.501 

a/y2+11y+28 

Sa cs aan 

Exercise 9.502 


V3 (v5 + v3) 
Exercise 9.503 
v5 (v6 — v'i0) 
Exercise 9.504 
va (Va - vie) 
Exercise 9.505 
va Ps 
Exercise 9.506 
V7a3 (v2a = V408) 


Exercise 9.507 
3 


v7 


Exercise 9.508 
2 


V5 


Exercise 9.509 
6 


V2 

Exercise 9.510 
by 

VU 

Exercise 9.511 
16a” 

V5a 

Exercise 9.512 


(2+ v3) (2— v3) 
Exercise 9.513 

(c+ V8) (30 + v8) 
Exercise 9.514 

(4y — v32) (4y + V32) 
Exercise 9.515 

(6r + V2s) (4r + V2s) 


Exercise 9.516 
2 
24/7 


Exercise 9.517 
4 


1-v6 

Exercise 9.518 
6 

Z+JS¥ 

Exercise 9.519 
10 


a— 


s 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


724.) 


724.) 


725.) 


725.) 


725.) 


725.) 


725.) 


725.) 


725.) 


725.) 
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Exercise 9.520 (Solution on p. 725.) 
V5 

at+vV3 

xercise 9.521 


1+V10 

Exercise 9.522 (Solution on p. 725.) 
84/3 

2+V6 

Exercise 9.523 

44/11 


& 


Exercise 9.524 (Solution on p. 725.) 
36a4b>cl1 
js 

Exercise 9.525 
/“p12y10 2847 

Exercise 9.526 (Solution on p. 725.) 
3225y(a —2)° 

Exercise 9.527 


—2V60r4s3 


& 
* 
o 
s 
3 
ie 
n 
o 
R=) 
on 
) 
oo 


(Solution on p. 725.) 


y 
o Sle 
5 
iz) 
—e 
a 
oO 
Ks) 
OU 
NO 
X=) 


& 
* 
o 
s 
3 
ie 
wn 
o 
R=) 
on 
wo 
i) 


(Solution on p. 725.) 


& 


xercise 9.531 


& 


xercise 9.532 (Solution on p. 725.) 


& 
alr 


xercise 9.533 
3 
10 
Exercise 9.534 (Solution on p. 725.) 
\/ (x + 4)*(a —1)° 
Exercise 9.535 
Ge +5)? (22 —7)° 
Exercise 9.536 (Solution on p. 725.) 
Vy — 32) 2(y + 32) (y — 52) 
Exercise 9.537 
\/ (8a — 5b)?6(2a — 96)!(a — b)"® 
Exercise 9.538 (Solution on p. 725.) 
4V11+8v11 
Exercise 9.539 


—-V6+5V6 
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Exercise 9.540 (Solution on p. 725.) 
560 — 715 

Exercise 9.541 

dax? 7504 + Gav 308 

Exercise 9.542 (Solution on p. 725.) 
—3/54 — 16/96 

Exercise 9.543 

VV 18a2y./2272y 

Exercise 9.544 (Solution on p. 725.) 
V4x? + 32a + 64+ V10x? + 80x + 160 

Exercise 9.545 

—2V/9x? — 427 + 49 + 5/182? — 84x + 98 

Exercise 9.546 (Solution on p. 725.) 


—10V56a3b7 + 2a7bV126ab° 


Exercise 9.547 

V3a—V5x 

Viat+V20 

Exercise 9.548 (Solution on p. 725.) 
V6a+V2a 

V3a—V5a 


9.9.1.2 Square Root Equations with Applications (Section 9.7) 


For the following problems, solve the equations. 
Exercise 9.549 
V3a = 9 
Exercise 9.550 (Solution on p. 725.) 
V4a = 16 
Exercise 9.551 
Jr+7=4 
Exercise 9.552 (Solution on p. 726.) 
donb a5 
Exercise 9.553 
V4a+5 =21 
Exercise 9.554 (Solution on p. 726.) 
V3m +7 = 10 
Exercise 9.555 
Jy +10=5 
Exercise 9.556 (Solution on p. 726.) 
Ja-7=6 
Exercise 9.557 
/42 —8 =x -2 
Exercise 9.558 (Solution on p. 726.) 
/24+3+8=11 
Exercise 9.559 


JVa?+5+5=a 
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Exercise 9.560 (Solution on p. 726.) 
V5b+4—5=-2 

Exercise 9.561 

V2a+1-10=-3 

Exercise 9.562 (Solution on p. 726.) 
f2e+5=VJVe4+3 

Exercise 9.563 

Vda — 11 

Exercise 9.564 (Solution on p. 726.) 


At a small business, the monthly number of sales S is approximately related to the number of 
employees E by S = 140+ 8V/E — 2. 


(a) Determine the approximate number of sales if the number of employees is 27. 


(b) Determine the approximate number of employees if the monthly sales are 268. 


Exercise 9.565 
The resonance frequency f in an electronic circuit containing inductance LD and capacitance C’ in 
series is given by 


= 1 
T= Q2nVLC 


(a) Determine the resonance frequency in an electronic circuit if the inductance is 9 and 
the capacitance is 0.0001. Use a = 3.14. 


(b) Determine the inductance in an electric circuit if the resonance frequency is 5.308 and 
the capacitance is 0.0001. Use a = 3.14. 


Exercise 9.566 (Solution on p. 726.) 
If two magnetic poles of strength m and m’ units are at a distance r centimeters (cm) apart, the 
force F of repulsion in air between them is given by 


—=- mm. 
P= 


a) Determine the force of repulsion if two magnetic poles of strengths 22 and 46 units are 
& g 
8 cm apart. 


(b) Determine how far apart are two magnetic poles of strengths 14 and 16 units if the 
force of repulsion in air between them is 42 units. 


9.10 Proficiency Exam * 


9.10.1 Proficiency Exam 


For the following problems, simplify each of the square root expressions. 


Exercise 9.567 7 (Solution on p. 726.) 
(Section 9.4) /8- V5 


10This content is available online at <http://cnx.org/content /m21956/1.3/>. 
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Exercise 9.568 (Solution on p. 726.) 
: WAT) 

(Section 9.5) io) 

Exercise 9.569 (Solution on p. 726.) 

(Section 9.3, Section 9.5) ee 

Exercise 9.570 (Solution on p. 726.) 

(Section 9.2, Section 9.3) V24a3b°c& 

Exercise 9.571 (Solution on p. 726.) 

(Section 9.2, Section 9.3) he 

Exercise 9.572 (Solution on p. 726.) 

(Section 9.3) \/(a —2)?(« +1)* 

Exercise 9.573 (Solution on p. 726.) 

(Section 9.3) Va? — 8a+ 16 

Exercise 9.574 (Solution on p. 726.) 

(Section 9.5) cae 

Exercise 9.575 (Solution on p. 726.) 
: V3a 

(Section 9.5 Tae Tea 

Exercise 9.576 (Solution on p. 726.) 

(Section 9.6 27/27 + «vV12 

Exercise 9.577 (Solution on p. 726.) 

(Section 9.6) —3avVa°b? + 2a°bvab 

Exercise 9.578 (Solution on p. 726.) 

(Section 9.5, Section 9.6) V/10 (V8 — V2) 

Exercise 9.579 (Solution on p. 726.) 

(Section 9.5, Section 9.6) (3 + V6) (2+ V5) 

Exercise 9.580 (Solution on p. 726.) 

(Section 9.5, Section 9.6) (10 - v3) (V5 + V2) 

Exercise 9.581 (Solution on p. 726.) 

(Section 9.5, Section 9.6) (4— J5y)° 

Exercise 9.582 (Solution on p. 726.) 

(Section 9.5, Section 9.6) ae 

Exercise 9.583 (Solution on p. 726.) 

(Section 9.5, Section 9.6) atv 

For the following problems, solve the equations. 

Exercise 9.584 (Solution on p. 727.) 

(Section 9.7) /7+8=4 

Exercise 9.585 (Solution on p. 727.) 

(Section 9.7) /3a+1=4 

Exercise 9.586 (Solution on p. 727.) 

(Section 9.7) 2x = —3 

Exercise 9.587 (Solution on p. 727.) 

(Section 9.7) 32+ 18+7=0 

Exercise 9.588 (Solution on p. 727.) 


(Section 9.7) /3m—5 = V2m+1 
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Exercise 9.589 (Solution on p. 727.) 
(Section 9.7) 2/a+2-—2=0 

Exercise 9.590 (Solution on p. 727.) 
(Section 9.7) Vb—7-— V5b+1=0 

Exercise 9.591 (Solution on p. 727.) 


(Section 9.7) At a small business, the number of monthly sales S is approximately related to the 
number of employees E by S = 175+ 7/E — 3. 


(a) Determine the approximate number of sales if the number of employees is 39. 
(b) Determine the approximate number of employees if the number of sales is 224. 
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Solutions to Exercises in Chapter 9 


Solution to Exercise 9.1 (p. 660) 
6 and —6 

Solution to Exercise 9.2 (p. 660) 
5 and —5 

Solution to Exercise 9.3 (p. 660) 
10 and —10 

Solution to Exercise 9.4 (p. 660) 
8 and —8 

Solution to Exercise 9.5 (p. 660) 
1 and —1 

Solution to Exercise 9.6 (p. 661) 
5 and = 4 

Solution to Exercise 9.7 (p. 661) 
3 and = 3 

Solution to Exercise 9.8 (p. 661) 
0.1 and —0.1 

Solution to Exercise 9.9 (p. 661) 
0.03 and —0.03 

Solution to Exercise 9.10 (p. 662) 
V100 = 10 and —//100 = —10 
Solution to Exercise 9.11 (p. 662) 
V121 = 11 and —V121 = -11 
Solution to Exercise 9.12 (p. 663) 
/35 and —/35 

Solution to Exercise 9.13 (p. 663) 
5.92and — 5.92 

Solution to Exercise 9.14 (p. 663) 
x>—5 

Solution to Exercise 9.15 (p. 663) 
y28 

Solution to Exercise 9.16 (p. 663) 
a> =e 

Solution to Exercise 9.17 (p. 663) 
m= g 

Solution to Exercise 9.18 (p. 665) 


Solution to Exercise 9.19 (p. 665) 
4a? 

Solution to Exercise 9.20 (p. 665) 
7x74 

Solution to Exercise 9.21 (p. 665) 
—1024y®z 

Solution to Exercise 9.22 (p. 665) 
=6(a- 5) 

Solution to Exercise 9.23 (p. 665) 
15w? (2? — 1) 

Solution to Exercise 9.24 (p. 665) 
0.5y2z" 
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Solution to Exercise 9.25 (p. 665) 

gl” 

Solution to Exercise 9.26 (p. 665) 

gen 

Solution to Exercise 9.27 (p. 666) 

two 

Solution to Exercise 9.29 (p. 666) 

secondary 

Solution to Exercise 9.31 (p. 666) 

9 and —9 

Solution to Exercise 9.33 (p. 666) 

11 and —11 

Solution to Exercise 9.35 (p. 666) 

15 and —15 

Solution to Exercise 9.37 (p. 666) 

¢and — $ 

Solution to Exercise 9.39 (p. 666) 

2 and = 2 

Solution to Exercise 9.41 (p. 666) 

0.2 and — 0.2 

Solution to Exercise 9.43 (p. 666) 

l.land —1.1 

Solution to Exercise 9.45 (p. 666) 

8 

Solution to Exercise 9.47 (p. 666) 

—10 

Solution to Exercise 9.49 (p. 667) 
2 


Sohition to Exercise 9.51 (p. 667) 
not a real number 

Solution to Exercise 9.53 (p. 667) 
not a real number 

Solution to Exercise 9.55 (p. 667) 
3 

Solution to Exercise 9.57 (p. 667) 
y= —10 

Solution to Exercise 9.59 (p. 667) 
a> 16 

Solution to Exercise 9.61 (p. 667) 
k>$ 

Solution to Exercise 9.63 (p. 667) 
r<—4 

Solution to Exercise 9.65 (p. 667) 
me 

Solution to Exercise 9.67 (p. 667) 
at 

Solution to Exercise 9.69 (p. 668) 
a2y> 

Solution to Exercise 9.71 (p. 668) 
ab? 


Solution to Exercise 9.73 (p. 
9ab 
Solution to Exercise 9.75 (p. 
10m4n 
Solution to Exercise 9.77 (p. 
Gatly2? 
Solution to Exercise 9.79 (p. 
5@8(y —1)? 
Solution to Exercise 9.81 (p. 
3m3n2(m +n)? 
Solution to Exercise 9.83 (p. 
4 

(f — 2) (g +6) 
Solution to Exercise 9.85 (p. 
= ig 2glt 
Solution to Exercise 9.87 (p. 
wt+6 
Solution to Exercise 9.89 (p. 
Lh kh? 
Solution to Exercise 9.91 (p. 
_ 13ab7c3 

1422 y3 24 
Solution to Exercise 9.93 (p. 
etl 
2x—-1 
Solution to Exercise 9.95 (p. 
No solution; x = 2 is excluded. 
Solution to Exercise 9.97 (p. 
x? —Ww+7 
Solution to Exercise 9.98 (p. 
ee 
Solution to Exercise 9.99 (p. 
h?k}1 
Solution to Exercise 9.100 (p 
9a°b>c19 


Solution to Exercise 9.101 (p. 


1227y40(b +.5)8 


Solution to Exercise 9.102 (p. 


w/w 


Solution to Exercise 9.103 (p. 


wzk®/wzk 


Solution to Exercise 9.104 (p. 


3ab2.c2.d?.\/3.ac 


Solution to Exercise 9.105 (p. 


6m2n" (a — 12)" \/5n (a — 12) 


Solution to Exercise 9.106 (p. 


9 


5 
Solution to Exercise 9.107 (p. 


vi4 


7 
Solution to Exercise 9.108 (p. 


2/5 


5 
Solution to Exercise 9.109 (p. 


V10 
2 


668) 
668) 
668) 
668) 
668) 
668) 
668) 
668) 
668) 


669) 


669) 
669) 
669) 
671) 
671) 
. 671) 
671) 
672) 
672) 
672) 
672) 
673) 
673) 


673) 


673) 
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Solution to Exercise 9.110 (p. 673) 
3 


2 
Solution to Exercise 9.111 (p. 673) 


av 6a 


Solution to Exercise 9.112 (p. 673) 
Solution to Exercise 9.113 (p. 673) 
4a° V2ab 

Solution to Exercise 9.114 (p. 673) 
x+9 

Solution to Exercise 9.115 (p. 673) 
a+T7 

Solution to Exercise 9.116 (p. 674) 
2bV/2 

Solution to Exercise 9.118 (p. 674) 
222 /6 

Solution to Exercise 9.120 (p. 674) 
a? Ja 

Solution to Exercise 9.122 (p. 674) 
2° /E 

Solution to Exercise 9.124 (p. 674) 
6n*/n 

Solution to Exercise 9.126 (p. 674) 
102?y?/xy 

Solution to Exercise 9.128 (p. 674) 
20m3n3./n 

Solution to Exercise 9.130 (p. 674) 
122./x 

Solution to Exercise 9.132 (p. 674) 
2a2/3 

Solution to Exercise 9.134 (p. 674) 
Ag? ./2x 

Solution to Exercise 9.136 (p. 674) 
5ab*+V/2ab 

Solution to Exercise 9.138 (p. 675) 
12a7b§/2ab 

Solution to Exercise 9.140 (p. 675) 
—2007b3 V3 

Solution to Exercise 9.142 (p. 675) 
—p® 

Solution to Exercise 9.144 (p. 675) 
abe 

Solution to Exercise 9.146 (p. 675) 
—3abv/b 

Solution to Exercise 9.148 (p. 675) 
mont pS gio 

Solution to Exercise 9.150 (p. 675) 


Pp 
Solution to Exercise 9.152 (p. 675) 
1 


4 


Solution to Exercise 9.154 (p. 


3 


7 
Solution to Exercise 9.156 (p. 


8v6 


3 
Solution to Exercise 9.158 (p. 


vi4 


7 
Solution to Exercise 9.160 (p. 


2/3 


3 
Solution to Exercise 9.162 (p. 


V30 


10 
Solution to Exercise 9.164 (p. 


2a" /42a 


7 
Solution to Exercise 9.166 (p. 


V3a 


a 
Solution to Exercise 9.168 (p. 


V6x 


2 


Tay? z+ VJ abyz 
Se oe 


5a 
Solution to Exercise 9.172 (p. 


(b +2)? 


Solution to Exercise 9.174 (p. 


(x + 2)° 


Solution to Exercise 9.176 (p. 


(a— 3)" (a1) 


Solution to Exercise 9.178 (p. 


(a —5) 


Solution to Exercise 9.180 (p. 


(a—1)" 


Solution to Exercise 9.182 (p. 


a>—? 


Solution to Exercise 9.184 (p. 


positive; negative 


Solution to Exercise 9.186 (p. 


11a? w z4 


Solution to Exercise 9.187 (p. 


V30 


Solution to Exercise 9.188 (p. 


8 


Solution to Exercise 9.189 (p. 


/(z + 4) (« + 3) 


Solution to Exercise 9.190 (p. 


4m? nvV/10m 


Solution to Exercise 9.191 (p. 


3(k — 6)’ Vk —6 


Solution to Exercise 9.192 (p. 


V6 + V15 


Solution to Exercise 9.193 (p. 


av/10 — 4a? 


Solution to Exercise 9.194 (p. 


8m n?/n — 8m2nV5m 


x 
Solution to Exercise 9.170 (p. 


675) 
675) 
675) 
676) 
676) 
676) 
676) 
676) 
676) 
676) 
676) 
676) 
676) 
677) 
677) 
677) 
677) 
680) 
680) 
680) 
680) 
680) 
680) 
680) 


680) 
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Solution to Exercise 9.195 (p. 680) 

2/5 

Solution to Exercise 9.197 (p. 680) 

2V14 

Solution to Exercise 9.199 (p. 680) 
12V6 

Solution to Exercise 9.201 (p. 680) 

5 

Solution to Exercise 9.203 (p. 680) 

8 

Solution to Exercise 9.205 (p. 680) 

36 

Solution to Exercise 9.207 (p. 681) 

vom 

Solution to Exercise 9.209 (p. 681) 

V6m 

Solution to Exercise 9.211 (p. 681) 

2V/ 5a 

Solution to Exercise 9.213 (p. 681) 

DV 3y 

Solution to Exercise 9.215 (p. 681) 

a 

Solution to Exercise 9.217 (p. 681) 

y 

Solution to Exercise 9.219 (p. 681) 

3 

Solution to Exercise 9.221 (p. 681) 

k 

Solution to Exercise 9.223 (p. 681) 

mi/m 

Solution to Exercise 9.225 (p. 681) 
2 

x 

Solution to Exercise 9.227 (p. 681) 

yVy 

Solution to Exercise 9.229 (p. 681) 
4 

a 

Solution to Exercise 9.231 (p. 682) 
6 

x 

Solution to Exercise 9.233 (p. 682) 
3 

yy 

Solution to Exercise 9.235 (p. 682) 

(a + 2) (a — 3) 
Solution to Exercise 9.237 (p. 682) 
(y + 3) (y—2) 

Solution to Exercise 9.239 (p. 682) 
(c+9)Vx+9 

Solution to Exercise 9.241 (p. 682) 

3a? /5a 

Solution to Exercise 9.243 (p. 682) 

6(p — 4)" 


Solution to Exercise 9.245 (p. 


10m? n?2r4./10mr 


Solution to Exercise 9.247 (p. 


y° 


Solution to Exercise 9.249 (p. 


2a7V/5 


Solution to Exercise 9.251 (p. 


ye” 


Solution to Exercise 9.253 (p. 


2m2"4+2,/5 


Solution to Exercise 9.255 (p. 


2 (2+ v3) 


Solution to Exercise 9.257 (p. 


V3x + V6 


Solution to Exercise 9.259 (p. 


2,/2a — 2\/6a 


Solution to Exercise 9.261 (p. 


y? (y+ v3) 


Solution to Exercise 9.263 (p. 


6m? (m3/2 _ 1) 


Solution to Exercise 9.265 (p. 


(a?y? + 5w) (a?y? — 5w) 


Solution to Exercise 9.267 (p. 


4(a+5) 
(a+3)? 


Solution to Exercise 9.269 (p. 


Qay*z*,/Bry 


Solution to Exercise 9.270 (p. 


v2 


Solution to Exercise 9.271 (p. 


Vai 


3 
Solution to Exercise 9.272 (p. 


4mn3,/mn 


Solution to Exercise 9.273 (p. 


7(a + 7)?./2 (a +7) 


Solution to Exercise 9.274 (p. 


V¥n2—n—20 


n—5 
Solution to Exercise 9.275 (p. 


va—4 


Solution to Exercise 9.276 (p. 


gl 


Solution to Exercise 9.277 (p. 


qim—2 


Solution to Exercise 9.278 (p. 


45-5/7 
4 


Solution to Exercise 9.279 (p. 


—2-2V 3a 
1-32 


Solution to Exercise 9.280 (p. 


2/6a—4/x 


x 
Solution to Exercise 9.281 (p. 


V2m+V6 


m—3 


682) 
682) 
682) 
682) 
683) 
683) 
683) 
683) 
683) 
683) 
683) 
683) 
684) 
686) 
686) 
686) 
686) 
686) 
686) 
686) 
686) 
687) 
687) 


687) 


688) 
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Solution to Exercise 9.282 (p. 688) 
V14 
Solution to Exercise 9.284 (p. 688) 
2 
Solution to Exercise 9.286 (p. 688) 
6 
Solution to Exercise 9.288 (p. 688) 
3 
Solution to Exercise 9.290 (p. 688) 
635 

35 
Solution to Exercise 9.292 (p. 688) 
7 
15 
Solution to Exercise 9.294 (p. 688) 
Vv21 

ig 
Solution to Exercise 9.296 (p. 688) 
v10 

2 
Solution to Exercise 9.298 (p. 688) 
vi5 

6 
Solution to Exercise 9.300 (p. 689) 
v7 


Solution to Exercise 9.302 (p. 689) 
5/2 

Seliition to Exercise 9.304 (p. 689) 
6m? 

Solution to Exercise 9.306 (p. 689) 
by? 

Solution to Exercise 9.308 (p. 689) 
5at./a 

Solution to Exercise 9.310 (p. 689) 
6a°./x 

Solution to Exercise 9.312 (p. 689) 
3ab3/¢e 

Solution to Exercise 9.314 (p. 689) 
p’q? /6pq 

Solution to Exercise 9.316 (p. 689) 
v10x 

Sclution to Exercise 9.318 (p. 689) 
myy/2m 


2n 
Solution to Exercise 9.320 (p. 690) 


i=) 


Solution to Exercise 9.322 (p. 690) 
w= 
s—3 

Solution to Exercise 9.324 (p. 690) 


Co 
Solution to Exercise 9.326 (p. 690) 
to 
Solution to Exercise 9.328 (p. 690) 
—204+5V5 
ii 


i 


31 


Solution to Exercise 9.330 (p. 690) 
2(1+/a) 


Solution to Exercise 9.332 (p. 690) 
—2 (V7 — 2) 

Solution to Exercise 9.334 (p. 690) 
v6 — V2 

Solution to Exercise 9.336 (p. 690) 
3+ V6 

Solution to Exercise 9.338 (p. 690) 


V6y—3y V2 

1—3y 
Solution to Exercise 9.340 (p. 690) 
a-Vab 


a—b 
Solution to Exercise 9.342 (p. 691) 
V35-V7 


4 
Solution to Exercise 9.344 (p. 691) 


Solution to Exercise 9.346 (p. 691) 


Solution to Exercise 9.348 (p. 691) 
a+4 

Solution to Exercise 9.349 (p. 693) 
2/2 

Solution to Exercise 9.350 (p. 693) 
64/3 

Solution to Exercise 9.351 (p. 693) 
48/212 

Solution to Exercise 9.352 (p. 693) 
v6+3 

Solution to Exercise 9.353 (p. 693) 
5a/a 

Solution to Exercise 9.354 (p. 693) 
18a? /6z + 3x 

Solution to Exercise 9.355 (p. 695) 
V30 — 4/5 

Solution to Exercise 9.356 (p. 695) 
3V10 + 3V/14 

Solution to Exercise 9.357 (p. 695) 


8/6 — 12 
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Solution to Exercise 9.358 (p. 695) 
12+ 8V2+ 3V5 + 2V/10 

Solution to Exercise 9.359 (p. 695) 
2/5 

Solution to Exercise 9.361 (p. 695) 
—15V/6 

Solution to Exercise 9.363 (p. 695) 
57x 

Solution to Exercise 9.365 (p. 696) 
26/2 

Solution to Exercise 9.367 (p. 696) 
2/2 

Solution to Exercise 9.369 (p. 696) 
12/10 + 32V5 

Solution to Exercise 9.371 (p. 696) 
1315 

Solution to Exercise 9.373 (p. 696) 
32/r 

Solution to Exercise 9.375 (p. 696) 
Qay?/2ry 

Solution to Exercise 9.377 (p. 696) 
—4/6 — 8/3 

Solution to Exercise 9.379 (p. 696) 
—V5 

Solution to Exercise 9.381 (p. 696) 
5V14 — 6/34 

Solution to Exercise 9.383 (p. 696) 
L3arV3x 

Solution to Exercise 9.385 (p. 696) 
v6 + v2 

Solution to Exercise 9.387 (p. 697) 
V15 — V/10 

Solution to Exercise 9.389 (p. 697) 
2 (v6 + 2) 

Solution to Exercise 9.391 (p. 697) 
-1+¥3 

Solution to Exercise 9.393 (p. 697) 
7(2— y2) 

Solution to Exercise 9.395 (p. 697) 
17 +410 

Solution to Exercise 9.397 (p. 697) 
54 — 2/15 

Solution to Exercise 9.399 (p. 697) 
—A42 

Solution to Exercise 9.401 (p. 697) 
14+ 6V5 

Solution to Exercise 9.403 (p. 697) 
11—4,/7 

Solution to Exercise 9.405 (p. 697) 
4+ 45a + 5a 


Solution to Exercise 9.407 (p. 


64 — 16\/6b + 6b 


Solution to Exercise 9.409 (p. 


9y? — 6y./Ty + Ty 


Solution to Exercise 9.411 (p. 


—1 


Solution to Exercise 9.413 (p. 


29 


Solution to Exercise 9.415 (p. 


3 


Solution to Exercise 9.417 (p. 


t—y 


Solution to Exercise 9.419 (p. 


2(6-V2) 


ay: 
Solution to Exercise 9.421 (p. 


44/3 


Solution to Exercise 9.423 (p. 


3+V7 


Solution to Exercise 9.425 (p. 


2/3-V2 


10 
Solution to Exercise 9.427 (p. 


2148/5 
TL 


Solution to Exercise 9.429 (p. 


= 1642/34 24V2— 3V6 


Solution: to Exercise 9.431 (p. 


5-2/6 


Solution to Exercise 9.433 (p. 


2/6 —5 


Solution to Exercise 9.435 (p. 


64a \4y 14 


Solution to Exercise 9.437 (p. 


327 y? 2/32z 


Solution to Exercise 9.439 (p. 


y = 196 


Solution to Exercise 9.440 (p. 


a= 32 


Solution to Exercise 9.441 (p. 


697) 
697) 
698) 
698) 
698) 
698) 


698) 


698) 
698) 
698) 
698) 
698) 
699) 
699) 
699) 
699) 
701) 
701) 


701) 


a = —3 is extraneous, no real solution 


Solution to Exercise 9.442 (p. 


no real solution 


Solution to Exercise 9.443 (p. 


= 25 


Solution to Exercise 9.445 (p. 


a = 100 


Solution to Exercise 9.447 (p. 


no solution 


Solution to Exercise 9.449 (p. 


x=0 


Solution to Exercise 9.451 (p. 


xr=6 


701) 
701) 
701) 
701) 
701) 


701) 
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Solution to Exercise 9.453 (p. 701) 
a = 34 

Solution to Exercise 9.455 (p. 702) 
y = 20 

Solution to Exercise 9.457 (p. 702) 
z= 16 

Solution to Exercise 9.459 (p. 702) 
m=3 

Solution to Exercise 9.461 (p. 702) 
no solution 

Solution to Exercise 9.463 (p. 702) 
a=2 

Solution to Exercise 9.465 (p. 702) 
no solution 

Solution to Exercise 9.467 (p. 702) 
m=4 

Solution to Exercise 9.469 (p. 702) 
no solution 

Solution to Exercise 9.471 (p. 702) 
no solution 

Solution to Exercise 9.473 (p. 703) 
(a) S = 175; (b) EF = 190 

Solution to Exercise 9.475 (p. 703) 
(a) F = 32 (b)r = 8m 

Solution to Exercise 9.477 (p. 703) 
(a) T = 1.57sec (b) L = 95.99cm 
Solution to Exercise 9.479 (p. 704) 
x2(a +7) 

Solution to Exercise 9.481 (p. 704) 
positive; negative 

Solution to Exercise 9.483 (p. 704) 
7+ V5 

Solution to Exercise 9.484 (p. 706) 
2/5 

Solution to Exercise 9.486 (p. 706) 
12/5 

Solution to Exercise 9.488 (p. 706) 
y 

Solution to Exercise 9.490 (p. 706) 
m+3 

Solution to Exercise 9.492 (p. 706) 
a+2 

Solution to Exercise 9.494 (p. 706) 
a/(e+5) (+2) 


xr+2 
Solution to Exercise 9.496 (p. 706) 
5 
Solution to Exercise 9.498 (p. 706) 
Jat3 
Solution to Exercise 9.500 (p. 707) 


Vz—3 


Solution to Exercise 9.502 (p. 707) 

3+ V15 

Solution to Exercise 9.504 (p. 707) 

a — Vabe 

Solution to Exercise 9.506 (p. 707) 

a2/14 — 2a3\/7 

Solution to Exercise 9.508 (p. 707) 

2V5 

Solution to Exercise 9.510 (p. 707) 

8VI 

Solution to Exercise 9.512 (p. 707) 

a 

Solution to Exercise 9.514 (p. 707) 

16y? — 3x 

Solution to Exercise 9.516 (p. 707) 
2(2-V7) 


Séhition to Exercise 9.518 (p. 707) 
6(z— v9) 

wy 
Solution to Exercise 9.520 (p. 707) 
aV5—V15 


a2—3 
Solution to Exercise 9.522 (p. 708) 
8V6—2,V3+4+3/2-16 

2 
Solution to Exercise 9.524 (p. 708) 
6a7b2c? /bcy 
avy? 

Solution to Exercise 9.526 (p. 708) 


Ax? (a — 2) ,/2ay (x — 2) 

Solution to Exercise 9.528 (p. 708) 
V3 

4 

Solution to Exercise 9.530 (p. 708) 
3 


4 
Solution to Exercise 9.532 (p. 708) 
v6 


Soliton to Exercise 9.534 (p. 708) 
(x + 4)?(@ — 1)? (\/x—1) 

Solution to Exercise 9.536 (p. 708) 
(y — 32)"(y + 32)° (y— 52) VO= BE 
Solution to Exercise 9.538 (p. 708) 
12/11 

Solution to Exercise 9.540 (p. 708) 
3V'15 

Solution to Exercise 9.542 (p. 709) 
—73y/6 

Solution to Exercise 9.544 (p. 709) 
(2+ V/10) (a + 4) 

Solution to Exercise 9.546 (p. 709) 
(—20ab? + 6a7b*) V/14ab 

Solution to Exercise 9.548 (p. 709) 
=3V2- V30—v6—V10 
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Solution to Exercise 9.550 (p. 709) 
a = 64 

Solution to Exercise 9.552 (p. 709) 
no solution 

Solution to Exercise 9.554 (p. 709) 
m= 31 

Solution to Exercise 9.556 (p. 709) 
a = 43 

Solution to Exercise 9.558 (p. 709) 
zr=3 

Solution to Exercise 9.560 (p. 709) 
b=1 

Solution to Exercise 9.562 (p. 710) 
G=—2 

Solution to Exercise 9.564 (p. 710) 
(a) S = 180; (b) BE = 258 

Solution to Exercise 9.566 (p. 710) 
(a) F = 15.8125 (b) r = 12.31em 
Solution to Exercise 9.567 (p. 710) 
2V'10 

Solution to Exercise 9.568 (p. 710) 
2V15 

Solution to Exercise 9.569 (p. 711) 
Vvnt+a4 

Solution to Exercise 9.570 (p. 711) 
2ab2c4V/6ab 

Solution to Exercise 9.571 (p. 711) 
8a7y? 23 /acy 

~ Ta2bceo 

Solution to Exercise 9.572 (p. 711) 
(2) (e +1)? 

Solution to Exercise 9.573 (p. 711) 
a—4 

Solution to Exercise 9.574 (p. 711) 
8—4/e 

Solution to Exercise 9.575 (p. 711) 
V15— V6 

Sélution to Exercise 9.576 (p. 711) 
8aV/3 

Solution to Exercise 9.577 (p. 711) 
—a3bVab 

Solution to Exercise 9.578 (p. 711) 
2V5 

Solution to Exercise 9.579 (p. 711) 
6+ 3V5 + 2V6 + V30 

Solution to Exercise 9.580 (p. 711) 
5/2 + 275 — 15 — V6 

Solution to Exercise 9.581 (p. 711) 
16 — 8,/5y + 5y 

Solution to Exercise 9.582 (p. 711) 
24-6V2—AV3+V6 


Solution to Exercise 9.583 (p. 


_ 34+V64V10+V15 
2 


Solution to Exercise 9.584 (p. 


xr=8 


Solution to Exercise 9.585 (p. 


a=5 


Solution to Exercise 9.586 (p. 


no solution 


Solution to Exercise 9.587 (p. 


no real solution 


Solution to Exercise 9.588 (p. 


m=6 


Solution to Exercise 9.589 (p. 


a=-l 


Solution to Exercise 9.590 (p. 


no solution 


Solution to Exercise 9.591 (p. 


(a) S =217 (b) E=52 


711) 
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711) 
711) 
711) 
711) 
711) 
712) 
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Chapter 10 


Quadratic Equations 


10.1 Objectives’ 


After completing this chapter, you should 
Solving Quadratic Equations (Section 10.2) 


e be able to place a quadratic equation into standard form 
e be familiar with the zero-factor property of real numbers 


Solving Quadratic Equations by Factoring (Section 10.3) 


e be able to solve quadratic equations by factoring 


Solving Quadratic Equations Using the Method of Extraction of Roots (Section 10.4) 


e be able to solve quadratic equations using the method of extraction of roots 
e be able to determine the nature of the solutions to a quadratic equation 


Solving Quadratic Equations Using the Method of Completing the Square (Section 10.5) 


e understand the logic underlying the method of completing the square 
e be able to solve a quadratic equation using the method of completing the square 


Solving Quadratic Equations Using the Quadratic Formula (Section 10.6) 


e recognize the standard form of a quadratic equation 
e understand the derivation of the quadratic formula 
e solve quadratic equations using the quadratic formula 


Applications (Section 10.7) 


e become more proficient at using the five-step method for solving applied problems 


Graphing Quadratic Equations (Section 10.8) 


e be able to construct the graph of a parabola 


'This content is available online at <http://cnx.org/content /m22792/1.4/>. 
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10.2 Solving Quadratic Equations ” 


10.2.1 Overview 


e Standard Form of A Quadratic Equation 
e Zero-Factor Property of Real Numbers 


10.2.2 Standard Form of A Quadratic Equation 


In Chapter (Section 5.1) we studied linear equations in one and two variables and methods for solving them. 
We observed that a linear equation in one variable was any equation that could be written in the form 
ax+b=0, a #40, and a linear equation in two variables was any equation that could be written in the form 
ax + by = c, where a and b are not both 0. We now wish to study quadratic equations in one variable. 
Quadratic Equation 
A quadratic equation is an equation of the form az? + br +c=0, a4 0. 

The standard form of the quadratic equation is ax? + br +c=0,a40. 

For a quadratic equation in standard form ax? + br +c =0, 

a is the coefficient. of x. 
b is the coefficient of x. 
cis the constant term. 


10.2.3 Sample Set A 
The following are quadratic equations. 


Example 10.1 
327 + 22 -1=0. a=3,b=2,c=-l. 
Example 10.2 
5a? + 8a = 0. a=5,b=8,c=0. 


Notice that this equation could be written 52? + 82 + 0 = 0. Now it is clear that ¢ = 0. 
Example 10.3 


Notice that this equation could be written x? + 02 + 7 = 0. Now it is clear that b = 0. 


The following are not quadratic equations. 


Example 10.4 
34+2=0. a=0. This equation is linear. 


Example 10.5 

8a? + 2-5 =0. 

The expression on the left side of the equal sign has a variable in the denominator and, therefore, 
is not a quadratic. 


?This content is available online at <http://cnx.org/content/m18880/1.4/>. 
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10.2.4 Practice Set A 


Which of the following equations are quadratic equations? Answer “yes” or “no” to each equation. 


Exercise 10.1 (Solution on p. 798.) 
6a? — 42 +9=0 

Exercise 10.2 (Solution on p. 798.) 
5a +8=0 

Exercise 10.3 (Solution on p. 798.) 
4x° —5a7+2+6=8 

Exercise 10.4 (Solution on p. 798.) 
4x? —24+4=1 

Exercise 10.5 (Solution on p. 798.) 
2 — 522 =6r+4 

Exercise 10.6 (Solution on p. 798.) 


Ox? — 224 +6 = 42? 4+8 


10.2.5 Zero-Factor Property 


Our goal is to solve quadratic equations. The method for solving quadratic equations is based on the zero- 
factor property of real numbers. We were introduced to the zero-factor property in Section Section 8.2. We 
state it again. 

Zero-Factor Property 

If two numbers a and b are multiplied together and the resulting product is 0, then at least one of the 
numbers must be 0. Algebraically, if a - 6 = 0, then a = 0 or b= 0, or both a= 0 and b= 0. 


10.2.6 Sample Set B 


Use the zero-factor property to solve each equation. 


Example 10.6 
If 9x = 0, then x must be 0. 


Example 10.7 
If —22? = 0, then x? = 0, x = 0. 


Example 10.8 
If 5 then x — 1 must be 0, since 5 is not zero. 


z-1 = 0 
x= 1 
Example 10.9 
If «(a +6) =0, then 
eS '0 or z+6 = 0 
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Example 10.10 
If (a + 2) (a +3) =0, then 


r+2 = 0 or z+3 = 0 
x —2 c= -3 
g = -2, -3 


Example 10.11 
If (a + 10) (4a — 5) = 0, then 


z+10 = 0 or 4xr—-5 = O 
f= —10 4x = 5 
r=} 
= 5 
GC = —10, q 
10.2.7 Practice Set B 
Use the zero-factor property to solve each equation. 
Exercise 10.7 (Solution on p. 798.) 
6(a—4)=0 
Exercise 10.8 (Solution on p. 798.) 
(y+ 6) (y—7) =0 
Exercise 10.9 (Solution on p. 798.) 
(a +5) (3a —4) =0 


10.2.8 Exercises 


For the following problems, write the values of a, b, and c in quadratic equations. 
Exercise 10.10 (Solution on p. 798.) 
327 + 42 —-7=0 
Exercise 10.11 
7x? + 22+8=0 
Exercise 10.12 (Solution on p. 798.) 
2y? —5y+5=0 
Exercise 10.13 
7a7+a—8=0 
Exercise 10.14 (Solution on p. 798.) 
—3a2 + 4a—-1=0 
Exercise 10.15 
7b? + 3b =0 
Exercise 10.16 (Solution on p. 798.) 
227 + 52 =0 


Exercise 10.17 
4y?+9=0 
Exercise 10.18 
8a? — 2a =0 
Exercise 10.19 
6x? = 0 
Exercise 10.20 
Ay”? = 0 
Exercise 10.21 


5a? — 3a +9 = 42? 


Exercise 10.22 


7x? +274 +1=67? + 2-9 


Exercise 10.23 


—3a7 +42 —1 = —4e? —4r +12 


Exercise 10.24 
5a —7 = —3x? 
Exercise 10.25 


3a — 7 = —2a? + 5x 


Exercise 10.26 
0O=274+6r-1 
Exercise 10.27 
9=x77 
Exercise 10.28 
x?=9 
Exercise 10.29 
0 = —2? 


For the following problems, use the zero-factor property to solve the equations. 


Exercise 10.30 
4x =0 
Exercise 10.31 
1l6y = 0 
Exercise 10.32 
9a = 0 
Exercise 10.33 
4m = 0 
Exercise 10.34 
3(k+7)=0 
Exercise 10.35 
8(y—6) =0 
Exercise 10.36 
—5(a+4)=0 
Exercise 10.37 
—6(n +15) =0 
Exercise 10.38 
y(y—1)=0 
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Exercise 10.39 
a(a—6)=0 
Exercise 10.40 (Solution on p. 798.) 
n(n+4)=0 
Exercise 10.41 
x(x+8)=0 
Exercise 10.42 (Solution on p. 798.) 
9(a—4)=0 
Exercise 10.43 
—2(m+11)=0 
Exercise 10.44 (Solution on p. 799.) 
xu(a+7)=0 
Exercise 10.45 
n(n —10)=0 
xercise 10.46 Solution on p. 799. 
E i ( ) 
(y— 4) (y—8) =0 
Exercise 10.47 
(k —1)(k-—6) =0 
Exercise 10.48 (Solution on p. 799.) 
(a +5) (a+ 4) =0 
Exercise 10.49 
(y +6) (2y+1) =0 
Exercise 10.50 (Solution on p. 799.) 
(a — 3) (5a — 6) =0 
Exercise 10.51 
(5a + 1) (2a — 3) =0 
Exercise 10.52 (Solution on p. 799.) 
(6m + 5) (11m — 6) =0 
Exercise 10.53 
(2m — 1) (3m +8) =0 
Exercise 10.54 (Solution on p. 799.) 
(4a + 5) (2a — 7) =0 
Exercise 10.55 
(3y + 1) (2y+1) =0 
Exercise 10.56 (Solution on p. 799.) 
(7a + 6) (7a — 6) = 0 
Exercise 10.57 
(8a + 11) (2a — 7) =0 
Exercise 10.58 (Solution on p. 799.) 
(5a — 14) (3a + 10) = 0 
Exercise 10.59 
(8a — 1) (8a —1) =0 
Exercise 10.60 (Solution on p. 799.) 
(2y + 5) (2y +5) =0 
Exercise 10.61 
(7a — 2)? =0 
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Exercise 10.62 (Solution on p. 799.) 
(5m — 6)? =0 


10.2.9 Exercises For Review 
Exercise 10.63 
(Section 6.6) Factor 12ax — 3x + 8a — 2 by grouping. 


Exercise 10.64 (Solution on p. 799.) 
(Section 7.6) Construct the graph of 62 + 10y — 60 = 0. 


Exercise 10.65 
(Section 8.6) Find the difference: Set — ah. 


Exercise 10.66 (Solution on p. 799.) 
(Section 9.6) Simplify V7 (/2 +2). 

Exercise 10.67 

(Section 9.7) Solve the radical equation 3x + 10 = x + 4. 


10.3 Solving Quadratic Equations by Factoring’ 
10.3.1 Overview 


e Factoring Method 
e Solving Mentally After Factoring 


10.3.2 Factoring Method 


To solve quadratic equations by factoring, we must make use of the zero-factor property. 


1. Set the equation equal to zero, that is, get all the nonzero terms on one side of the equal sign and 0 
on the other. 


ax? + br +c=0 
2. Factor the quadratic expression. 


QQ =0 


’This content is available online at <http://cnx.org/content /m21933/1.3/>. 
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3. By the zero-factor property, at least one of the factors must be zero, so, set each of the factors equal 
to 0 and solve for the variable. 


10.3.3 Sample Set A 


Solve the following quadratic equations. (We will show the check for problem 1.) 
Example 10.12 


The equation is already 


x? —7x +12 = 0. 
set equal to 0. Factor. 
(a—3)(a-—4) = 0 Set each factor equal to 0. 
£3 = 0 or 2-4 = 0 
r= 3 or = 4 
Check: Ife =3,22-7x + 12 = 0 
3?-7-3 + 12 = O Isthiscorrect? 
9-21 + 12 = 0O Isthiscorrect? 
0 = O Yes, this is correct. 
Check: Ife =4,22-7xr + 12 = 0 
47_7-4 4 12 0 Isthis correct? 
16-28 + 12 = 0 Isthiscorrect? 
0 = O Yes, this is correct. 


Thus, the solutions to this equation are x = 3, 4. 


Example 10.13 


a? = 25. Set the equation equal to 0. 
x?7—-25 = 0 Factor. 
(c+ 5)(@-5) = 0 Set each factor equal to 0. 
r+5=0 or xr—-5=0 
r=-5d5 or r=5 


Thus, the solutions to this equation are x = 5, —5. 


Example 10.14 


x = 2Qqw. Set the equation equal to 0. 
f= oe = 0 Factor. 
x (a — 2) Set each factor equal to 0. 
xr=0 or z—-2=0 
e=2 


Thus, the solutions to this equation are x = 0, 2. 


Example 10.15 


2x2 + 7x — 15 


(2¢ — 3) (a +5) 


2x —3=0 
2% =3 


ae 
ee) 


or 


or 


Thus, the solutions to this equation are x = 3, —5. 


Example 10.16 
632? = 132 +6 


Thus, the solutions to this equation are x = 


10.3.4 Practice Set A 


63x? — 132 —6 


(9x + 2) (7x — 3) 


9x +2=0 


9x = —2 


Solve the following equations, if possible. 


Exercise 10.68 
(a —7)(a+4)=0 
Exercise 10.69 
(2x + 5) (5a — 7) =0 
Exercise 10.70 
xv? +227 —24=0 
Exercise 10.71 
6x? +132 —5 =0 
Exercise 10.72 
5y? + 2y = 3 
Exercise 10.73 
m(2m— 11) =0 
Exercise 10.74 
6p? = — (5p + 1) 
Exercise 10.75 
r2—49=0 


=2 
9 


3 
oe 


Factor. 


Set each factor equal to 0. 
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10.3.5 Solving Mentally After Factoring 


Let’s consider problems 4 and 5 of Sample Set A in more detail. Let’s look particularly at the factorizations 
(2x — 3) (a+ 5) =0 and (9% + 2) (7a — 3) = 0. The next step is to set each factor equal to zero and solve. 
We can solve mentally if we understand how to solve linear equations: we transpose the constant from the 


variable term and then divide by the coefficient of the variable. 


10.3.6 Sample Set B 


Example 10.17 
Solve the following equation mentally. 


(2x — 3) (2 +5) =0 


2x —3 


2x 


= 0 


© wiw 


= —5 


Mentally add 3 to both sides. The constant changes sign. 
Divide by 2, the coefficient of x. The 2 divides the constant 3 into 3. 


The coefficient becomes the denominator. 


Mentally subtract 5 from both sides. The constant changes sign. 


Divide by the coefficient of x, 1. The coefficient becomes the denominator. 


Now, we can immediately write the solution to the equation after factoring by looking at each 
factor, changing the sign of the constant, then dividing by the coefficient. 


10.3.7 Practice Set B 


Exercise 10.76 
Solve (92 + 2) (7a — 3) = 0 using this mental method. 


10.3.8 Exercises 


(Solution on p. 


For the following problems, solve the equations, if possible. 
Exercise 10.77 


(x +1) (a 


3) =0 


Exercise 10.78 


(x +4) (a 


9) =0 


Exercise 10.79 
(x —5)(a-—1) =0 
Exercise 10.80 
(a —6)(a— 3) =0 
Exercise 10.81 
(a — 4) (a+ 2) =0 
Exercise 10.82 
(a +6)(a—1)=0 


(Solution on p. 


(Solution on p. 


(Solution on p. 


800.) 


800.) 


800.) 


800.) 


Exercise 10.83 


(2a +1)(a@—7)=0 


Exercise 10.84 


(3x + 2) (a —-1) =0 


Exercise 10.85 


(4x + 3) (8a — 2) = 


Exercise 10.86 


(5a — 1) (4e +7) =0 


Exercise 10.87 


(6a + 5) (9a — 4) =0 


Exercise 10.88 


(3a + 1) (8a —1) =0 


Exercise 10.89 
x(x+4)=0 
Exercise 10.90 
y(y—5)=0 
Exercise 10.91 
y (3y— 4) =0 
Exercise 10.92 
b(4b+ 5) =0 
Exercise 10.93 


x (2% +1) (24+ 8) =0 


Exercise 10.94 


y (5y + 2) (2y—1) =0 


Exercise 10.95 
(x — 8)? =0 
Exercise 10.96 
(x —2)? =0 
Exercise 10.97 
(b+ 7)? =0 
Exercise 10.98 
(a+1)?=0 
Exercise 10.99 
a(x — 4)* =0 
Exercise 10.100 
yy +9) =0 
Exercise 10.101 
y(y—7)° =0 
Exercise 10.102 
y(y +5)" =0 
Exercise 10.103 
x?-4A=0 
Exercise 10.104 
x7+9=0 
Exercise 10.105 
x? + 36 =0 
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Exercise 10.106 

x? —25=0 

Exercise 10.107 (Solution on p. 800.) 
a2 — 100 =0 

Exercise 10.108 

a2 —81=0 

Exercise 10.109 (Solution on p. 800.) 
b? — 49 =0 

Exercise 10.110 

y2—-1=0 

Exercise 10.111 (Solution on p. 800.) 
3a? — 75 =0 

Exercise 10.112 

5b? — 20 =0 

Exercise 10.113 (Solution on p. 800.) 
y>—y=0 

Exercise 10.114 

a2 =9 

Exercise 10.115 (Solution on p. 800.) 
b=4 

Exercise 10.116 

b%=1 

Exercise 10.117 (Solution on p. 800.) 
a? = 36 

Exercise 10.118 

3a? = 12 

Exercise 10.119 (Solution on p. 800.) 
247 = -4 

Exercise 10.120 

—2a? = —50 

Exercise 10.121 (Solution on p. 800.) 
—7b? = —63 

Exercise 10.122 

20? = —32 

Exercise 10.123 (Solution on p. 800.) 
3b? = 48 

Exercise 10.124 

a? —8a+16=0 

Exercise 10.125 (Solution on p. 801.) 
y? + 10y+ 25 =0 

Exercise 10.126 

y2 + 9y +16 =0 

Exercise 10.127 (Solution on p. 801.) 
x? —22-1=0 

Exercise 10.128 

a? +6a+9=0 


Exercise 10.129 
a*+4a+4=0 
Exercise 10.130 
x? + 12% = —36 
Exercise 10.131 
b? — 14b = —49 
Exercise 10.132 
3a? + 18a 4+ 27 =0 
Exercise 10.133 


2m3 + 4m? + 2m = 0 


Exercise 10.134 


3mn? — 36mn + 36m = 0 


Exercise 10.135 
a? +2a—3=0 
Exercise 10.136 
a? + 3a—10=0 
Exercise 10.137 
v?+97+14=0 
Exercise 10.138 
x? —7r+12=3 
Exercise 10.139 
b? + 12b+ 27=0 
Exercise 10.140 
b? — 3b 4+2=0 
Exercise 10.141 
x? — 13a" = —42 
Exercise 10.142 
a® = —8a? — 15a 
Exercise 10.143 
6a? + 13a +5=0 
Exercise 10.144 
6x? — 4x —-2=0 
Exercise 10.145 
12a? + 15a +3=0 


Exercise 10.146 
18b? + 24b+6=0 


Exercise 10.147 


12a? + 24a+ 12 =0 


Exercise 10.148 
4a? — 4g = —1 
Exercise 10.149 
Qa? =x +15 
Exercise 10.150 
4a? = 4a4+3 


Exercise 10.151 
dy? = —4y — 2 
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Exercise 10.152 
9y? = 9y +18 


10.3.9 Exercises For Review 


Exercise 10.153 (Solution on p. 801.) 
(Section 2.7) Simplify (ay)? (wy?)*. 

Exercise 10.154 F 

(Section 3.7) Write (2~?y?w*) ~ so that only positive exponents appear. 

Exercise 10.155 (Solution on p. 801.) 
(Section 8.6) Find the sum: =~ + Saag 

Exercise 10.156 
(Section 8.9) Simplify <— 


Exercise 10.157 (Solution on p. 801.) 
(Section 10.2) Solve (a + 4) (3a4+1) =0. 


a | 
+ 
olen 


[4] 
cH 


10.4 Solving Quadratic Equations Using the Method of Extraction 
of Roots * 


10.4.1 Overview 


e The Method Of Extraction Of Roots 
e The Nature Of Solutions 


10.4.2 The Method Of Extraction Of Roots 


Extraction of Roots 
Quadratic equations of the form x? — K = 0 can be solved by the method of extraction of roots by 
rewriting it in the form x? = K. 


To solve «2 = K, we are required to find some number, x, that when squared produces K. This 
number, x, must be a square root of K. If K is greater than zero, we know that it possesses two square 
roots, VK and —\VK. We also know that 


2 _ 2 
= Se ee ae 
We now have two replacements for x that produce true statements when substituted into the equa- 


tion. Thus, « = VK and x = —\K are both solutions to x? = K. We use the notation x = +VK to denote 
both the principal and the secondary square roots. 


4This content is available online at <http://cnx.org/content /m21922/1.3/>. 
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10.4.3 The Nature of Solutions 


Solutions of x? = K 
For quadratic equations of the form 2? = K, 


1. If K is greater than or equal to zero, the solutions are tv K. 
2. If K is negative, no real number solutions exist. 
3. If K is zero, the only solution is 0. 


10.4.4 Sample Set A 
Solve each of the following quadratic equations using the method of extraction of roots. 


Example 10.18 


x?—-49 = 0. Rewrite. 
x? = 49 
zg = +,/49 
CS 27 
Check : (7)? =49 Isthis correct? (—7)* =49 Isthis correct? 
49=49 = Yes, thisiscorrect. 49 = 49 Yes, this is correct. 


Example 10.19 


az = 36 
36 
a? = 25 
36 
a = BE o5 
a= +8 
Check : 25(8)° = 36 Isthiscorrect? o5(=8)° = 36 Isthiscorrect? 
25 (38)? = 36 Isthiscorrect? 25 (38) = 36 Isthiscorrect? 
36 = 36 Yes, thisis correct. 36 = 36 Yes, this is correct. 
Example 10.20 
4m? — 32 = 0 
4m? 32 
m= 2 
m = 8 
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Check : 4(2,/2) oP os 32 Is this correct? 4 (-2V2) war 32 Isthiscorrect? 
4 [2° V2) i = 32 Isthiscorrect? 4 [(-2)? V2) ‘| = 32 Isthiscorrect? 
4|4- 2] = 32 Isthis correct? 4|[4- 2] = 32. Isthis correct? 
4-8 = 32 Isthiscorrect? 4-8 = 32 Isthiscorrect? 
32 = 32 Yes, thisis correct. 32 = 32 Yes, thisis correct. 


Example 10.21 
Solve 5x? — 15y?z7 = 0 for x. 


bee = 1hye 3s Divide both sides by 5. 
a? = By2x7 
a = +,/3y2z7 
zg = tyz3/3z 


. Round to the nearest hundredth. 


14a? — 235 = 0. Rewrite. 
14a? = 235 Divide both sides by 14. 
a = BB 
On the Calculator 

Type 235 
Press eae 
Type 14 

Press = 
Press J 


Display reads: 4.0970373 


Rounding to the nearest hundredth produces 4.10. We must be sure to insert the + symbol. 
a= +4.10 


Example 10.23 


k? = —64 
k = +/-64 


The radicand is negative so no real number solutions exist. 


10.4.5 Practice Set A 


Solve each of the following quadratic equations using the method of extraction of roots. 


Exercise 10.158 

x? —144=0 

Exercise 10.159 

9y? — 121=0 

Exercise 10.160 

6a? = 108 

Exercise 10.161 

Solve 4n? = 24m?p® for n. 
Exercise 10.162 

Solve 5p?q? = 45p? for q. 
Exercise 10.163 


Exercise 10.164 
h? = —100 


10.4.6 Sample Set B 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


Solve 16m? — 2206 = 0. Round to the nearest hundredth. 


Solve each of the following quadratic equations using the method of extraction of roots. 


Example 10.24 


(c+2)? = 81 
r+2 = +/81 
a+2 = +9 
gx = —-24+9 
x = -24+9 and 
GS FT 
Example 10.25 
(a+3)? = 5 
a+3 = +5 


Subtract 2 from both sides. 


—2-9 
—11 


Subtract 3 from both sides. 
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10.4.7 Practice Set B 


Solve each of the following quadratic equations using the method of extraction of roots. 


Exercise 10.165 (Solution on p. 801.) 
(a+6)” = 64 
Exercise 10.166 (Solution on p. 801.) 
(m — 4)? = 15 
Exercise 10.167 (Solution on p. 802.) 
(y—7) =49 
Exercise 10.168 (Solution on p. 802.) 
(k-—1)? =12 
Exercise 10.169 (Solution on p. 802.) 
(x —11)? =0 


10.4.8 Exercises 


For the following problems, solve each of the quadratic equations using the method of extraction of roots. 
Exercise 10.170 (Solution on p. 802.) 
x? = 36 
Exercise 10.171 
x? = 49 
Exercise 10.172 (Solution on p. 802.) 
a? =9 
Exercise 10.173 
aaa 
Exercise 10.174 (Solution on p. 802.) 
b? =1 
Exercise 10.175 
a? =1 
Exercise 10.176 (Solution on p. 802.) 
x? = 25 
Exercise 10.177 
x? = 81 
Exercise 10.178 (Solution on p. 802.) 
a = 5 
Exercise 10.179 
a? = 10 
Exercise 10.180 (Solution on p. 802.) 

2 

be = 12 

Exercise 10.181 

b? =6 

Exercise 10.182 (Solution on p. 802.) 
y =3 

Exercise 10.183 

ya, 
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Exercise 10.184 (Solution on p. 802.) 
a*—8=0 
Exercise 10.185 
a? —3=0 
Exercise 10.186 (Solution on p. 802.) 
a*—5=0 
Exercise 10.187 
y2-1=0 
Exercise 10.188 (Solution on p. 802.) 
x? —10=0 
Exercise 10.189 
x? —11=0 
Exercise 10.190 (Solution on p. 802.) 
3a? — 27 =0 
Exercise 10.191 
5b? -5 =0 
Exercise 10.192 (Solution on p. 802.) 
2a? = 50 
Exercise 10.193 
da? = 40 
Exercise 10.194 (Solution on p. 802.) 
Qa? = 24 
For the following problems, solve for the indicated variable. 
Exercise 10.195 
x? = 4a’, for x 
Exercise 10.196 (Solution on p. 802.) 
x? = 9b, for x 
Exercise 10.197 
a? = 25c?, for a 
Exercise 10.198 (Solution on p. 802.) 
k? = m?n?, for k 
Exercise 10.199 
ke =o gr; tor k 
Exercise 10.200 (Solution on p. 802.) 
Qy? = 2a?n?, for y 
Exercise 10.201 
Qy? = 27x7z4, for y 
Exercise 10.202 (Solution on p. 802.) 
x? — 27 =0, for x 
Exercise 10.203 
x? — 27 =0, for z 
Exercise 10.204 (Solution on p. 802.) 
5a” — 10b? = 0, for a 
For the following problems, solve each of the quadratic equations using the method of extraction of roots. 
Exercise 10.205 
(e-1)? =4 
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Exercise 10.206 (Solution on p. 802.) 
(x —2)? =9 

Exercise 10.207 

(x — 3)? = 25 

Exercise 10.208 (Solution on p. 802.) 
(a —5)? = 36 

Exercise 10.209 

(a+3)" =49 

Exercise 10.210 (Solution on p. 802.) 
(a+9)?=1 

Exercise 10.211 

(a—6)* =3 

Exercise 10.212 (Solution on p. 802.) 
(x +4)? =5 

Exercise 10.213 

(b+6)* =7 

Exercise 10.214 (Solution on p. 803.) 
(x +1)? =a, for x 

Exercise 10.215 

(y+5)° =b, for y 

Exercise 10.216 (Solution on p. 803.) 
(y+2)° =a”, for y 

Exercise 10.217 

(a+ 10)? =c’, for x 

Exercise 10.218 (Solution on p. 803.) 
(x — a)? = B?, for x 

Exercise 10.219 

(c +c)? =a?, for x 


Bis 


10.4.8.1 Calculator Problems 


For the following problems, round each result to the nearest hundredth. 
Exercise 10.220 (Solution on p. 803.) 
8a? — 168 = 0 
Exercise 10.221 
6m? —5 =0 
Exercise 10.222 (Solution on p. 803.) 
0.03y? = 1.6 
Exercise 10.223 
0.0482? = 2.01 


Exercise 10.224 (Solution on p. 803.) 
1.0012? — 0.999 = 0 
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10.4.9 Exercises For Review 


Exercise 10.225 
(Section 7.2) Graph the linear inequality 3 (2 +2) < 2(3”+4 4). 


Exercise 10.226 (Solution on p. 803.) 


(Section 8.7) Solve the fractional equation 2=1 = 23. 


et+4 ~ a-1 
Exercise 10.227 


(Section 9.4) Find the product: \/32r3y° \/2a3y3. 


Exercise 10.228 (Solution on p. 803.) 
(Section 10.3) Solve 2? — 4x = 0. 


Exercise 10.229 
(Section 10.3) Solve y? — 8y = —12. 


10.5 Solving Quadratic Equations Using the Method of Completing 
the Square °* 


10.5.1 Overview 


e The Logic Behind The Method 
e The Method Of Completing The Square 


10.5.2 The Logic Behind The Method 


Suppose we wish to solve the quadratic equation x? — 3x — 1 = 0. Since the equation is not of the form 
x? = K, we cannot use extraction of roots. Next, we try factoring, but after a few trials we see that 
x? — 3x2 —1 is not factorable. We need another method for solving quadratic equations. 

The method we shall study is based on perfect square trinomials and extraction of roots. The method is 
called solving quadratic equations by completing the square. Consider the equation x? + 6x +5 = 0. 
This quadratic equation could be solved by factoring, but we’ll use the method of completing the square. 


We will explain the method in detail after we look at this example. First we’ll rewrite the equation as 


a +6 =—5 
Then, we’ll add 9 to each side. We get 


e?+62+9=-54+9 


The left side factors as a perfect square trinomial. 


(x+3)? =4 


>This content is available online at <http://cnx.org/content /m21935/1.4/>. 
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We can solve this by extraction of roots. 


z+3 = +V4 

+3 = +2 
x = +2-3 
x = 42-3 and g=—-2-—3 
zx = -l and —5 


Notice that when the roots are rational numbers, the equation is factorable. 
The big question is, “How did we know to add 9 to each side of the equation?” We can convert any quadratic 
trinomial appearing in an equation into a perfect square trinomial if we know what number to add to both 
sides. We can determine that particular number by observing the following situation: 

Consider the square of the binomial and the resulting perfect square trinomial 


(a +p)” =2? +2pr +p? 


Notice that the constant term (the number we are looking for) can be obtained from the linear term 2pz. 
If we take one half the coefficient of 2, 2B =p, and square it, we get the constant term p*. This is true for 
every perfect square trinomial with leading coefficient 1. 

In a perfect square trinomial with leading coefficient 1, the constant term is the square of one half the 
coefficient of the linear term. 

Study these examples to see what constant term will make the given binomial into a perfect square 
trinomial. 


Example 10.26 

x? + 6a. The constant must be the square of one half the coefficient of x. Since the coefficient of x 
is 6, we have 

8 =: 33 and BF =, 9 

The constant is 9. 

r+ 62+9 = (r+3)" 

This is a perfect square trinomial. 


Example 10.27 
a? + 10a. The constant must be the square of one half the coefficient of a. Since the coefficient. of 
a is 10, we have 


y = 45 and 52 = 25 
The constant is 25. 


a2 + 10a + 25 = (a+5)" 


Example 10.28 
y? + 3y. The constant must. be the square of one half the coefficient of y. Since the coefficient of y 
is 3, we have 


$ and (3)? = 8 
The constant is 5. 
y? +3yt 2 = (y+ 8) 
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10.5.3 The Method Of Completing The Square 


Now, with these observations, we can describe the method of completing the square. 
The Method of Completing the Square 


1. Write the equation so that the constant term appears on the right side of equation. 

2. If the leading coefficient is different from 1, divide each term of the equation by that coefficient. 

3. Take one half of the coefficient of the linear term, square it, then add it to both sides of the equation. 

4. The trinomial on the left is now a perfect square trinomial and can be factored as Or: The first term in 
the parentheses is the square root of the quadratic term. The last term in the parentheses is one-half 
the coefficient of the linear term. 

5. Solve this equation by extraction of roots. 


10.5.4 Sample Set A 
Solve the following equations. 


Example 10.29 


g?+8%-9 = 0. Add 9 to both sides. 
po iciee -=2 i One half the coefficient of xis 4, and 4? is 16. 
Add 16 to both sides. 
x?+82+16 = 9416 
z2+8x+16 = 25 Factor. 
(c+4)? = 25 Take square roots. 
g2+4 = +5 
x = +5-4 +5-4=1,-5-4=-9 
zg = 1, -9 


g?—3¢-1 = 0. Add 1 to both sides. 
One half the coefficient of x is =3. 
g?—3x2 = 1 R : 
Square it: (+3) =e Add 2 to each side. 
x? — 32+ 2 = 1+ 2 
, F is Factor. Notice that since the sign of the middle 
bi 32 Tg = 7s 
term of the trinomial is " — ”, its factored form has a" —” sign. 
(a - 3) —— 8 Now take square roots. 
BPS. fe 18) 
En EAP ae 
3 _ 4/18 
og a 
= 24] 
rt = tVI3+S 
34V13 
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Example 10.31 


3a7 — 36a— 39 = 0. Add 39 to both sides. 

The leading coefficient is 3 and we 

3a” — 36a = 39 
need it to be 1. Divide each term by 3. 


One half the coefficient of ais — 6. 


a27—-12a = 13 ; ; : 
Square it: (—6)° =36. Add 36 to each side. 
a? —12a+36 = 13436 
a?—12a+36 = 49 
(a—6)* = 49 Factor. 
a-6 = <7 
a = +7+6 +7+6=13,-7+6=-1 
a= 13, = 


Example 10.32 


Qe27+2+4 = 0 
Q*+ae = —4 
a+ $2 = —2 
2 2 
thet (1)? = -2+(I) 
(x4 3) = 2 ig = Se tas =e 


Since we know that the square of any number is positive, this equation has no real number solution. 


Example 10.33 


Calculator problem. Solve 7a? — 5a — 1 = 0. Round each solution to the nearest tenth. 


Ta? —5a—-1l = 0 
Ta? — 5a 1 
2_ 5 Zte I 
ra dy ee 
2.5 5.\2 1 5.\2 
a — 7a+ (7) 7+ (aa) 
G3)" Digi 225. J) 28 225s ee W458 
14 — 77 196 — 96 * 196 — 196 
Ge Se af 8- — +4753 
14 — +\/ 196 <a 
is 5 V53 5+/53 
4 as 14 


1. We will first compute the value of the square root. 


Type 53 


Press Jr 
Display reads: 7.2801099 


Press the key that places this value into memory. 


2. For a= Stv53 
: 14°? 


Type i) 


Press +4 


Press the key that recalls the value in memory. 


Press = 
Press + 
Type 14 
Press = 
Display reads: .87715071 


Rounding to tenths, we get a = 0.9. 
3. For a= 5-53 


Type sy) 


Press _ 


Press the key that recalls the value in memory. 


Press = 


Press + 


Type 14 
—.16286499 


Display reads: 


Rounding to tenths, we get a ~ —0.2. Thus, a = 0.9 and —0.2 to the nearest tenth. 


10.5.5 Practice Set A 


Solve each of the following quadratic equations using the method of completing the square. 


Exercise 10.230 
x? — 24 — 48 = 0 
Exercise 10.231 
x? +3x2—-5=0 

Exercise 10.232 
Am? + 5m = —1 

Exercise 10.233 
By? —2y-4=0 
Exercise 10.234 


(Solution on p. 


(Solution on p. 


(Solution on p. 


(Solution on p. 


(Solution on p. 


Calculator problem. Solve 3x? — x — 1 = 0. Round each solution to the nearest tenth. 


803.) 


803.) 


803.) 


803.) 


803.) 
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10.5.6 Exercises 


For the following problems, solve the equations by completing the square. 
Exercise 10.235 (Solution on p. 803.) 
gg? +2¢—-8=0 
Exercise 10.236 
y? —5y -6 =0 
Exercise 10.237 (Solution on p. 803.) 
a*+7a+12=0 
Exercise 10.238 
x* —10x+16=0 
Exercise 10.239 (Solution on p. 803.) 
y*? — 2y —24=0 
Exercise 10.240 
a? + 2a — 35 =0 
Exercise 10.241 (Solution on p. 803.) 
xv? +2r7+5=0 
Exercise 10.242 
x? —6x+1=0 
Exercise 10.243 (Solution on p. 803.) 
v?+4r+4=0 
Exercise 10.244 
a? +4a+7=0 
Exercise 10.245 (Solution on p. 803.) 
b? + 5b-3=0 
Exercise 10.246 
b? — 6b = 72 
Exercise 10.247 (Solution on p. 803.) 
a? + 10a—9=0 
Exercise 10.248 
a? —2a-—3=0 
Exercise 10.249 (Solution on p. 803.) 
x* —10z =0 
Exercise 10.250 
y? — 8y = 0 
Exercise 10.251 (Solution on p. 803.) 
a? —6a=0 
Exercise 10.252 
b? + 6b =0 
Exercise 10.253 (Solution on p. 803.) 
—x? — 147 = 13 
Exercise 10.254 
—x* + 8x = —84 
Exercise 10.255 (Solution on p. 803.) 
2a7 + 2a—-1=0 


Exercise 10.256 

4b? — 8b = 16 

Exercise 10.257 (Solution on p. 803.) 
9x? +122 —5 =0 

Exercise 10.258 

16y? — 8y -3 =0 

Exercise 10.259 (Solution on p. 804.) 
Qn? +52—-4=0 

Exercise 10.260 

3a? + 2a — 24=0 

Exercise 10.261 (Solution on p. 804.) 
x? +22+8=0 

Exercise 10.262 

y? —3y+10=0 

Exercise 10.263 (Solution on p. 804.) 
7a? +3a—1=0 


Calculator Problems 


For the following problems, round each solution to the nearest hundredth. 
Exercise 10.264 
5m? —2m—6=0 
Exercise 10.265 (Solution on p. 804.) 
3y2 +5y =7 
Exercise 10.266 
1.82? + 2.32 —4.1=0 


Exercise 10.267 (Solution on p. 804.) 
0.04a? — 0.03a + 0.02 = 0 


10.5.7 Exercises For Review 
Exercise 10.268 
(Section 6.5) Factor 12ax — 6bx + 20ay — 10by by grouping. 


Exercise 10.269 (Solution on p. 804.) 
(Section 7.2) Graph the compound inequality —6 < —244+2< —4. 


od 


Exercise 10.270 

(Section 7.7) Find the equation of the line that passes through the points (1,—2) and (0,4). 
Exercise 10.271 (Solution on p. 804.) 
(Section 8.4) Find the product: wate 12 . ae 

Exercise 10.272 

(Section 10.4) Use the method of extraction of roots to solve (« — 2)” = 25. 
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10.6 Solving Quadratic Equations Using the Quadratic Formula ° 


10.6.1 Overview 


e Standard Form Of A Quadratic Equation 
e The Quadratic Formula 
e Derivation Of The Quadratic Formula 


10.6.2 Standard Form Of A Quadratic Equation 


We have observed that a quadratic equation is an equation of the form 
ax? +bz+c=0, a#0 
where 


a is the coefficient of the quadratic term, 

b is the coefficient of the linear term, and 

cis the constant term. 

Standard Form 

The equation ax? + br + c = 0 is the standard form of a quadratic equation. 


10.6.3 Sample Set A 
Determine the values of a, b, and c. 


Example 10.34 
In the equation 32? +52 +2=0, 


a = 
b = 5 
6 3S.2 


Example 10.35 
In the equation 12”? — 22 —1=0, 


a = 12 
b = -2 
c = -l 


Example 10.36 
In the equation 2y? + 3 = 0, 


oo 

b = 0 Because the equation could be written 
2y? + 0y+3=0 

c = 3 


®This content is available online at <http://cnx.org/content /m21927/1.3/>. 
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Example 10.37 
In the equation —8y? + lly = 0, 
a = -8 
= 11 


c = 0 Since —8y? +1ly+0=0. 
Example 10.38 
In the equation z? = z+ 8, 
a= 1 
—1 


c = -8 When we write the equation in standard form, we get z2 — z — 8 = 0 


10.6.4 Practice Set A 


Determine the values of a, b, and c in the following quadratic equations. 


Exercise 10.273 (Solution on p. 804.) 
4a? — 32 +5=0 

Exercise 10.274 (Solution on p. 804.) 
3y? — 2y+9=0 

Exercise 10.275 (Solution on p. 804.) 
x*—5a—-1=0 

Exercise 10.276 (Solution on p. 804.) 
227-4=0 

Exercise 10.277 (Solution on p. 804.) 
x? — 2x2 =0 

Exercise 10.278 (Solution on p. 804.) 
y”? = 5y —6 

Exercise 10.279 (Solution on p. 804.) 
2x? —4¢ = —-1 

Exercise 10.280 (Solution on p. 805.) 
5a — 3 = —32? 

Exercise 10.281 (Solution on p. 805.) 


2r — 11-327 =0 


Exercise 10.282 (Solution on p. 805.) 
2 
y =0 


The solutions to all quadratic equations depend only and completely on the values a, b, and c. 
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10.6.5 The Quadratic Formula 


When a quadratic equation is written in standard form so that the values a, b, and c are readily determined, 


the 


equation can be solved using the quadratic formula. The values that satisfy the equation are found 


by substituting the values a, b, and c into the formula 


Qu 


adratic Formula 
—b+ Vb? — 4ac 
L = 
2a 
Keep in mind that the plus or minus symbol, +, is just a shorthand way of denoting the two possibilities: 
c= —btv aac and pe bv’ — Ase 


The quadratic formula can be derived by using the method of completing the square. 


10.6.6 Derivation Of The Quadratic Formula 


Solve ax? + ba +c =0 for x by completing the square. 


Example 10.39 
Subtract c from both sides. 


ax? + ba = —c 


Example 10.40 
Divide both sides by a, the coefficient of x?. 


24 b, — =e 
ao ae = a 


Example 10.41 
Now we have the proper form to complete the square. Take one half the coefficient of x, square it, 
and add the result to both sides of the equation found in step 2. 


(a) 5 - 2 = £ is one half the coefficient of x. 


(b) (ay is the square of one half the coefficient of x. 
a? bet (2) = a (4) 


Example 10.42 
The left side of the equation is now a perfect square trinomial and can be factored. This gives us 


Example 10.43 
Add the two fractions on the right side of the equation. The LCD = 4a?. 


2 as 
(o+3)? = a+ ee 
at & = —4dac+b? 
a) a. 
(+8) = 


4a? 


Example 10.44 
Solve for x using the method of extraction of roots. 


b _ b?2—4ac 
eT og OE 4a2 
b — 41 Vb?2—4ac 2 
gg = ba V4a? = |2a| = 2|a| = +2 
b _ Vb2—4ac 
UT 9G 2a 
a . 
r= -~ + ee Add these two fractions. 
r —bt+Vb2—4ac 
2a 


10.6.7 Sample Set B 
Solve each of the following quadratic equations using the quadratic formula. 


Example 10.45 
327 + 52+2=0. 


1. Identify a, b, and c. 


a=3, b=5, and c=2 
2. Write the quadratic formula. 


r= —b+V/b?2—4ac 
ae 2a 
3. Substitute. 
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eed = (5)? —4(3)(2) 
a 2(3) 
= —5+/f25—24 
~ 6 
=. = tV1 
— 6 
= => —-5+1=-4and -5-1=-6 
— —4 -6 
~ “6? 6 
Ls1= +, —1 
Note: Since these roots are rational numbers, this equation could have been solved by factoring. 


Example 10.46 
122? — 22 —1=0. 


1. Identify a, b, and c. 


a=12, b=-2, and c=-l 
2. Write the quadratic formula. 


r= —b+V/b?2—4ac 
a 2a 
3. Substitute. 
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(—2)+/ (—2)?-4(12)(-1) 
2(12) 


a ¥ Simplify. 


Simplify. 


— 242713 Reduce. Factor 2 from the terms of the numerator. 


Example 10.47 
2y7+3=0 


1. Identify a, b, and c. 


a=2, b=0, and C= 
2. Write the quadratic formula. 


r= —b+V/b?2—4ac 
= 2a 
3. Substitute. 


—0+,4/0?—4(2)(3) 


2(2) 
O+tV—24 
4 


r= 


2D. = 
This equation has no real number solution since we have obtained a negative number 
under the radical sign. 
Example 10.48 
—827 + 1lz =0 
1. Identify a, b, and c. 


a=-8, b=11, and c=0 
2. Write the quadratic formula. 


r= —b+V/b?2—4ac 
=. 2a 
3. Substitute. 


—11+,/112—4(—8)(0) 

2(—8) 

= alee Simplify. 
= aHtVviI wz) Simplify. 
ail+11 

—16 


Example 10.49 
(3a +1) (e@-—4)=2?+a2-2 


1. Write the equation in standard form. 


3a? -lla-4 = 2? +2-2 
Qe? -—127-2 = 0 
x? —6x—1 = 0 


2. Identify a, b, and c. 
a=1, b=-6, and c=-l 
3. Write the quadratic formula. 


r= —bt Vb? —4ac 
2a 
4. Substitute. 


So = (—6)+/(—6)?-4(1)(-1) 
2(1) 
a, 64/3644 
2 
= 6+V/40 
2 
= 6+V74-10 
2 
= 642/10 
_ 2 
= 2( +10) 
2 
x = 3+v10 


10.6.8 Practice Set B 


Solve each of the following quadratic equations using the quadratic formula. 


Exercise 10.283 (Solution on p. 805.) 
2a? + 32 -—7=0 

Exercise 10.284 (Solution on p. 805.) 
5a? — 2a-1=0 

Exercise 10.285 (Solution on p. 805.) 
6y27 +5 =0 

Exercise 10.286 (Solution on p. 805.) 
—3m? + 2m =0 


10.6.9 Exercises 


For the following problems, solve the equations using the quadratic formula. 

Exercise 10.287 (Solution on p. 805.) 
x? —2x-3=0 

Exercise 10.288 

x? +52+6=0 

Exercise 10.289 (Solution on p. 805.) 

2 as 
y* —d5y+4=0 
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Exercise 10.290 
a? + 4a —21=0 
Exercise 10.291 (Solution on p. 805.) 
a? + 12a + 20 =0 
Exercise 10.292 


b? — 4b+4=0 
Exercise 10.293 (Solution on p. 805.) 
b?+4b+4=0 


Exercise 10.294 

x? + 10x + 25 =0 

Exercise 10.295 (Solution on p. 805.) 

Qn? —5a —-3=0 

Exercise 10.296 

6y? +y—-2=0 

Exercise 10.297 (Solution on p. 805.) 

4dr? —22 -1=0 

Exercise 10.298 

3y? + 2y—-1=0 

Exercise 10.299 (Solution on p. 805.) 

5a? —2a—3=0 

Exercise 10.300 

x? —3a+1=0 

Exercise 10.301 (Solution on p. 805.) 
2 

a —5a—4=0 

Exercise 10.302 

(a+2)(a—-1)=1 

Exercise 10.303 (Solution on p. 805.) 
(a+4)(a—5)=2 

Exercise 10.304 

(x —3) (+3) =7 

Exercise 10.305 (Solution on p. 805.) 
(b— 4) (b+ 4) =9 

Exercise 10.306 

x? +8r=2 

Exercise 10.307 (Solution on p. 805.) 
2 

yo =—5yt+ 4 

Exercise 10.308 

x? = —3a+7 

Exercise 10.309 (Solution on p. 805.) 

xv? =-2r-1 

Exercise 10.310 

v+ar+1=0 

Exercise 10.311 (Solution on p. 806.) 

a2 +3a—4=0 

Exercise 10.312 

yty=-4 
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Exercise 10.313 (Solution on p. 806.) 
b? + 3b = —2 

Exercise 10.314 

x?+62+8=-—r-2 

Exercise 10.315 (Solution on p. 806.) 
x? +42 =22-5 

Exercise 10.316 

6b? +5b—-4=0?+b41 

Exercise 10.317 (Solution on p. 806.) 
4a? + Ta-2=-2at+a 

Exercise 10.318 

(22 +5) (a@—4)=a2?-24+2 

Exercise 10.319 (Solution on p. 806.) 
(x — 4)? =3 

Exercise 10.320 

(x +2)? =4 

Exercise 10.321 (Solution on p. 806.) 
(b-—6)? =8 

Exercise 10.322 

(3-—2)° =6 

Exercise 10.323 (Solution on p. 806.) 
3 (2? +1) =2(e+7) 

Exercise 10.324 

2(y? —3) =—8(y—1) 

Exercise 10.325 (Solution on p. 806.) 
—4(a?+2)4+3=5 

Exercise 10.326 

— (x? + 3x —1) = 


10.6.10 Exercises For Review 


Exercise 10.327 (Solution on p. 806.) 
2 
(Section 2.7) Simplify (4) ‘ 


aty® 22 
Exercise 10.328 
(Section 3.7) Write 4a~°b?c3a°b~? so that only positive exponents appear. 
Exercise 10.329 (Solution on p. 806.) 
(Section 4.6) Find the product: (2y + 7) (3y — 1). 
Exercise 10.330 
(Section 9.6) Simplify: v.80 — V/45. 
Exercise 10.331 (Solution on p. 806.) 
(Section 10.5) Solve x? — 4x — 12 = 0 by completing the square. 
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10.7 Applications ‘ 


10.7.1 Overview 


e The Five-Step Method 
e Examples 


10.7.2 The Five-Step Method 


We are now in a position to study some applications of quadratic equations. Quadratic equations can arise 
from a variety of physical (applied) and mathematical (logical) problems. 

We will, again, apply the five-step method for solving word problems. 
Five-Step Method of Solving Word Problems 


Step 1: Let x (or some other letter) represent the unknown quantity. 

Step 2: Translate the verbal expression to mathematical symbols and form an equation. 
Step 3: Solve this equation. 

Step 4: Check the solution by substituting the result into the equation found in step 2. 
Step 5: Write a conclusion. 


Remember, step 1 is very important. 

ALWAYS START BY INTRODUCING A VARIABLE. 

Once the quadratic equation is developed (step 2), try to solve it by factoring. If factoring doesn’t work, 
use the quadratic formula. A calculator may help to make some of the calculations a little less tedious. 


10.7.3 Sample Set A 


Example 10.50 

A producer of personal computer mouse covers determines that the number N of covers sold is 
related to the price x of a cover by N = 35x —«x?. At what price should the producer price a mouse 
cover in order to sell 216 of them? 


“This content is available online at <http://cnx.org/content/m21915/1.3/>. 


Step 1: Let x = the price of a mouse cover. 
Step 2: Since N is to be 216, the equation is 
216 = 35a — x? 
Step 3 : 216 = 35"— 2? Rewrite in standard form. 
z*—352+216 = 0 Try factoring. 
(a—8)(a—27) = 0 
z—-8=0 or x—27=0 
r=8 or v= 27 
Check these potential solutions. 
Step 4 : Ifa = 8, Ifa = 27, 
35-8—8? = 216 Isthis correct? 35 - 27-277 = 216 Isthiscorrect? 
280-64 = 216 Isthiscorrect? 945 — 729 = 216 Isthiscorrect? 
216 = 216 Yes, thisis correct. 216 = 216 Yes, thisis correct. 
These solutions check. 
Step 5: The computer mouse covers can be priced at either $8 or $27 in order to sell 216 of them. 
10.7.4 Practice Set A 
Exercise 10.332 (Solution on p. 806.) 


A manufacturer of cloth personal computer dust covers notices that the number N of covers sold 
is related to the price of covers by N = 30a — x?. At what price should the manufacturer price the 
covers in order to sell 216 of them? 

Step 1: 


Step 2: 


Step 3: 


Step 4: 


Step 5: In order to sell 216 covers, the manufacturer should price them at either or 
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Exercise 10.333 (Solution on p. 806.) 
It is estimated that t years from now the population of a particular city will be 


P=t? — 24t+ 96,000. 
How many years from now will the population be 95,865? 


Step 1: 


Step 2: 


Step 3: 


Step 4: 


Step 5: 


10.7.5 Sample Set B 


Example 10.51 
The length of a rectangle is 4 inches more than twice its width. The area is 30 square inches. Find 
the dimensions (length and width). 


Step 1: Let « =the width. Then, 27 + 4 = the length. ax+4 
Step 2: The area of a rectangle is defined to be the length of the rectangle times the width of the rectangle. Thus, 
x (2x + 4) = 30 
Step 3: x(2x+4) = 30 
227+42 = 30 
In? -+4¢—30 = 0 Divide each side by 2. 
g2+22-15 = 0 Factor. 
(1+ 5)(a#-3) = 0 
gz = -5,3 
x = —-5 has no physical meaning so we disregard it. Check x = 3. 
z= 3 


2a+4=2-3+4 = 10 


Step 4: “(2a+4) = 
3(2-34+4) = 

3(6+4) = 

3(10) = 


30 
30 
30 
30 
30 
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Is this correct? 
Is this correct? 
Is this correct? 
Is this correct? 


Yes, this is correct. 


Step 5: Width = 3inches and length = 10 inches. 


10.7.6 Practice Set B 
Exercise 10.334 


(Solution on p. 806.) 


The length of a rectangle is 3 feet more than twice its width. The area is 14 square feet. Find the 


dimensions. 
Exercise 10.335 


(Solution on p. 806.) 


The area of a triangle is 24 square meters. The base is 2 meters longer than the height. Find the 
base and height. The formula for the area of a triangle is A = $b th. 


height 


base 


10.7.7 Sample Set C 
Example 10.52 


The product of two consecutive integers is 156. Find them. 


Step1: Let x 
z+ 

Step 2: x(a +1) 
Step 3: xu(a+1) 
w+n 

x? +a—156 

(a — 12) (a — 13) 


x 


the smaller integer. 
the next integer. 
156 


12; 13 


This factorization may be hard to guess. We could also use the quadratic formula. 
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v?+a—156=0 


gat “Ste wee 
—14+,/1?—4(1)(—156) 
) 


Mi a 
—itv1+624 
= =1i25 =1425 = 4 = 19 and =1525 = =26 = 13 
2 = 12, -13 Check 12, 13. and — 13, 12. 
a+1 = 13, -12 
Step 4: Ife = 12: 12(2+1) = 156 Is this correct? 
12(13) = 156 Is this correct? 
156 = 156 Is this correct? 
Ifa = —-13 —13(-13+1) = 156 Is this correct? 
—13(-12) = 156 Is this correct? 
156 = 156 Yes, this is correct. 
Step5: There are twosolutions: 12, 13 and — 13, — 12. 


10.7.8 Practice Set C 


Exercise 10.336 (Solution on p. 806.) 
The product of two consecutive integers is 210. Find them. 
Exercise 10.337 (Solution on p. 806.) 


Four is added to an integer and that sum is tripled. When this result is multiplied by the original 
integer, the product is —12. Find the integer. 


10.7.9 Sample Set D 


Example 10.53 

A box with no top and a square base is to be made by cutting out 2-inch squares from each corner 
and folding up the sides of a piece of a square cardboard. The volume of the box is to be 8 cubic 
inches. What size should the piece of cardboard be? 
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Step 1: Let x = the length (and width) of the piece of cardboard. 
Step 2: The volume of a rectangular box is 
V = (length) (width) (height) 
8 =(x—4)(a4—4)2 
Step 3: 8 = (a —4)(x—4)2 
8 = (a? — 8% +16) 2 
8 = 2x? — 16x + 32 
2x? — 16x + 24=0 Divide each side by 2. 


x? —8r+12=0 Factor. 
(a —6)(a—2)=0 
x= 6,2 
x cannot equal 2 (the cut would go through the piece of cardboard). Check x = 6. 
Step 4: (6—4)(6—4)2 = 8 Is this correct? 
(2)(2)2 = 8 Is this correct? 
8 = 8 Yes, thisis correct. 


Step5: The piece of cardboard should be 6 inches by 6 inches. 


10.7.10 Practice Set D 


Exercise 10.338 (Solution on p. 806.) 
A box with no top and a square base is to be made by cutting 3-inch squares from each corner and 
folding up the sides of a piece of cardboard. The volume of the box is to be 48 cubic inches. What 
size should the piece of cardboard be? 


10.7.11 Sample Set E 


Example 10.54 


A study of the air quality in a particular city by an environmental group suggests that t years from 
now the level of carbon monoxide, in parts per million, in the air will be 


A = 0.32? + 0.1¢ + 4.2 
(a) What is the level, in parts per million, of carbon monoxide in the air now? 


Since the equation A = 0.3t? + 0.1t + 4.2 specifies the level ¢ years from now, we have 
t=0. 


A = 0.3t? + 0.1¢ + 4.2 
A=42 


(b) How many years from now will the level of carbon monoxide be at 8 parts per mil- 
lion? 
Step 1: t =  thenumber of years when the level is 8. 
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Step 2: 8 = 0.3t+4+0.1t+ 4.2 
Step 3: 8 = 0.317 +0.1¢+4.2 
This does not readily factor, so 
0 = 0.3t?+0.1t — 3.8 
we'll use the quadratic formula. 
a = 08, b=0.1, c=-38 
Ge es 0.141/ (0.1)? —4(0.3)(—3.8) 
= 2(0.3) 
_ 0.14 f001F456 _ —0.14.V557 
= 0.6 — 0.6 
— 0142.14 
0.6 
t = 34 and —3.73 
t = —3.73 has no physical meaning. Check t = 3.4 
Step4: This value of t has been rounded to the nearest tenth. It does check (pretty closely) . 
Step5: About 3.4 years from now the carbon monoxide level will be 8. 


10.7.12 Practice Set E 


Exercise 10.339 (Solution on p. 806.) 
A study of the air quality in a particular city by an environmental group suggests that t years from 
now the level of carbon monoxide, in parts per million, in the air will be 


A = 0.2¢7 + 0.16 + 5.1 
(a) What is the level, in parts per million, now? 


(b) How many years from now will the level of carbon monoxide be at 8 parts per million? 
Round to the nearest tenth. 


10.7.13 Sample Set F 


Example 10.55 

A contractor is to pour a concrete walkway around a swimming pool that is 20 feet wide and 40 
feet long. The area of the walkway is to be 544 square feet. If the walkway is to be of uniform 
width, how wide should the contractor make it? 


Step 1: Let x = the width of the walkway. 
Step 2: A diagram will help us to get the equation. 


20 + 2x 


(Area of pool and walkway) — (area of pool) = (area of walkway) 
(20 + 2a) (40 + 2x) — 20-40 = 544 


Step 3: (20 + 2a) (40+ 2%) -— 20-40 = 544 
800 + 1202+ 4x2?-— 800 = 544 
1202+ 422 = 544 
4x? +1202 —544 = 0 Divide each term by 4. 
x? + 302-136 = 0 Solve by factoring. 
(This is difficult to factor so we may 
(a —4)(x+34) = 0 


wish to use the quadratic formula.) 


xr—-4=0 or xr+34=0 


r=4 or a = —34 has no physical meaning. 
Check a width of 4 feet as a solution. 
Step 4: Areaofpooland walkway = (20+2-4)(40+2-4) 
= (28) (48) 
= 1344 


Area of pool = (20)(40) = 800 
Area of walkway = 1344 — 800 = 544 Yes, this is correct. 


This solution checks. 
Step 5: The contractor should make the walkway 4 feet wide. 


10.7.14 Practice Set F 


Exercise 10.340 (Solution on p. 806.) 
A contractor is to pour a concrete walkway around a swimming pooi that is 15 feet wide and 25 
feet long. The area of the walkway is to be 276 square feet. If the walkway is to be of uniform 
width, how wide should the contractor make it? 
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10.7.15 Exercises 


Some of the following problems have actual applications and some are intended only as logic developers. A 
calculator may be helpful. The problems appear in groups and correspond to the noted Sample Set problem. 


10.7.15.1 Sample Set A—Type Problems 


Exercise 10.341 (Solution on p. 806.) 
The manufacturer of electronic fuel injectors determines that the number N of injectors sold is 
related to the price x per injector by N = 22x — x?.At what price should the manufacturer price 
the injectors so that 112 of them are sold? 


Exercise 10.342 

The owner of a stained-glass shop determines that the number N of pieces of a particular type of 
glass sold in a month is related to the price xper piece by N = 21x — x?. At what price should the 
shop buyer price the glass so that 162 sell? 

Exercise 10.343 (Solution on p. 806.) 
It is estimated that t years from now the population of a certain city will be 


P= t? — 15t + 12,036 
(a) What is the population now? 


(b) How many years from now will the population be 12,000? 


Exercise 10.344 
It is estimated that t years from now the population of a certain city will be 


P= t? — 16t + 24,060 
(a) What is the population now? 


(b) How many years from now will the population be 24,000? 

Exercise 10.345 (Solution on p. 806.) 
If an object is thrown vertically upward, its height h, above the ground, in feet, after t seconds is 
given by h = ho + vot — 16t?, where ho is the initial height from which the object is thrown and v9 
is the initial velocity of the object. Using this formula and an approach like that of Sample Set A, 
solve this problem. 


A ball thrown vertically into the air has the equation of motion h = 48 + 32t — 16¢?. 


(a) How high is the ball at t = 0 (the initial height of the ball)? 


(b) How high is the ball at t = 1 (after 1 second in the air)? 


(c) When does the ball hit the ground? (Hint: Determine the appropriate value for Athen 
solve for t .) 

Exercise 10.346 

A woman’s glasses accidently fall off her face while she is looking out of a window in a tall building. 


The equation relating h, the height above the ground in feet, and t, the time in seconds her glasses 
have been falling, is h = 64 — 16t?. 
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(a) How high was the woman’s face when her glasses fell off? 


(b) How many seconds after the glasses fell did they hit the ground? 


10.7.15.2 Sample Set B—Type Problems 


Exercise 10.347 (Solution on p. 806.) 
The length of a rectangle is 6 feet more than twice its width. The area is 8 square feet. Find the 
dimensions. 


Exercise 10.348 

The length of a rectangle is 18 inches more than three times its width. The area is 81 square inches. 
Find the dimensions. 

Exercise 10.349 (Solution on p. 806.) 
The length of a rectangle is two thirds its width. The area is 14 square meters. Find the dimensions. 
Exercise 10.350 

The length of a rectangle is four ninths its width. The area is 144 square feet. Find the dimensions. 
Exercise 10.351 (Solution on p. 807.) 
The area of a triangle is 14 square inches. The base is 3 inches longer than the height. Find both 
the length of the base and height. 

Exercise 10.352 

The area of a triangle is 34 square centimeters. The base is 1 cm longer than twice the height. Find 
both the length of the base and the height. 


10.7.15.3 Sample Set C—Type Problems 


Exercise 10.353 (Solution on p. 807.) 
The product of two consecutive integers is 72. Find them. 

Exercise 10.354 

The product of two consecutive negative integers is 42. Find them. 

Exercise 10.355 (Solution on p. 807.) 
The product of two consecutive odd integers is 143. Find them. (Hint: The quadratic equation is 
factorable, but the quadratic formula may be quicker.) 

Exercise 10.356 

The product of two consecutive even integers is 168. Find them. 

Exercise 10.357 (Solution on p. 807.) 
Three is added to an integer and that sum is doubled. When this result is multiplied by the original 
integer the product is 20. Find the integer. 

Exercise 10.358 

Four is added to three times an integer. When this sum and the original integer are multiplied, the 
product is —1. Find the integer. 
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10.7.15.4 Sample Set D—Type Problems 


Exercise 10.359 (Solution on p. 807.) 
A box with no top and a square base is to be made by cutting out 2-inch squares from each corner 
and folding up the sides of a piece of cardboard.The volume of the box is to be 25 cubic inches. 
What size should the piece of cardboard be? 

Exercise 10.360 

A box with no top and a square base is to made by cutting out 8-inch squares from each corner 
and folding up the sides of a piece of cardboard. The volume of the box is to be 124 cubic inches. 
What size should the piece of cardboard be? 


10.7.15.5 Sample Set E—Type Problems 


Exercise 10.361 (Solution on p. 807.) 
A study of the air quality in a particular city by an environmental group suggests that t years from 
now the level of carbon monoxide, in parts per million, will be A = 0.1t? + 0.1t + 2.2. 


(a) What is the level, in parts per million, of carbon monoxide in the air now? 


(b) How many years from now will the level of carbon monoxide be at 3 parts per million? 


Exercise 10.362 
A similar study to that of problem 21 suggests A = 0.3¢? + 0.25t + 3.0. 


(a) What is the level, in parts per million, of carbon monoxide in the air now? 


(b) How many years from now will the level of carbon monoxide be at 3.1 parts per mil- 
lion? 


10.7.15.6 Sample Set F—Type Problems 


Exercise 10.363 (Solution on p. 807.) 
A contractor is to pour a concrete walkway around a wading pool that is 4 feet wide and 8 feet 
long. The area of the walkway and pool is to be 96 square feet. If the walkway is to be of uniform 
width, how wide should it be? 


10.7.15.7 Astrophysical Problem 


Exercise 10.364 

A very interesting application of quadratic equations is determining the length of a solar eclipse 
(the moon passing between the earth and sun). The length of a solar eclipse is found by solving 
the quadratic equation 


(a + bt)” + (c+ dt)? = (e+ ft)” 


for t. The letters a,b,c,d,e, and f are constants that pertain to a particular eclipse. The 
equation is a quadratic equation in ¢ and can be solved by the quadratic formula (and definitely 
a calculator). Two values of ¢ will result. The length of the eclipse is just the difference of these 
t-values. 
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The following constants are from a solar eclipse that occurred on August 3, 431 B.C. 


a = -619 6b = 1438 
ec = 912 d —833 
e = 1899.5 f = -2 


Determine the length of this particular solar eclipse. 


10.7.16 Exercises For Review 


Exercise 10.365 (Solution on p. 807.) 
(Section 8.6) Find the sum: ats + ee 

Exercise 10.366 

(Section 8.7) Solve the fractional equation 
(Hint: Check for extraneous solutions.) 
Exercise 10.367 (Solution on p. 807.) 
(Section 8.8) One pipe can fill a tank in 120 seconds and another pipe can fill the same tank in 
90 seconds. How long will it take both pipes working together to fill the tank? 

Exercise 10.368 

(Section 10.6) Use the quadratic formula to solve 102? — 3x2 — 1 = 0. 


Exercise 10.369 (Solution on p. 807.) 
(Section 10.6) Use the quadratic formula to solve 4x? — 3x = 0. 


Ac S58 4 
w+12 ' #43 ~~ w?4+5024+6° 


10.8 Graphing Quadratic Solutions® 


10.8.1 Overview 


e Parabolas 
e Constructing Graphs of Parabolas 


10.8.2 Parabolas 
We will now study the graphs of quadratic equations in two variables with general form 
y= ax? +brt+e, a#0, a, b, care real numbers 


Parabola 
All such graphs have a similar shape. The graph of a quadratic equation of this type Parabola is called a 
parabola and it will assume one of the following shapes. 


®This content is available online at <http://cnx.org/content /m21926/1.3/>. 
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Vertex 


Vertex 
Vertex 


The high point or low point of a parabola is called the vertex of the parabola. 


10.8.3 Constructing Graphs of Parabolas 


We will construct the graph of a parabola by choosing several x-values, computing to find the corresponding 
y-values, plotting these ordered pairs, then drawing a smooth curve through them. 
10.8.4 Sample Set A 


Example 10.56 
Graph y = x”. Construct a table to exhibit several ordered pairs. 


x r= oe" 
0 0 
1 1 
2 4 
3 9 
-1)]1 
—2)4 
-3 1/9 


Table 10.1 


This is the most basic parabola. Although other parabolas may be wider, narrower, moved 
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up or down, moved to the left or right, or inverted, they will all have this same basic shape. We 
will need to plot as many ordered pairs as necessary to ensure this basic shape. 


Example 10.57 
Graph y = 2? —2. Construct a table of ordered pairs. 


x y=a*-2 
0 —2 

1 -1 

2 2 

3 7 

—1)}-1 

—2 | 2 

—-3 | 7 

Table 10.2 


Notice that the graph of y = x? — 2 is precisely the graph of y = x? but translated 2 units 
down. Compare the equations y = x? and y = x? —2. Do you see what causes the 2 unit downward 
translation? 


10.8.5 Practice Set A 


Exercise 10.370 (Solution on p. 807.) 
Use the idea suggested in Sample Set A to sketch (quickly and perhaps not perfectly accurately) 
the graphs of 


y=u?+1 and y=a?—3 
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+ 4 


10.8.6 Sample Set B 


Example 10.58 
Graph y = (a+ 2)”. 
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Do we expect the graph to be similar to the graph of y = 27? Make a table of ordered 


pairs. 


Ble | Ole | ol] eile 


Table 10.3 
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Notice that the graph of y = («+2)” is precisely the graph of y = 2? but translated 2 
units to the left. The +2 inside the parentheses moves y = x? two units to the left. A negative 
value inside the parentheses makes a move to the right. 


10.8.7 Practice Set B 


Exercise 10.371 (Solution on p. 807.) 
Use the idea suggested in Sample Set B to sketch the graphs of 


and y = («@+1)? 


Exercise 10.372 (Solution on p. 808.) 
Graph y = (x — 2) +1 
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10.8.8 Exercises 


For the following problems, graph the quadratic equations. 


Exercise 10.373 


SRR F Ue 
EGRESS WR eRe ae 


Exercise 10.375 
y =(x-1)° 
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(Solution on p. 808.) 


(Solution on p. 809.) 


RERRAR SSE eT 
< SZORE REESE 
ERED ARRAS 


y = (e+3)" 


PTT TT 2 
pee a ae 
REEMBMER ERS 


Exercise 10.378 
y=(e+1) 


(Solution on p. 809.) 
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Exercise 10.379 
y=2?-3 


Pt | hr 
BSRLR Ue a ee 


Exercise 10.380 
y=ur?-1 


SREP Ue 
EBRD) RaSe ae 


Exercise 10.381 
y=a2? 42 
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(Solution on p. 809.) 


(Solution on p. 810.) 


Exercise 10.382 
y=r?+s 


Exercise 10.384 
y = —x7 +1 (Compare with problem 2.) 


(Solution on p. 810.) 
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SR RRES Ue 
BORED Rae ae 


Exercise 10.385 
y = —x? —1 (Compare with problem 1.) 


SREP Ue 
BSRLR Wit eRa ee 


Exercise 10.386 
y=(e-1)°-1 


SREP Ue 
EERE) RaSe ae 


Exercise 10.387 
y = (+3)? +2 
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(Solution on p. 810.) 


(Solution on p. 811.) 


Exercise 10.388 
y=—(@+1)° 


y= (a4. 3)? 


Exercise 10.390 
y = 2x? 


(Solution on p. 811.) 
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Exercise 10.391 
y = 32? 


SRRReP Ue 
BSRLR Uae ee 


SREP US 
EBRD) RaSe ae 


Exercise 10.393 
y= 30° 
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(Solution on p. 811.) 


(Solution on p. 812.) 
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For the following problems, try to guess the quadratic equation that corresponds to the given graph. 
Exercise 10. 394 


(Solution on p. 812.) 
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Exercise 10.397 (Solution on p. 812.) 


10.8.9 Exercises For Review 


Exercise 10.398 ‘ : 

(Section 3.6) Simplify and write («~*y°) ~(a~®y*)” so that: only positive exponents appear. 

Exercise 10.399 (Solution on p. 812.) 

(Section 6.7) Factor y? — y — 42. 

Exercise 10.400 

(Section 8.6) Find the sum: 4, + 18 

Exercise 10.401 (Solution on p. 812.) 
i are: 2 

(Section 9.5) Simplify GigE: 


Exercise 10.402 
(Section 10.7) Four is added to an integer and that sum is doubled. When this result is multiplied 
by the original integer, the product is —6. Find the integer. 


10.9 Summary of Key Concepts ° 


10.9.1 Summary Of Key Concepts 


Quadratic Equation (Section 10.2) 
A quadratic equation is an equation of the form ax? + br +c = 0, where a # 0. This form is the standard 
form of a quadratic equation. 


a is the coefficient of x?. 
b is the coefficient x. 
cis the constant term. 
Zero-Factor Property (Section 10.2) 
If two numbers a and 6 are multiplied together and the resulting product is 0, then at least one of the 
numbers must be 0. 
Solving Quadratic Equations by Factoring (Section 10.3) 


1. Set the equation equal to 0. 
2. Factor the quadratic expression. 


®This content is available online at <http://cnx.org/content /m21931/1.3/>. 
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3. By the zero-factor property, at least one of the factors must be zero, so, set each factor equal to zero 
and solve for the variable. 


Extraction of Roots (Section 10.4) 

Quadratic equations of the form 2? — K = 0 or 2? = K can be solved by the method of extraction of 
roots. We do so by taking both the positive and negative square roots of each side. If K is a positive real 
number then x = VK, —-VJK.If K isa negative real number, no real number solution exists. 

Completing the Square (Section 10.5) 
The quadratic equation ax? + br + ¢ = 0 can be solved by completing the square. 


Write the equation so that the constant term appears on the right side of the equal sign. 

If the leading coefficient is different from 1, divide each term of the equation by that coefficient. 

Find one half of the coefficient of the linear term, square it, then add it to both sides of the equation. 
The trinomial on the left side of the equation is now a perfect square trinomial and can be factored as 
0) 


5. Solve the equation by extraction of roots. 


pe es 


Quadratic Formula (Section 10.6) 
The quadratic equation ax? + br + ¢ = 0 can be solved using the quadratic formula. 


a is the coefficient of x”. 
b is the coefficient of x. 
cis the constant term. 


r= —b+Vb?2—4ac 
_ 2a 
Parabola (Section 10.7) 
The graph of a quadratic equation of the form y = ax? + bx +c is a parabola. 
Vertex of a Parabola (Section 10.8) 
The high point or low point of a parabola is the vertex of the parabola. 


10 


10.10 Exercise Supplemen 


10.10.1 Exercise Supplement 


10.10.1.1 Solving Quadratic Equations (Section 10.2) - Solving Quadratic Equations by Fac- 
toring (Section 10.3) 
For the following problems, solve the equations. 
Exercise 10.403 (Solution on p. 812.) 
(a — 2) (a — 5) =0 
Exercise 10.404 
(b+ 1) (b—6) =0 
Exercise 10.405 (Solution on p. 812.) 
(a+ 10) (a—5) =0 
Exercise 10.406 
(y— 3) (y—4) =0 
Exercise 10.407 (Solution on p. 812.) 
(m—8)(m+1)=0 
Exercise 10.408 
(4y + 1) (2y +3) =0 


10This content is available online at <http://cnx.org/content/m21917/1.4/>. 
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Exercise 10.409 (Solution on p. 812.) 
(a + 2) (3a —1) =0 

Exercise 10.410 

(5a — 2) (3a — 10) = 0 

Exercise 10.411 (Solution on p. 812.) 
x (22 +3) =0 

Exercise 10.412 

(a—5)? =0 

Exercise 10.413 (Solution on p. 812.) 
(y+3)? =0 

Exercise 10.414 

c? = 36 

Exercise 10.415 (Solution on p. 812.) 
16y? — 49 = 0 

Exercise 10.416 

6r? — 36 = 0 

Exercise 10.417 (Solution on p. 812.) 
a? +6a+8=0 

Exercise 10.418 

r2+7r+10=0 

Exercise 10.419 (Solution on p. 812.) 
s?—9s+8=0 

Exercise 10.420 

y? = —10y-—9 

Exercise 10.421 (Solution on p. 813.) 
lly — 2 = —6y? 

Exercise 10.422 

162? — 3 = —22 

Exercise 10.423 (Solution on p. 813.) 
m? =4m—4 

Exercise 10.424 

3 (y? —8) =—Ty 

Exercise 10.425 (Solution on p. 813.) 
a(4b+7)=0 

Exercise 10.426 

x? —64=0 

Exercise 10.427 (Solution on p. 813.) 
m? —81=0 

Exercise 10.428 

9x? — 25 =0 

Exercise 10.429 (Solution on p. 813.) 
5a? — 125=0 

Exercise 10.430 

8r3 — 6r = 0 

Exercise 10.431 (Solution on p. 813.) 
m? —6m+5=0 
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Exercise 10.432 

x? +2xr—-24=0 

Exercise 10.433 (Solution on p. 813.) 
x? + 3a = 28 

Exercise 10.434 

20a? —3 = 7a 

Exercise 10.435 (Solution on p. 813.) 
2y? — 6y =8 

Exercise 10.436 

a? +2a=-1 

Exercise 10.437 (Solution on p. 813.) 
Qr? = 5 —3r 


10.10.1.2 Solving Quadratic Equations Using the Method of Extraction of Roots (Section 10.4) 


For the following problems, solve the equations using extraction of roots. 
Exercise 10.438 
y? =81 
Exercise 10.439 (Solution on p. 813.) 
a? = 121 
Exercise 10.440 
e735 
Exercise 10.441 (Solution on p. 813.) 
m? =2 
Exercise 10.442 
r=) 
Exercise 10.443 (Solution on p. 813.) 
s*—10=0 
Exercise 10.444 
4x? — 64 =0 
Exercise 10.445 (Solution on p. 813.) 
—3y? = —75 
Exercise 10.446 
Solve y? = 4a? for y. 
Exercise 10.447 (Solution on p. 813.) 
Solve m? = 16n?p* for m. 
Exercise 10.448 
Solve x? = 25y4z!w® for a. 
Exercise 10.449 (Solution on p. 813.) 
Solve x? — y? = 0 for y. 
Exercise 10.450 
Solve atb® — x6y!2z? = 0 for a?. 
Exercise 10.451 (Solution on p. 813.) 
(x —2)? =9 
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Exercise 10.452 

(y +3)? = 25 

Exercise 10.453 
(a+10)? =1 

Exercise 10.454 

(m+ 12)? =6 

Exercise 10.455 

(r —8)? = 10 

Exercise 10.456 

(ce —1)? =5 

Exercise 10.457 
(a—2)? =-2 

Exercise 10.458 

Solve (a — 2b)? = b? for x 
Exercise 10.459 

Solve (y + 6)? =a for y. 
Exercise 10.460 

Solve (2a — 5)* = c for a. 
Exercise 10.461 

Solve (3m — 11)? = 2a? for m. 


QUADRATIC EQUATIONS 


(Solution on p. 813.) 


(Solution on p. 813.) 


(Solution on p. 813.) 


(Solution on p. 813.) 


(Solution on p. 813.) 


10.10.1.3 Solving Quadratic Equations Using the Method of Completing the Square (Sec- 
tion 10.5) - Solving Quadratic Equations Using the Quadratic Formula (Section 10.6) 


For the following problems, solve the equations by completing the square or by using the quadratic formula. 


Exercise 10.462 
y? — 8y —12=0 
Exercise 10.463 
67 +25s—24=0 
Exercise 10.464 
a2 + 3a—9=0 
Exercise 10.465 
b27+b—-8=0 
Exercise 10.466 
3a? —24 -1=0 
Exercise 10.467 
5a? + 2a—6=0 
Exercise 10.468 
az=a+4 
Exercise 10.469 
y? =2y+1 
Exercise 10.470 
m? —6=0 
Exercise 10.471 
r? + 2r =9 


(Solution on p. 813.) 


(Solution on p. 813.) 


(Solution on p. 813.) 


(Solution on p. 813.) 


(Solution on p. 814.) 


Exercise 10.472 

3p? + 2p =7 

Exercise 10.473 (Solution on p. 814.) 
10a? + 2a? — 227 = 0 

Exercise 10.474 

6r? + 6r? — 3r = 0 

Exercise 10.475 (Solution on p. 814.) 
15a? + 2x3 = 1224 

Exercise 10.476 

6a? — 62 = —6a? 

Exercise 10.477 (Solution on p. 814.) 
(a+ 3)(a—4)=3 

Exercise 10.478 

(y—1)(y— 2) =6 

Exercise 10.479 (Solution on p. 814.) 
(a+ 3) (a+ 4) = —10 

Exercise 10.480 

(2m + 1) (8m —1) = —2 

Exercise 10.481 (Solution on p. 814.) 
(5r +6) (r—1) =2 

Exercise 10.482 

Ax? + 22 —-3 = 32? + e241 

Exercise 10.483 (Solution on p. 814.) 
5a? + 5a + 4 = 3a? +2a+5 

Exercise 10.484 

(m+3)? =11 

Exercise 10.485 (Solution on p. 814.) 
(r — 8)? =70 

Exercise 10.486 

(Qa +7)? =51 


10.10.1.4 Applications (Section 10.7) 


For the following problems, find the solution. 


Exercise 10.487 (Solution on p. 814.) 
The revenue R, in dollars, collected by a certain manufacturer of inner tubes is related to the 
number x of inner tubes sold by R = 1400 — 16x + 3x7. How many inner tubes must be sold to 
produce a profit of $1361? 


Exercise 10.488 

A study of the air quality in a particular city by an environmental group suggests that t years from 
now the level of carbon monoxide, in parts per million, in the air will be A = 0.8¢? + 0.5¢ + 3.3. 
(a) What is the level, in parts per million, of carbon monoxide in the air now? 

(b) How many years from now will the carbon monoxide level be at 6 parts per million? 
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Exercise 10.489 (Solution on p. 814.) 
A contractor is to pour a concrete walkway around a community garden that is 15 feet wide and 
50 feet long. The area of the walkway and garden is to be 924 square feet and of uniform width. 
How wide should the contractor make it? 

Exercise 10.490 

A ball thrown vertically into the air has the equation of motion h = 144 + 48t — 16¢? 

(a) How high is the ball at t = 0? 

(b) How high is the ball at t = 1? 

(c) When does the ball hit the ground? 

Exercise 10.491 (Solution on p. 814.) 
The length of a rectangle is 5 feet longer than three times its width. Find the dimensions if the 
area is to be 138 square feet. 

Exercise 10.492 

The area of a triangle is 28 square centimeters. The base is 3 cm longer than the height. Find both 
the length of the base and the height. 

Exercise 10.493 (Solution on p. 814.) 
The product of two consecutive integers is 210. Find them. 

Exercise 10.494 

The product of two consecutive negative integers is 272. Find them. 

Exercise 10.495 (Solution on p. 814.) 
A box with no top and a square base is to be made by cutting out 3-inch squares from each corner 
and folding up the sides of a piece of cardboard. The volume of the box is to be 25 cubic inches. 
What size should the piece of cardboard be? 


10.11 Proficiency Exam " 


10.11.1 Proficiency Exam 


For the quadratic equations in the following problems, specify the values of a,b, and c. 


Exercise 10.496 (Solution on p. 814.) 
(Section 10.2) 2y? — 3y+10=0 
Exercise 10.497 (Solution on p. 814.) 


(Section 10.2) 10b? = 3b 


For the following problems, use the zero-factor property to solve each quadratic equation. 


Exercise 10.498 (Solution on p. 814.) 
(Section 10.2) (82 +5)(a-—1) =0 

Exercise 10.499 (Solution on p. 814.) 
(Section 10.2) 3b)(2b— 1) =0 

Exercise 10.500 (Solution on p. 814.) 


(Section 10.2) (a— 8)’ =0 


For the following problems, solve each quadratic equation by factoring. 


Exercise 10.501 (Solution on p. 814.) 
(Section 10.3) 4? — 16 = 0 
Exercise 10.502 (Solution on p. 814.) 


(Section 10.3) y? — 12y+32=0 


11 This content is available online at <http://cnx.org/content/m21920/1.3/>. 


Exercise 10.503 

(Section 10.3) a? —5a=14 
Exercise 10.504 

(Section 10.3) 6a? = 10 — lla 
Exercise 10.505 

(Section 10.3) 27? = —2 — 5x 
Exercise 10.506 

(Section 10.3) x? — 252 = 0 


For the following problems, solve each quadratic equation by extraction of roots. 


Exercise 10.507 

ection A)cC= 
Section 10.4) c? = 81 
Exercise 10.508 

ection A) arr = 
Section 10.4) x? = 15 
Exercise 10.509 
(Section 10.4) 3a? — 18 =0 
Exercise 10.510 
(Section 10.4) («x —5)? =1 
Exercise 10.511 
(Section 10.4) (y+ 11)? -—9=0 
Exercise 10.512 
(Section 10.4) y? — 252? = 0 for y 
Exercise 10.513 
(Section 10.4) 6a? — 18b?c? for a 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


For the following problems, solve each quadratic equation using quadratic formula. 


Exercise 10.514 

(Section 10.6) x? — 6x — 16 =0 
Exercise 10.515 

(Section 10.6) y? —2y—7=0 
Exercise 10.516 

(Section 10.6) (m +2)? —5=0 
Exercise 10.517 

(Section 10.6) (2 +b)? = ¢? 
Exercise 10.518 
(Section 10.6) (x + 1)(a+4) =6 
Exercise 10.519 

(Section 10.6) 527 —5z—5 = 227 —z 
Exercise 10.520 

(Section 10.6) 2m? = 5m 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


For the following problems, solve each quadratic equation by completing the square. 


Exercise 10.521 

(Section 10.5) x? +62 —8 =0 
Exercise 10.522 

(Section 10.5) 27? + 7z -12=0 
Exercise 10.523 


(Solution 


(Solution 


(Solution 


(Section 10.7) The product of two consecutive odd integers is 143. What are they? 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


814.) 


814.) 


814.) 


814.) 


814.) 


815.) 


815.) 


815.) 


815.) 


815.) 


815.) 


815.) 


815.) 


815.) 


815.) 


815.) 


815.) 


815.) 


815.) 


815.) 


815.) 
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Exercise 10.524 (Solution on p. 815.) 
(Section 10.7) A study of the air quality by an environmental group suggests that t years from 
now the level of carbon monoxide in the air, in parts per million, will be given by the quadratic 
equation 


A= 0.4t? +0.1#+ 3.1 


where A represents the amount of carbon monoxide in the air. 
(a) What is the level, in parts per million, of carbon monoxide in the air now? 
(b) How many years from now will the level of carbon monoxide be at18.1 parts per million? 


Exercise 10.525 (Solution on p. 815.) 


(Section 10.7) The length of a rectangle is 6 inches longer than the width of the rectangle. Find 
the dimensions of the rectangle if the area is 112 square feet. 


For the following problems, construct the graphs of the following equations. 


Exercise 10.526 (Solution on p. 815.) 
(Section 10.8) y= 2? —3 


Exercise 10.527 (Solution on p. 816.) 
(Section 10.8) y = («+ 1)” 


Exercise 10.528 (Solution on p. 816.) 
(Section 10.8) y = (a —2)° +3 


797 


For the following problems, write the equation that corresponds to each graph. 


Exercise 10.529 (Solution on p. 816.) 
(Section 10.8) 


Exercise 10.530 (Solution on p. 816.) 
(Section 10.8) 
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Solutions to Exercises in Chapter 10 


Solution to Exercise 10.1 (p. 731) 


yes 

Solution to Exercise 10.2 (p. 731) 
no 

Solution to Exercise 10.3 (p. 731) 
no 

Solution to Exercise 10.4 (p. 731) 
yes 

Solution to Exercise 10.5 (p. 731) 
no 

Solution to Exercise 10.6 (p. 731) 
yes 

Solution to Exercise 10.7 (p. 732) 
a=4 

Solution to Exercise 10.8 (p. 732) 
y= -6, 7 

Solution to Exercise 10.9 (p. 732) 
“x= —5, 4 

Solution to Exercise 10.10 (p. 732) 
3,4,-7 

Solution to Exercise 10.12 (p. 732) 
2,—-5,5 

Solution to Exercise 10.14 (p. 732) 
ae 

Solution to Exercise 10.16 (p. 732) 
2, 5, 0 

Solution to Exercise 10.18 (p. 733) 
8, -2,0 

Solution to Exercise 10.20 (p. 733) 
4,0, 0 

Solution to Exercise 10.22 (p. 733) 
1, 1, 10 

Solution to Exercise 10.24 (p. 733) 
3,5, —-7 

Solution to Exercise 10.26 (p. 733) 
ie =i 

Solution to Exercise 10.28 (p. 733) 
1,0, -9 

Solution to Exercise 10.30 (p. 733) 
x=0 

Solution to Exercise 10.32 (p. 733) 
a=0 

Solution to Exercise 10.34 (p. 733) 
k=-7 

Solution to Exercise 10.36 (p. 733) 
£=—4 

Solution to Exercise 10.38 (p. 733) 
y=0,1 


Solution to Exercise 10.40 (p. 734) 
n=0,-4 


Solution to Exercise 
a=4 

Solution to Exercise 
x=-T7orx=0 
Solution to Exercise 
y=4ory=8 
Solution to Exercise 
x= —4or“ =—5 


Solution to Exercise 
r= 8 or r=3 
Solution to Exercise 
1 3D. a6" 
m=—Zorm=7q 
Solution to Exercise 


Solution to Exercise 
a= =o. & 

a 7? 7 . 
Solution to Exercise 
ea i4 =10 

a, Det 8 . 
Solution to Exercise 

5 
yo 
Solution to Exercise 


046: 
5 


Solution to Exercise 


Solution to Exercise 
V144+2V7 
Solution to Exercise 
xz=T7, -4 
Solution to Exercise 


Solution to Exercise 

xr=4, -—6 

Solution to Exercise 
—_ 1 -5 

ame eee 

Solution to Exercise 

y= 3, anil 

Solution to Exercise 


Solution to Exercise 
SS 
LI B35 2 


. 734) 
. 734) 
. 734) 
. 734) 
. 734) 
. 734) 
. 734) 
. 734) 
. 734) 
. 734) 
. 735) 


. 735) 


. 735) 
. 787) 
. 737) 
987) 
. 737) 
<3) 
. 737) 


Tz) 


799 


800 


Solution to Exercise 
r=7,-7 


Solution to Exercise 


Solution to Exercise 
z=-1, -—3 
Solution to Exercise 
xr=1,5 

Solution to Exercise 
x=-2,4 

Solution to Exercise 
r= -t, 7 

Solution to Exercise 
c= —8, 3 
Solution to Exercise 
4 


c= —2, 5 
Solution to Exercise 
x= —A4, 0 

Solution to Exercise 
y=0, 3 
Solution to Exercise 
g=-4, - 4, 0 


Solution to Exercise 


xr=8 

Solution to Exercise 
b=-7 

Solution to Exercise 
xr=0, 4 

Solution to Exercise 
y=0, 7 

Solution to Exercise 
x= —-2, 2 


Solution to Exercise 
no solution 

Solution to Exercise 
a=-—10, 10 

Solution to Exercise 
b=7, —7 

Solution to Exercise 
a=5, —5 

Solution to Exercise 
y=0, 1, -1 
Solution to Exercise 
b=2, -2 

Solution to Exercise 
a=6, —6 

Solution to Exercise 
r= V2, —V2 
Solution to Exercise 


b=3, —3 


10.75 (p. 
10.76 (p. 
10.77 (p. 
10.79 (p. 
10.81 (p. 
10.83 (p. 
10.85 (p. 
10.87 (p. 
10.89 (p. 
10.91 (p. 
10.93 (p. 
10.95 (p. 
10.97 (p. 


10.99 (p. 


10.101 (p. 
10.103 (p. 
10.105 (p. 
10.107 (p. 
10.109 (p. 
10.111 (p. 
10.113 (p. 
10.115 (p. 
10.117 (p. 
10.119 (p. 


10.121 (p. 


737) 
738) 
738) 
738) 
738) 
738) 
739) 
739) 
739) 
739) 
739) 
739) 
739) 
739) 
739) 
739) 
739) 
740) 
740) 
740) 
740) 
740) 
740) 
740) 


740) 
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Solution to Exercise 
b=4, -—4 

Solution to Exercise 
y=—5 

Solution to Exercise 
no solution 

Solution to Exercise 
a=-—2 

Solution to Exercise 
b=7 

Solution to Exercise 
m=0, -1 

Solution to Exercise 
a=-—3, 1 

Solution to Exercise 
w%=-7, —2 
Solution to Exercise 
b=-9, —3 

Solution to Exercise 
x=6, 7 


Solution to Exercise 
eyo eae 

3? 2 
Solution to Exercise 
a= -i, —1 
Solution to Exercise 


Or 


a=-l 
Solution to Exercise 


= 5 
T=—~5; 3 


Solution to Exercise 
no solution 


Solution to Exercise 


gl2yl4 

Solution to Exercise 
atl 

(x+1)(x—1)(a—2) 

Solution to Exercise 

x= —4, =z 

Solution to Exercise 

x= +12 

Solution to Exercise 

1 


yeu 

Soliton to Exercise 

a= +3,/2 

Solution to Exercise 

n= +mp*V6 

Solution to Exercise 
= +3 

Solution to Exercise 

m = £11.74 

Solution to Exercise 

a=2,-14 


10.123 (p. 
10.125 (p. 
10.127 (p. 
10.129 (p. 
10.131 (p. 
10.133 (p. 
10.135 (p. 
10.137 (p. 
10.139 (p. 
10.141 (p. 
10.143 (p. 
10.145 (p. 
10.147 (p. 
10.149 (p. 
10.151 (p. 
10.153 (p. 


10.155 (p. 


10.157 (p. 
10.158 (p. 
10.159 (p. 
10.160 (p. 
10.161 (p. 
10.162 (p. 
10.163 (p. 


10.165 (p. 


740) 
740) 
740) 
740) 
741) 
741) 
741) 
741) 
741) 
741) 
741) 
741) 
741) 
741) 
741) 
742) 


742) 


742) 
745) 
745) 
745) 
745) 
745) 
745) 


746) 
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Solution to Exercise 10.166 (p. 746) 

m=4+ VJ15 

Solution to Exercise 10.167 (p. 746) 

y=0, 14 

Solution to Exercise 10.168 (p. 746) 

k=1+42V3 

Solution to Exercise 10.169 (p. 746) 

x=1l1 

Solution to Exercise 10.170 (p. 746) 

v= +6 

Solution to Exercise 10.172 (p. 746) 

a= +3 

Solution to Exercise 10.174 (p. 746) 

b = +1 

Solution to Exercise 10.176 (p. 746) 

r= +5 

Solution to Exercise 10.178 (p. 746) 

a= +75 

Solution to Exercise 10.180 (p. 746) 
= +2/3 

Solution to Exercise 10.182 (p. 746) 

y= +V/3 

Solution to Exercise 10.184 (p. 746) 

a= +2/2 

Solution to Exercise 10.186 (p. 747) 

a= +/5 

Solution to Exercise 10.188 (p. 747) 

C= +/10 

Solution to Exercise 10.190 (p. 747) 

c= +3 

Solution to Exercise 10.192 (p. 747) 

c= +5 

Solution to Exercise 10.194 (p. 747) 

c= 42/3 

Solution to Exercise 10.196 (p. 747) 

t= +3b 

Solution to Exercise 10.198 (p. 747) 

k=+mn 

Solution to Exercise 10.200 (p. 747) 

y = +an 

Solution to Exercise 10.202 (p. 747) 

x=tz 

Solution to Exercise 10.204 (p. 747) 

a = by2,—bV/2 

Solution to Exercise 10.206 (p. 748) 

x=5,-1 

Solution to Exercise 10.208 (p. 748) 

= i1,<1 

Solution to Exercise 10.210 (p. 748) 

a=-—8,-10 


Solution to Exercise 
a=-4+ J5 
Solution to Exercise 
t= —1 == Ja 
Solution to Exercise 
y=—-2+a0a 

Solution to Exercise 
xr=axtb 

Solution to Exercise 
a= +4.58 

Solution to Exercise 
y = £7.30 

Solution to Exercise 
x = +1.00 

Solution to Exercise 
=11 


i — 
Solution to Exercise 
x=0,4 

Solution to Exercise 
x= —6,8 

Solution to Exercise 


—38tV 29 
2 


Solution to Exercise 


C= 


m=, -1 

Solution to Exercise 
— 14721 

2S 

Solution to Exercise 

x=0.8, —0.4 

Solution to Exercise 

x= —4, 2 

Solution to Exercise 

a=-3, -—4 

Solution to Exercise 

y = —4, 6 

Solution to Exercise 


10.212 (p. 
10.214 (p. 
10.216 (p. 
10.218 (p. 
10.220 (p. 
10.222 (p. 
10.224 (p. 
10.226 (p. 
10.228 (p. 
10.230 (p. 
10.231 (p. 
10.232 (p. 
10.233 (p. 
10.234 (p. 
10.235 (p. 
10.237 (p. 
10.239 (p. 


10.241 (p. 


No real number solution. 


Solution to Exercise 
a2 
Solution to Exercise 


b = —5+V37 


2 
Solution to Exercise 


a=—-d5+ J/34 
Solution to Exercise 
x= 10,0 

Solution to Exercise 
a= 6,0 

Solution to Exercise 
x=-—13, -1 
Solution to Exercise 


—14+V/3 


Cs aia Tat 


10.243 (p. 
10.245 (p. 
10.247 (p. 
10.249 (p. 
10.251 (p. 
10.253 (p. 


10.255 (p. 


748) 
748) 
748) 
748) 
748) 
748) 
748) 
749) 
749) 
753) 


753) 


753) 


753) 


753) 
754) 
754) 
754) 
754) 
754) 
754) 
754) 
754) 
754) 
754) 


754) 


803 


804 


Solution to Exercise 10.257 (p. 


Sok 180) 
eo 3 


3° 
Solution to Exercise 10.259 (p. 


—5+V57 
4 


= 


Solution to Exercise 10.261 (p. 


No real number solution. 


Solution to Exercise 10.263 (p. 


—34V37 


k= 


y = 0.91, — 2.57 


Solution to Exercise 10.267 (p. 


No real number solution. 


Solution to Exercise 10.269 (p. 


-2 -1 0 1 2 3 4 
Solution to Exercise 10.271 (p 


etl 
x2+3 


Solution to Exercise 10.273 (p 
a= 4 


b = -3 
c = 5 

Solution to Exercise 10.274 (p. 
a= 3 
b = -2 
c = 9 

Solution to Exercise 10.275 (p. 
a= 1 
b = -5 
¢ = -l 

Solution to Exercise 10.276 (p. 
a= 1 
b = 0 
ec = -4 

Solution to Exercise 10.277 (p. 
a= 1 
b = -2 
c¢ = 0 

Solution to Exercise 10.278 (p. 
a= 1 
b = -5 


c = 6 


14 
Solution to Exercise 10.265 (p. 


757) 


757) 


757) 


757) 


757) 
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Solution to Exercise 10.279 (p. 


a= 2 
b = -4 
¢ = 1 
Solution to Exercise 10.280 (p. 
a= 3 
b = 5 
c = -8 
Solution to Exercise 10.281 (p. 
a= —3 
b = 2 
c = -ll 
Solution to Exercise 10.282 (p. 
a= 1 
b = 0 
c = 0 


Solution to Exercise 10.283 (p. 


G= 


—3+V65 
4 


Solution to Exercise 10.284 (p. 


— 14V6 
ane: 


Solution to Exercise 10.285 (p. 


no real number solution 


Solution to Exercise 10.286 (p. 


m= 0, 


Solution to Exercise 10.287 (p. 


z=3, -1 


Solution to Exercise 10.289 (p. 


y=1,4 


Solution to Exercise 10.291 (p. 


a=-—2, —10 


Solution to Exercise 10.293 (p. 


b= —-2 


Solution to Exercise 10.295 (p. 


L 


r=3,-5 


Solution to Exercise 10.297 (p. 


— 1475 
to 


Solution to Exercise 10.299 (p. 


3 


a=1, —3% 


Solution to Exercise 10.301 (p. 


5tV41 


a a 


Solution to Exercise 10.303 (p. 


+89 


a= 3 


Solution to Exercise 10.305 (p. 


= +5 


Solution to Exercise 10.307 (p. 


y= SV 


757) 


757) 


757) 


757) 


761) 
761) 
761) 
761) 
761) 
761) 
762) 
762) 
762) 
762) 
762) 
762) 
762) 


762) 


762) 


805 


806 


Solution to Exercise 10.309 (p. 762) 
g=--1 
Solution to Exercise 10.311 (p. 762) 
a=-—4,1 
Solution to Exercise 10.313 (p. 763) 
Petro 
Solution to Exercise 10.315 (p. 763) 
No real number solution. 
Solution to Exercise 10.317 (p. 763) 
—24+J/6 
Solution to Exercise 10.319 (p. 763) 
e=4a V3 
Solution to Exercise 10.321 (p. 763) 
b=6+42/2 
Solution to Exercise 10.323 (p. 763) 
q = 134 

3 
Solution to Exercise 10.325 (p. 763) 
No real number solution. 
Solution to Exercise 10.327 (p. 763) 
a8 y226 
Solution to Exercise 10.329 (p. 763) 
6y? + 19y —7 
Solution to Exercise 10.331 (p. 763) 
x= —2,6 
Solution to Exercise 10.332 (p. 765) 
12 or 18 
Solution to Exercise 10.333 (p. 766) 
In 9 and 15 years, the population of the city will be 95,865. 
Solution to Exercise 10.334 (p. 767) 
width = 2 feet, length = 7 feet 
Solution to Exercise 10.335 (p. 767) 
height = 6 meters, base = 8 meters 
Solution to Exercise 10.336 (p. 768) 
14 and 15, amd -14 and -15 
Solution to Exercise 10.337 (p. 768) 
2 
Solution to Exercise 10.338 (p. 769) 
10 in. by 10 in.; 2 by 2 is not physically possible. 
Solution to Exercise 10.339 (p. 770) 
(a). 5.1 parts per million (b). 3.6 years 
Solution to Exercise 10.340 (p. 771) 
3 ft wide 
Solution to Exercise 10.341 (p. 772) 
$8 or $14 
Solution to Exercise 10.343 (p. 772) 
(a) 12,036 (b) 3 and 12 years from now 
Solution to Exercise 10.345 (p. 772) 
(a) 48 feet, (b) 64 feet. (c) t = 3 
Solution to Exercise 10.347 (p. 773) 
length = 8; width = 1 
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Solution to Exercise 10.349 (p. 


width = V/21 length = 3V21 


Solution to Exercise 10.351 (p. 


b=7; h=4 


Solution to Exercise 10.353 (p. 


~9, -8 or 8,9 


Solution to Exercise 10.355 (p. 


=13;=110rd1,13 


Solution to Exercise 10.357 (p. 


n=2,—5 


Solution to Exercise 10.359 (p. 


4+ V12.5 inches 


Solution to Exercise 10.361 (p. 
(a) carbon monoxide now 2.2 parts per million 


(b) 2.37 years 
Solution to Exercise 10.363 (p 
x=2 


Solution to Exercise 10.365 (p. 


32+14 
(x+2)(x—2) 


Solution to Exercise 10.367 (p. 


3 
513 


Solution to Exercise 10.369 (p. 


773) 
773) 
773) 
773) 
773) 
774) 


774) 


aA) 
775) 
775) 


775) 
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Solution to Exercise 10.371 (p. 779) 


Solution to Exercise 10.373 (p. 780) 
2 
y=u 


Solution to Exercise 10.375 (p. 780) 
2 
y= (#—1) 


y= (e+3)" 


Mesh TN Tp 
Tt EON ATT ia 
S 


Solution to Exercise 10.379 (p. 782) 
y=2?-3 
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Solution to Exercise 10.381 (p. 782) 


Solution to Exercise 10.383 (p. 783) 


Solution to Exercise 10.385 (p. 784) 


Solution to Exercise 10.387 (p. 784) 
y = (+3)? +2 


y = —(@ +3)? 


Solution to Exercise 10.391 (p. 786) 
y = 32? 
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Solution to Exercise 
2 

y = (x —3) 
Solution to Exercise 
y=—(e+3)" +2 
Solution to Exercise 
(y + 6) (y— 7) 
Solution to Exercise 
8-2/5 

TI 
Solution to Exercise 
x=2,5 
Solution to Exercise 
a=-—10,5 
Solution to Exercise 
m= 8,-1 
Solution to Exercise 
r= —2, 5 
Solution to Exercise 
x=0, —3 
Solution to Exercise 
C= 


Solution to Exercise 
ee 

an 

Solution to Exercise 
a= —4,-2 


10.395 (p. 


10.397 (p. 
10.399 (p. 


10.401 (p. 


10.403 (p. 
10.405 (p. 
10.407 (p. 
10.409 (p. 
10.411 (p. 
10.413 (p. 
10.415 (p. 


10.417 (p. 


787) 
788) 
788) 
788) 
789) 
789) 
789) 
790) 
790) 
790) 
790) 


790) 
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Solution to Exercise 
s=1,8 

Solution to Exercise 
s)he a —2 

Solution to Exercise 
m= 2 

Solution to Exercise 
a=0; b= -t 
Solution to Exercise 
Mm = +9 

Solution to Exercise 
a= +5 

Solution to Exercise 
m= 5,1 

Solution to Exercise 
x=-—7,4 

Solution to Exercise 
y=4,-1 

Solution to Exercise 
r=—2,1 

Solution to Exercise 
a=x+l11 

Solution to Exercise 
m= +V/2 

Solution to Exercise 
s= +/10 

Solution to Exercise 
y = +5 

Solution to Exercise 
m = +4np? 

Solution to Exercise 


= uv 
Solution to Exercise 
z=5,-1 
Solution to Exercise 
a=-11,-9 
Solution to Exercise 
r=8+ J/10 


Solution to Exercise 


10.419 (p. 
10.421 (p. 
10.423 (p. 
10.425 (p. 
10.427 (p. 
10.429 (p. 
10.431 (p. 
10.433 (p. 
10.435 (p. 
10.437 (p. 
10.439 (p. 
10.441 (p. 
10.443 (p. 
10.445 (p. 
10.447 (p. 
10.449 (p. 
10.451 (p. 
10.453 (p. 
10.455 (p. 


10.457 (p. 


No real number solution. 


Solution to Exercise 
C= —64 Ja 
Solution to Exercise 
Solution to Exercise 
s=4,-6 

Solution to Exercise 


b = —1+V/33 


Solution to Exercise 


—l1tvV31 
5 


m= 


i) 


— 


10.459 (p. 


10.461 (p. 


10.463 (p. 


10.465 (p. 


10.467 (p. 


790) 
790) 
790) 
790) 
790) 
790) 
790) 
791) 
791) 
791) 
791) 
791) 
791) 
791) 
791) 
791) 
791) 
792) 
792) 
792) 
792) 


792) 


792) 


792) 


792) 


813 
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Solution to Exercise 10.469 (p. 


y=1l+v2 


Solution to Exercise 10.471 (p. 


p= 14/10 


Solution to Exercise 10.473 (p. 


r= 0, —1ltvV221 


10 
Solution to Exercise 10.475 (p. 


1+V181 


x=0, 


2 
Solution to Exercise 10.477 (p. 


1+vV61 


GS 


2 
Solution to Exercise 10.479 (p. 


No real number solution. 


Solution to Exercise 10.481 (p. 


r= —1+V161 

10 
Solution to Exercise 10.483 (p. 
a= =34V17 


Solution to Exercise 10.485 (p. 


r=8+/70 


Solution to Exercise 10.487 (p. 


No solution. 


Solution to Exercise 10.489 (p. 


x = 1.29 feet 


Solution to Exercise 10.491 (p. 


w=6 


Solution to Exercise 10.493 (p. 


x = —15,—-14, or 14,15 


Solution to Exercise 10.495 (p. 


a 1s+EV3 


Solution to Exercise 10.496 (p. 


a=2,b=-—3,c=10 


Solution to Exercise 10.497 (p. 


a=10,b=—3,c=0 


Solution to Exercise 10.498 (p. 


= 5 
r= —3,1 


Solution to Exercise 10.499 (p. 


b=0,5 


Solution to Exercise 10.500 (p. 


a=8 


Solution to Exercise 10.501 (p. 


x= —2,2 


Solution to Exercise 10.502 (p. 


y=4,8 


Solution to Exercise 10.503 (p. 


OY 


Solution to Exercise 10.504 (p. 


eo 
Qi 95-3 


Solution to Exercise 10.505 (p. 


w= -2,-35 


Solution to Exercise 10.506 (p. 


zt =0,-5,5 


792) 
792) 
793) 
793) 
793) 
793) 
793) 
793) 
793) 
793) 
794) 
794) 
794) 
794) 
794) 
794) 
794) 
794) 
794) 
794) 
794) 
795) 
795) 
795) 


795) 
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Solution to Exercise 
c= -—9,9 

Solution to Exercise 
ge = —V15, V15 
Solution to Exercise 
a=—vV6,V6 
Solution to Exercise 
x=4,6 

Solution to Exercise 
y = —8,-14 

Solution to Exercise 
y = —5z,5z 

Solution to Exercise 
a= +beV/3 

Solution to Exercise 
x= -2,8 

Solution to Exercise 
y=1+2V2 

Solution to Exercise 
m=-2+ J5 


Solution to Exercise 


xa=—bte 

Solution to Exercise 
—5+V/33 

Solution to Exercise 
2+V19 

Solution to Exercise 
m = 0, 3 

Solution to Exercise 
r= -3+ VJ17 
Solution to Exercise 


—7T+V145 


Solution to Exercise 


p= 


— 


ta 


10.507 (p. 
10.508 (p. 
10.509 (p. 
10.510 (p. 
10.511 (p. 
10.512 (p. 
10.513 (p. 
10.514 (p. 
10.515 (p. 
10.516 (p. 
10.517 (p. 


10.518 (p. 
10.519 (p. 


10.520 (p. 
10.521 (p. 


10.522 (p. 


10.523 (p. 


11 and 13 or —11 and —13 


Solution to Exercise 


10.524 (p. 


(a) 3.1 (b) 6 years from now 


Solution to Exercise 


+ qip — —1+V1793. 
width = =1+v1733, 
length = ++¥3798 


10.525 (p. 


795) 
795) 
795) 
795) 
795) 
795) 
795) 
795) 
795) 
795) 
795) 
795) 
795) 
795) 
795) 
795) 
795) 
796) 


796) 
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Solution to Exercise 10.526 (p. 796) 


bie of 


Solution to Exercise 10.529 (p. 797) 
y =(«—2)? +1or 

y=u?—4rt+5 

Solution to Exercise 10.530 (p. 797) 
y = —(x +3) —2or 


y = —2* —6xr—-11 
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Chapter 11 


Systems of Linear Equations 


11.1 Objectives’ 


After completing this chapter, you should 
Solutions by Graphing (Section 11.2) 
e be able to recognize a system of equations and a solution to it 


e be able to graphically interpret independent, inconsistent, and dependent systems 
e be able to solve a system of linear equations graphically 


Elimination by Substitution (Section 11.3) 


e know when the substitution method works best 

e be able to use the substitution method to solve a system of linear equations 

e know what to expect when using substitution with a system that consists of parallel lines or coincident 
lines 


Elimination by Addition (Section 11.4) 


e know the properties used in the addition method 

e be able to use the addition method to solve a system of linear equations 

e know what to expect when using the addition method with a system that consists of parallel or 
coincident lines 


Applications (Section 11.5) 


e become more familiar with the five-step method for solving applied problems 
e be able to solve number problems 
e be able to solve value and rate problems 


11.2 Solutions by Graphing” 


11.2.1 Overview 


e Systems of Equations 
e Solution to A System of Equations 


'This content is available online at <http://cnx.org/content /m22799/1.4/>. 
?This content is available online at <http://cnx.org/content/m18881/1.4/>. 
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e Graphs of Systems of Equations 
e Independent, Inconsistent, and Dependent Systems 
e The Method of Solving A System Graphically 


11.2.2 Systems of Equations 


Systems of Equations 
A collection of two linear equations in two variables is called a system of linear equations in two 
variables, or more briefly, a system of equations. The pair of equations 


ba — 2y=5 
c+ y=8 


is asystem of equations. The brace { is used to denote that the two equations occur together (simultaneously). 


11.2.3 Solution to A System of Equations 


Solution to a System 

We know that one of the infinitely many solutions to one linear equation in two variables is an ordered pair. 
An ordered pair that is a solution to both of the equations in a system is called a solution to the system 
of equations. For example, the ordered pair (3, 5) is a solution to the system 


ba — 2y=5 
zc+y=8 
since (3, 5) is a solution to both equations. 
5a i 2y => 5 rZ+ry = 8 
5(3)—2(5) = 5  Isthiscorrect? 3+5 = 8 Isthiscorrect? 
15-10 = 5. Isthiscorrect? 8 = 8 Yes, thisis correct. 
5 = 5. Yes, this is correct. 


11.2.4 Graphs of Systems of Equations 


One method of solving a system of equations is by graphing. We know that the graph of a linear equation in 
two variables is a straight line. The graph of a system will consist of two straight lines. When two straight 
lines are graphed, one of three possibilities may result. 


Example 11.1 
The lines intersect at the point (a, b). The point (a, b) is the solution to the corresponding system. 


819 


8 aie 
ae A ae 
i “4 
Oi” OB BB 


Example 11.2 
The lines are parallel. They do not intersect. The system has no solution. 


Example 11.3 
The lines are coincident (one on the other). They intersect at infinitely many points. The system 
has infinitely many solutions. 


11.2.5 Independent, Inconsistent, and Dependent Systems 


Independent Systems 
Systems in which the lines intersect at precisely one point are called independent systems. In applications, 
independent systems can arise when the collected data are accurate and complete. For example, 
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The sum of two numbers is 10 and the product of the two numbers is 21. Find the numbers. 


In this application, the data are accurate and complete. The solution is 7 and 3. 

Inconsistent Systems 

Systems in which the lines are parallel are called inconsistent systems. In applications, inconsistent 
systems can arise when the collected data are contradictory. For example, 


The sum of two even numbers is 30 and the difference of the same two numbers is 0. Find the 
numbers. 


The data are contradictory. There is no solution to this application. 

Dependent Systems 

Systems in which the lines are coincident are called dependent systems. In applications, dependent 
systems can arise when the collected data are incomplete. For example. 


The difference of two numbers is 9 and twice one number is 18 more than twice the other. 


The data are incomplete. There are infinitely many solutions. 


11.2.6 The Method of Solving A System Graphically 


The Method of Solving a System Graphically 
To solve a system of equations graphically: Graph both equations. 


1. If the lines intersect, the solution is the ordered pair that corresponds to the point of intersection. The 
system is independent. 

If the lines are parallel, there is no solution. The system is inconsistent. 

3. If the lines are coincident, there are infinitely many solutions. The system is dependent. 


bo 


11.2.7 Sample Set A 


Solve each of the following systems by graphing. 
Example 11.4 
2e+y=5 (1) 
{ ety=2 (2) 
Write each equation in slope-intercept form. 


(1) —2e+y=5 (2) ety=2 


Graph each of these equations. 


Check: Substitute « = —1, y = 3 into each equation. 


(1) —2er+y = 5 (2) zcty = 2 
—2(-1)+3 5 Isthis correct? -1+3 = 2 Isthiscorrect? 
2+3 = 5  Isthiscorrect? 2 = 2 = Yes, thisis correct. 
5 = 5. Yes, thisis correct. 
Example 11.5 
-sty=-1 (1) 
t —r+y=2 (2) 


Write each equation in slope-intercept form. 


(1) —@2+y = 1 (2) —@+y = 2 
y = «-1 y = £+2 
Graph each of these equations. 


CoP 


These lines are parallel. This system has no solution. We denote this fact by writing 
inconsistent. 


We are sure that these lines are parallel because we notice that they have the same slope, 
m = 1 for both lines. The lines are not coincident because the y-intercepts are different. 
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Example 11.6 
f —2¢ + 3y = —2 (1) 
—6x + 9y = —6 (2) 
Write each equation in slope-intercept form. 


(2) —64#4+9y = —6 
9y = b6x-6 
y= 32-3 


Both equations are the same. This system has infinitely many solutions. We write dependent. 


11.2.8 Practice Set A 


Solve each of the following systems by graphing. Write the ordered pair solution or state that the system is 
inconsistent, or dependent. 
Exercise 11.1 (Solution on p. 857.) 


2e+y=l1 


SEER EF UB 
Eos SE 


AGAR ee 

Exercise 11.2 (Solution on p. 857.) 
—2x + 3y =6 
6x —9y = —-18 


823 


Exercise 11.3 (Solution on p. 857.) 
3x2 + 5y = 15 
9x + 1l5y = 15 


(Solution on p. 857.) 
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11.2.9 Exercises 


For the following problems, solve the systems by graphing. Write the ordered pair solution, or state that the 
system is inconsistent or dependent. 


Exercise 11.5 (Solution on p. 858.) 


Exercise 11.7 (Solution on p. 858.) 
—32+y=5 
—at+y=s3 


z+2y= 0 


Exercise 11.9 
3xu+ y=0 
4x — 3y = 12 


BROARE? SSeS 
ae et 
ERR EOE AAR AES 
BERRA eae Rer 
BREAST SERED 
BERGE BREE 
r§ | Tt tT TT Ss 
ee 
RECT RRRR EE 
BER RSS eS 
al ee a 
bel EE ed 


Exercise 11.10 
—-4r+ y=7 
i 


—3n+ y=2 


(Solution on p. 858.) 
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Exercise 11.11 
2x + 3y = 6 
3x + 4y = 6 


Exercise 11.12 


r+ y=-3 
4x + 4y = —12 


Exercise 11.13 
2x2 — 3y= 1 
4x —6y =4 
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(Solution on p. 859.) 


(Solution on p. 859.) 


r+2y= 3 


Exercise 11.15 
z—2y= 6 
3x — by = 18 


BERRA Aaa ee 
ERR EOE AAR AES 
BERRA eae Rer 
BERRA ERED 
BERGE BREE 
r§ | Tt tT TT Ss 
ee 
ECHR R 
BER Rae Sees 
al ee a 
bel EE ed 


Exercise 11.16 
2x +3y= 6 
—10z — 15y = 30 


(Solution on p. 859.) 
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11.2.10 Exercises For Review 


Exercise 11.17 (Solution on p. 860.) 
(Section 3.8) Express 0.000426 in scientific notation. 

Exercise 11.18 

(Section 4.7) Find the product: (72 — 3)”. 


Exercise 11.19 (Solution on p. 860.) 
(Section 7.5) Supply the missing word. The of a line is a measure of the steepness of 
the line. 


Exercise 11.20 
(Section 10.2) Supply the missing word. An equation of the form ax? + br +c = 0,a 4 0, is called 
a equation. 


Exercise 11.21 (Solution on p. 860.) 
(Section 10. ag Construct the graph of the quadratic equation y = x? — 3. 


11.3 Elimination by Substitution * 


11.3.1 Overview 


e When Substitution Works Best 


’This content is available online at <http://cnx.org/content /m21984/1.3/>. 


829 


e The Substitution Method 
e Substitution and Parallel Lines 
e Substitution and Coincident Lines 


11.3.2 When Substitution Works Best 


We know how to solve a linear equation in one variable. We shall now study a method for solving a system 
of two linear equations in two variables by transforming the two equations in two variables into one equation 
in one variable. 


To make this transformation, we need to eliminate one equation and one variable. We can make 
this elimination by substitution. 

When Substitution Works Best 

The substitution method works best when either of these conditions exists: 


1. One of the variables has a coefficient of 1, or 
2. One of the variables can be made to have a coefficient of 1 without introducing fractions. 


11.3.3 The Substitution Method 


The Substitution Method 
To solve a system of two linear equations in two variables, 


Solve one of the equations for one of the variables. 

Substitute the expression for the variable chosen in step 1 into the other equation. 

Solve the resulting equation in one variable. 

Substitute the value obtained in step 3 into the equation obtained in step 1 and solve to obtain the 
value of the other variable. 

5. Check the solution in both equations. 

6. Write the solution as an ordered pair. 


tad ait oe 


11.3.4 Sample Set A 
Example 11.7 
24+ 3y=14 (1) 


Solve the system { 
3n+y=7 (2) 


Step 1: Since the coefficient of y in equation 2 is 1, we will solve equation 2 for y. 
y=—-3r+7 

Step 2: Substitute the expression —3x + 7 for y in equation 1. 

2x +3(-3a+7)=14 


Step 3: Solve the equation obtained in step 2. 
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2x+3(-3a+7) = 14 
2a—-9%4+21 = 14 
—7Ta+21 = 14 
STE SO 
T= 1 
Step 4: Substitute x = 1 into the equation obtained in step 1, y= —3x + 7. 
y = -3(1)+7 
y = -3+7 
y = 4 


We now have x = 1 and y= 4. 


Step 5: Substitute x = 1, y = 4 into each of the original equations for a check. 


(1) 27+3y = 14 (2) 3a+y = 7 
2(1)+3(4) = 14 Isthis correct? 3(1)+ (4) = 7 Isthiscorrect? 
2+12 = 14 Isthiscorrect? 3+4 = 7 Isthiscorrect? 
14 = 14 Yes, this is correct. 7 = 7 Yes, this is correct. 


Step 6: The solution is (1,4). The point (1,4) is the point of intersection of the two lines 
of the system. 


11.3.5 Practice Set A 


Exercise 11.22 (Solution on p. 860.) 


5x2 — 8y = 18 
Slove the system { 
4xr+ y= 7 


11.3.6 Substitution And Parallel Lines 


The following rule alerts us to the fact that the two lines of a system are parallel. 

Substitution and Parallel Lines 

If computations eliminate all the variables and produce a contradiction, the two lines of a system are parallel, 
and the system is called inconsistent. 


11.3.7 Sample Set B 
Example 11.8 


2e—-y=1 1 
Solve the system { oe (1) 
4a —2y=4 (2) 


Step 1: Solve equation 1 for y. 
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2e—-y = 1 
-y = -2¢+1 
y = w-1 


Step 2: Substitute the expression 2x2 — 1 for y into equation 2. 
4¢ —2(24-1) =4 


Step 3: Solve the equation obtained in step 2. 


4y—2(24-1) = 4 
4x -—4e+2 = 4 
244 


Computations have eliminated all the variables and produce a contradiction. These lines 
are parallel. 


SSSSEF UES) oe 
SRR R ERY see 
| | Sen ae an 


This system is inconsistent. 


11.3.8 Practice Set B 


Exercise 11.23 (Solution on p. 860.) 


7x — 3y=2 
Slove the system { 
14x —6y = 1 


11.3.9 Substitution And Coincident Lines 


The following rule alerts us to the fact that the two lines of a system are coincident. 

Substitution and Coincident Lines 

If computations eliminate all the variables and produce an identity, the two lines of a system are coincident 
and the system is called dependent. 


11.3.10 Sample Set C 
Example 11.9 
4x + 8y =8 (1) 


Solve the system { 
32 + 6y =6 (2) 
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Step 1: Divide equation 1 by 4 and solve for z. 


4z+8y = 8 
t+2y = 2 
Gu = —2y+2 


Step 2: Substitute the expression —2y + 2 for x in equation 2. 
3(-—2y+ 2) + 6y =6 


Step 3: Solve the equation obtained in step 2. 


3(-2y+2)+6y = 6 
—6y+6+6y = 6 
6 = 6 
Computations have eliminated all the variables and produced an identity. These lines are 
coincident. 


This system is dependent. 


11.3.11 Practice Set C 


Exercise 11.24 (Solution on p. 860.) 
4r+3y= 1 
Solve the system { id 
—8x —6y = —2 
Systems in which a coefficient of one of the variables is not 1 or cannot be made to be 1 without introducing 
fractions are not well suited for the substitution method. The problem in Sample Set D illustrates this 
“messy” situation. 


11.3.12 Sample Set D 


Example 11.10 
3x +2y=1 1 
Solve the system { meter (1) 
4a — 3y =3 (2) 
Step 1: We will solve equation (1) for y. 


3x+2y = 1 
2y = -—3xe+ 
y = Fat 


NIP Fe 


Step 2: Substitute the expression Sa + $ for y in equation (2). 
4x — 3 (20+ 4) =3 


Step 3: Solve the equation obtained in step 2. 


4x — 3 (3x + $5) 


4x + 32-3 


8x + 9x — 3 
17x — 3 
17x 

x 


Step 4: Substitute « = % into the equation obtained in step 1, y = Sar + $. 


— =3 (9 ay 
US BAe 2a 


3 


3 
6 
6 
9 
9. 
17 


= 


Y= 3a 7 34 = Ba 


17 


Multiply both sides by the LCD, 2. 


"9 _ -5 
We now have x = zz and y= 7. 


Step 5: Substitution will show that these values of « and y check. 


Step 6: The solution is ( 


11.3.13 Practice Set D 


Exercise 11.25 


9 
Solve the system { 


xz—d5y=—4 


22+ Ty = —9 


11.3.14 Exercises 


For the following problems, solve the systems by substitution. 


Exercise 11.26 


3a+2y = 9 
t y = -—37+6 
Exercise 11.27 

ox —3y = -6 
t y = —47%+12 


Exercise 11.28 
f 2ea+2y = 0 


x = sy-4 


(Solution on p. 860.) 


(Solution on p. 860.) 


(Solution on p. 860.) 
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Exercise 11.29 


3@+5y = 9 
t x = 4Ay-14 
Exercise 11.30 
—sr+y = —4 
2x+3y = 10 
Exercise 11.31 
—dr+y =i 
2a+5y = 9 
Exercise 11.32 
62-6 = 18 
t+3y = 3 
Exercise 11.33 
—“£-y = 5 
2Qea+y = 5 
Exercise 11.34 
—bat+ty = 4 
10x—2y = -8 
Exercise 11.35 
x + 4y = 1 
—3x@—-12y = -1 
Exercise 11.36 
4x —-—2y = 8 
62+3y = 0 
Exercise 11.37 
2r+3y = 12 
t 2e+4y = 18 
Exercise 11.38 
32—-9y = 6 
6x-—18y = 5 
Exercise 11.39 
—x+4y = 8 
3a — 12y 10 
Exercise 11.40 
{ tty = -6 
z-y = 4 
Exercise 11.41 
f 2z+y = 0 


xr—-3y = 0 
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(Solution on p. 860.) 


(Solution on p. 


860.) 


(Solution on p. 


860.) 


(Solution on p. 


860.) 


(Solution on p. 


860.) 


(Solution on p. 861.) 
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Exercise 11.42 (Solution on p. 861.) 
Ag —2Qy = 
{ 
y = A 
Exercise 11.43 
xr+6y = 11 
{ 
x = 1 
Exercise 11.44 (Solution on p. 861.) 
2x—4y = 10 


3a =5y + 12 
Exercise 11.45 
yt+7xt+4 = 0 
t x=—Ty + 28 
Exercise 11.46 (Solution on p. 861.) 


z+4y=0 
{ 

Br 3y= 3 
Exercise 11.47 


x = 24—5y 
af 5 3 
Lo he 2 
Exercise 11.48 (Solution on p. 861.) 
xz=11-6y 
t 3x + 18y = —33 
Exercise 11.49 
f 2x0 + ay =A4 
3x + by = 39 
Exercise 11.50 (Solution on p. 861.) 


3 

10 

ry 
6 


Exercise 11.51 
a 


—3e¢+y = 1 


11.3.15 Exercises For Review 


Exercise 11.52 (Solution on p. 861.) 
(Section 8.4) Find the quotient: pees + ey 
Exercise 11.53 
(Section 8.6) Find the difference: ws - we 

xercise ‘ olution on p. 861. 
E ise 11.54 Soluti 


(Section 9.3) Simplify —\/8125y°z4. 
Exercise 11.55 
(Section 10.6) Use the quadratic formula to solve 2x? + 22 — 3 = 0. 
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Exercise 11.56 (Solution on p. 861.) 


Sap 
(Section 11.2) Solve by graphing { es 
2e+y=5 


11.4 Elimination by Addition‘ 


11.4.1 Overview 


e The Properties Used in the Addition Method 
e The Addition Method 
e Addition and Parallel or Coincident Lines 


11.4.2 The Properties Used in the Addition Method 


Another method of solving a system of two linear equations in two variables is called the method of 
elimination by addition. It is similar to the method of elimination by substitution in that the process 
eliminates one equation and one variable. The method of elimination by addition makes use of the following 
two properties. 


1. If A, B, and C are algebraic expressions such that 


A = B 
and 
C = D 
then 
A+C = B+D 


2. ax + (—axr) = 0 
Property 1 states that if we add the left sides of two equations together and the right sides of the same two 
equations together, the resulting sums will be equal. We call this adding equations. Property 2 states 
that the sum of two opposites is zero. 


11.4.3 The Addition Method 


To solve a system of two linear equations in two variables by addition, 


“This content is available online at <http://cnx.org/content/m21986/1.3/>. 
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1. Write, if necessary, both equations in general form, ax + by = c. 
2. If necessary, multiply one or both equations by factors that will produce opposite coefficients for one 
of the variables. 
Add the equations to eliminate one equation and one variable. 
Solve the equation obtained in step 3. 
5. Do one of the following: 
(a) Substitute the value obtained in step 4 into either of the original equations and solve to obtain the 
value of the other variable, 
or 
(b) Repeat steps 1-5 for the other variable. 
6. Check the solutions in both equations. 
7. Write the solution as an ordered pair. 


Le 


The addition method works well when the coefficient of one of the variables is 1 or a number other than 1. 


11.4.4 Sample Set A 


Example 11.11 
—y=2 1 
Solve { cams i) 
3a +y= 14 (2) 


Step 1: Both equations appear in the proper form. 
Step 2: The coefficients of y are already opposites, 1 and —1, so there is no need for a multiplication. 


Step 3: Add the equations. 


Z-y=2 
3a+y=14 
4x+0=16 


Step 4: Solve the equation 4a = 16. 

4x = 16 

r=4 

The problem is not solved yet; we still need the value of y. 


Step 5: Substitute x = 4 into either of the original equations. We will use equation 1. 


4-y = 2 Solve for y. 
-y = -2 
ya A 


We now have x = 4, y=2. 


Step 6: Substitute « = 4 and y = 2 into both the original equations for a check. 
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(1) e-y = 2 (2) 38at+y = 14 
4-2 = 2 Is this correct? 3(4)4+2 = 14 Is this correct? 
2 = 2 = Yes,thisis correct. 12+2 = 14 Is this correct? 
14 = 14 Yes, thisis correct. 


Step 7: The solution is (4,2). 


The two lines of this system intersect at (4,2). 


11.4.5 Practice Set A 


Solve each system by addition. 
Exercise 11.57 (Solution on p. 861.) 
zr+y=6 
2x —y=0 
Exercise 11.58 (Solution on p. 861.) 
z+6y=8 
—x—2y=0 


11.4.6 Sample Set B 
Solve the following systems using the addition method. 
Example 11.12 
Solve { 6a — 5b= 14 (1) 
2a+ 2b = —10 (2) 
Step 1: The equations are already in the proper form, ax + by = c. 


Step 2:If we multiply equation (2) by —8, the coefficients of a will be opposites and be- 
come 0 upon addition, thus eliminating a. 


6a —5b=14 6a —5b= 14 
—3 (2a + 2b) = —3 (10) —6a — 6b = 30 


Step 3: Add the equations. 


6a — 5b = 14 
—6a — 6b = 30 
0—11b=44 


Step 4: Solve the equation —11b = 44. 


—1lb=44 


| 
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Step 5: Substituteb = —4 into either of the original equations. We will use equation 2. 


2a+2b = —-10 
2a+2(-4) = -10 Solve for a. 

2a—8 = —-10 

2a = -2 

a@-= -l 


We now have a = —1 and b = —4. 


Step 6: Substitute a = —1 and b = —4 into both the original equations for a check. 


(1) 6a—5b = 14 (2) 2a+2b = 
6(-1)-5(-4) = 14 Is this correct? 2(-1) +2 (-4) 

—6+20 = 14 Is this correct? —2-8 = 

14 = 14 Yes, this is correct. -10 = 


Step 7: The solution is (—1,—4). 
Example 11.13 
3x +2y=—4 1 
Solve { seme oe (1) 
4a = 5y + 10 (2) 


Step 1: Rewrite the system in the proper form. 


3a + 2y = —4 (1) 
4a — 5y = 10 (2) 


Step 2: Since the coefficients of y already have opposite signs, we will eliminate y. 
Multiply equation (1) by 5, the coefficient of y in equation 2. 
Multiply equation (2) by 2, the coefficient of y in equation 1. 


5 (3a + 2y) = 5(—4) 15a + 10y = —20 
= 
2 (4a — 5y) = 2 (10) 8x — 10y = 20 
Step 3: Add the equations. 


15a + 10y = —20 


8a — 10y = 20 
23x+0=0 


Step 4: Solve the equation 23x = 0 
232 = 0 


xr=0 


—10 
—10 Is this correct? 
—10 Is this correct? 


—10 Yes, thisis correct. 


Step 5: Substitute xz = 0 into either of the original equations. We will use equation 1. 
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3a+2y = —-4 

3(0)+2y = —4 Solve for y. 
O+2y = -4 
y= —2 


We now have x = 0 and y = —2. 
Step 6: Substitution will show that these values check. 


Step 7: The solution is (0,—2). 


11.4.7 Practice Set B 


Solve each of the following systems using the addition method. 


Exercise 11.59 (Solution on p. 861.) 
38a +y=1 
ba +y=3 

Exercise 11.60 (Solution on p. 861.) 
z+4y=1 
x—22y=—5 

Exercise 11.61 (Solution on p. 861.) 
2x + 3y = —10 
—x+2y = —-2 

Exercise 11.62 (Solution on p. 861.) 
ba — 3y = 1 
8x — by =4 

Exercise 11.63 (Solution on p. 861.) 
3x2 —5y=9 
4x + 8y = 12 


11.4.8 Addition And Parallel Or Coincident Lines 


When the lines of a system are parallel or coincident, the method of elimination produces results identical 
to that of the method of elimination by substitution. 

Addition and Parallel Lines 

If computations eliminate all variables and produce a contradiction, the two lines of the system are parallel 
and the system is called inconsistent. 

Addition and Coincident Lines 

If computations eliminate all variables and produce an identity, the two lines of the system are coincident 
and the system is called dependent. 


11.4.9 Sample Set C 
Example 11.14 
2x-—y=1 
Solve { nis (1) 
4a — 2y=4 (2) 


Step 1: The equations are in the proper form. 
Step 2: We can eliminate x by multiplying equation (1) by —2. 


—2 (2a — y) = —2(1) —Agx + 2y = —2 
{ = 
4x —2y=4 4x —2y=A4 


Step 3: Add the equations. 


—Ag + 2y = —2 
4x — 2y=4 
0+0=2 
0=2 


This is false and is therefore a contradiction. The lines of this system are parallel. 


system is inconsistent. 
Example 11.15 
x+8y=8 (1) 


4 
Solve { 
3a + by =6 (2) 


Step 1: The equations are in the proper form. 


Step 2: We can eliminate « by multiplying equation (1) by —3 and equation (2) by 4. 


3 (4a + 8y) = —3 (8) —12x — 24y = —24 
= 

4 (3x + 6y) = 4 (6) 12x + 24y = 24 

Step 3: Add the equations. 


{ 


—12x — 24y = —24 
12x + 2dy = 24 
0+0=0 
0=0 


This is true and is an identity. The lines of this system are coincident. 


This system is dependent. 


11.4.10 Practice Set C 


Solve each of the following systems using the addition method. 


This 
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Exercise 11.64 (Solution on p. 861.) 
—x“x£+2y=6 
—6x+4+ 12y=1 
Exercise 11.65 (Solution on p. 861.) 
4x — 28y = —4 
x—Ty=-1 


11.4.11 Exercises 
For the following problems, solve the systems using elimination by addition. 
Exercise 11.66 (Solution on p. 861.) 
t+y=11 
z-y=-l 
Exercise 11.67 
c+ 3y=138 
z—sy=-ll 
Exercise 11.68 (Solution on p. 862.) 
3x — 5y = —4 
—4a + 5y = 2 
Exercise 11.69 
2% —Ty=1 
5a + Ty = —22 
Exercise 11.70 (Solution on p. 862.) 
—3a + 4y = —24 
3a — Ty = 42 
Exercise 11.71 
8x + by = 3 
9x — 5y = —71 
Exercise 11.72 (Solution on p. 862.) 
—x“x+2y=—-6 
z+ 3y=-4 
Exercise 11.73 
{ 4x +y=0 
32 +y =0 
Exercise 11.74 (Solution on p. 862.) 
et+y=-4 


—x-y=4 
Exercise 11.75 
—2¢ — 3y = —6 
2x2 + 3y =6 


Exercise 11.76 
3a +4y =7 
x+5y=6 

Exercise 11.77 
4tz — 2Qy = 2 
7x + 4y = 26 

Exercise 11.78 

3x +y=—4 
5a —2y=—-14 

Exercise 11.79 
da — 3y = 20 
—x“2#+6y=—4 

Exercise 11.80 
6x2 + 2y = —18 
—x“x+5y=19 

Exercise 11.81 
z—lly=17 
2x —22y=4 

Exercise 11.82 
—2¢ 4+ 3y = 20 
—3x@ + 2y = 15 

Exercise 11.83 
—5a@ + 2y =—A4 
—3x —5y = 10 

Exercise 11.84 
—3a —4y = 2 
—9x — 12y=6 

Exercise 11.85 

3x — dy = 28 
—4x — 2y = —20 

Exercise 11.86 
6x2 — 3y =3 
102 — 7y=3 

Exercise 11.87 
—4¢ + 12y=0 

t —8xr + l6y =0 

Exercise 11.88 
3a+y=-1 
12% + 4y = 6 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


862.) 


862.) 


862.) 


862.) 


862.) 


862.) 


862.) 
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Exercise 11.89 
8x + 5y = —23 
—3x2 — 3y =12 
Exercise 11.90 (Solution on p. 862.) 
2x + 8y = 10 
3@ 4+ 12y = 15 
Exercise 11.91 
4x + by = 8 
6x + 8y = 12 
Exercise 11.92 (Solution on p. 862.) 
10x + 2y = 2 
—l5x —- 3y=3 
Exercise 11.93 
w+ iy=-3 
ak eae 
Exercise 11.94 (Solution on p. 862.) 


Exercise 11.95 
8x — 3y = 25 
4x —5y=—-5 
Exercise 11.96 (Solution on p. 862.) 
—10x — 4y = 72 
9x + 5y = 39 
Exercise 11.97 
127 + l6y = —36 


—10x + 12y = 30 
Exercise 11.98 (Solution on p. 862.) 
252 — 32y = 14 


—50x + 64y = —28 


11.4.12 Exercises For Review 


Exercise 11.99 : P 

(Section 3.6) Simplify and write (2r~%y*)" (2xy~°) ~ so that only positive exponents appear. 
Exercise 11.100 (Solution on p. 862.) 
(Section 9.6) Simplify V8 + 3/50. 

Exercise 11.101 

(Section 9.7) Solve the radical equation 2% +3+4+5 = 8. 
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Exercise 11.102 (Solution on p. 862.) 


+y=4 
(Section 11.2) Solve by graphing { vila 
3 


BaD USSR 
SES wh oe 


z—y=0 


Exercise 11.103 


3 . ae: 3x —4y = —11 
(Section 11.3) Solve using the substitution method: { 
ba +y=—3 


11.5 Applications’ 


11.5.1 Overview 


e The Five-Step Method 
e Number Problems 
e Value and Rate Problems: Coin Problems Problems and Mixture Problems 


11.5.2 The Five-Step Method 


When solving practical problems, it is often more convenient to introduce two variables rather than only 
one. Two variables should be introduced only when two relationships can be found within the problem. 
Each relationship will produce an equation, and a system of two equations in two variables will result. 


We will use the five-step method to solve these problems. 


1. Introduce two variables, one for each unknown quantity. 

2. Look for two relationships within the problem. Translate the verbal phrases into mathematical expres- 
sions to form two equations. 

3. Solve the resulting system of equations. 

. Check the solution. 

5. Write a conclusion. 


oS 
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11.5.3 Sample Set A (Number Problems) 


Example 11.16 
The sum of two numbers is 37. One number is 5 larger than the other. What are the numbers? 


Step 1: Leta =  smallernumber. 
y = larger number. 


Step 2: There are two relationships. 
(a) The Sum is 37. 
xt+ty=37 
(b) One is 5 larger than the other. 
y=atd5 
rt+y=37 (1) 
y=o+5 (2) 
r+y=37 (1) 
y=a+d (2) 
We can easily solve this system by substitution. Substitute 2+ 5 for y in equation 1. 
et(e+5) = 37 
r+e+5 = 37 
2r+5 = 37 
2e = 32 
zx = 16 Then, y 
xs => 16, y = 21 
Step 4: The Sum is 37. 
x+y = 37 
164+21 = 37 Is this correct? 


37 = 37 Yes,thisis correct. 
One is 5 larger than the other. 


Step 3: { 


II 
jad 
a 
4 
on 
II 
wo 
nae 


y = «£+5 
21 = 16+5 Is this correct? 
21 = 21 Yes, this is correct. 


Step 5: The two numbers are 16 and 21. 


11.5.4 Practice Set A 


The difference of two numbers is 9, and the sum of the same two numbers is 19. What are the two numbers? 


Exercise 11.104 (Solution on p. 862.) 
Step 1: 


Step 2: 


847 


Step 3: 
Step 4: 


Step 5: 


Value And Rate Problems: Coin Problems Problems And Mixture Problems 

The problems in Sample Sets B and C are value problems. They are referred to as value problems because 
one of the equations of the system used in solving them is generated by considering a value, or rate, or 
amount times a quantity. 


11.5.5 Sample Set B (Coin Problems) 


Example 11.17 
A parking meter contains 27 coins consisting only of dimes and quarters. If the meter contains 
$4.35, how many of each type of coin is there? 


Step 1: Let D = number of dimes. 
Q = number of quarters. 


Step 2: There are two relationships. 
(a) There are 27 coins. D+ Q = 27. 


10D 


(b) Contribution due to dimes = (Value) - (Quantity) 
25Q. 
ee 
Value) - (Quantity) 


Contribution due to quarters = ( 


10D + 25Q = 435 


D+Q=27 (1) 
10D + 25Q = 435 (2) 
D+ = 27 1 
Step 3: { Q (1) 
10D + 25Q = 435 (2) 
We can solve this system using elimination by addition. Multiply both sides of equation (1) by 
—10 and add. 


10D — 10Q = —270 
10D +25Q = 435 


15Q = 165 
Then, D+ 11 = 27 
Q= ll 
D =16 
D=16, Q=11 


Step 4: 16 dimes and 11 quarters is 27 coins. 
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10 (16) + 11(25) = 435 Is this correct? 
160+275 = 435 Is this correct? 
435 = 485 Yes, this is correct. 


The solution checks. 


Step 5: There are 11 quarters and 16 dimes. 


11.5.6 Practice Set B 


Exercise 11.105 (Solution on p. 863.) 
A bag contains only nickels and dimes. The value of the collection is $2. If there are 26 coins in 
all, how many of each coin are there? 


11.5.7 Sample Set C (Mixture Problems) 


Example 11.18 
A chemistry student needs 40 milliliters (ml) of a 14% acid solution. She had two acid solutions, 
A and B, to mix together to form the 40 ml acid solution. Acid solution A is 10% acid and acid 
solution B is 20% acid. How much of each solution should be used? 

Step 1: Let « = numberofmlofsolution A. 


y = numberof mlofsolution B. 


Step 2: There are two relationships. 
(a) The sum of the number of ml of the two solutions is 40. 
xr+y= 40 


(b) To determine the second equation, draw a picture of the situation. 


Quantities on ———> |” 
this row 


Rates on ————- 
this row 


The equation follows directly from the drawing if we use the idea of amount times quantity. 


Step 3: .10a + .20y = .14 (40) 


c+ y=40 (1) 
t 10x + .20y = .14 (40) (2) 
c+ y=40 (1) 
: 10x + .20y = .14 (40) (2) 


Solve this system by addition. First, eliminate decimals in equation 2 by multiplying both sides by 
100. 
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z+ y=40 (1) 


10a + 20y = 14 (40) (2) 
Eliminate x by multiplying equation 1 by —10 and then adding. 


—10x — 10y = —400 
10x +20y= 560 


10y = 160 
Then, x +16 = 40 
y= 16 
x= 24 
z= 24, y= 16 

Step 4: 24 ml and 16 ml to add to 40 ml. 
10 (24) + 20(16) = 560 Is this correct? 
240+ 320 = 560 Is this correct? 
560 = 560 Yes, this is correct. 


The solution checks. 


Step 5: The student should use 24 ml of acid solution A and 16 ml of acid solution B. 


11.5.8 Practice Set C 


Exercise 11.106 (Solution on p. 863.) 
A chemistry student needs 60 ml of a 26% salt solution. He has two salt solutions, A and B, to mix 
together to form the 60 ml solution. Salt solution A is 30% salt and salt solution B is 20% salt. 
How much of each solution should be used? 


11.5.9 Exercises 


Exercise 11.107 (Solution on p. 863.) 
The sum of two numbers is 22. One number is 6 more than the other. What are the numbers? 
Exercise 11.108 

The sum of two numbers is 32. One number is 8 more than the other. What are the numbers? 
Exercise 11.109 (Solution on p. 863.) 
The difference of two numbers is 12 and one number is three times as large as the other. Whatare 
the numbers? 

Exercise 11.110 

The difference of two numbers is 9 and one number is 10 times larger than the other. Whatare the 
numbers? 

Exercise 11.111 (Solution on p. 863.) 
Half the sum of two numbers is 14 and half the difference is 2. What are the numbers? 

Exercise 11.112 

One third of the sum of two numbers is 6 and one fifth of the difference is 2. What are the numbers? 


850 CHAPTER 11. SYSTEMS OF LINEAR EQUATIONS 


Exercise 11.113 (Solution on p. 863.) 
A 14 pound mixture of grapes sells for $3.10. Type 1 grape sells for 25¢ a pound and type 2 grape 
sells for 20¢ a pound. How many pounds of each type of grape were used? 


Exercise 11.114 

The cost. of 80 liters of a blended cleaning solution is $28. Type 1 solution costs 20¢ a liter and 
type 2 solution costs 40¢ a liter. How many liters of each solution were used to form the blended 
solution? 


Exercise 11.115 (Solution on p. 863.) 
The cost of 42 grams of a certain chemical compound is $14.40. Type 1 chemical costs 45¢ a gram 
and type 2 chemical costs 30¢ a gram. How many grams of each chemical were used to form the 
compound? 


Exercise 11.116 
A play was attended by 342 people, some adults and some children. Admission for adults was $1.50 
and for children 75¢. How many adults and how many children attended the play? 


Exercise 11.117 (Solution on p. 863.) 
200 tickets were sold to a college’s annual musical performance. Tickets for students were $2.50 and 
for nonstudents $3.50. The total amount collected was $537. How many nonstudents purchased 
tickets for the performance? 


Exercise 11.118 

A chemistry student needs 22 ml of a 38% acid solution. She has two acid solutions, A and B, to 
mix together to form the solution. Acid solution A is 40% acid and acid solution B is 30% acid. 
How much of each solution should be used? 


Exercise 11.119 (Solution on p. 863.) 
A chemistry student needs 50 ml of a 72% salt solution. He has two salt solutions, A and B, to 
mix together to form the solution. Salt solution A is 60% salt and salt solution B is 80% salt. How 
much of each solution should be used? 


Exercise 11.120 

A chemist needs 2 liters of an 18% acid solution. He has two solutions, A and B, to mix together 
to form the solution. Acid solution A is 10% acid and acid solution B is 15% acid. Can the chemist 
form the needed 18% acid solution? (Verify by calculation.) If the chemist locates a 20% acid 
solution, how much would have to be mixed with the 10% solution to obtain the needed 2-liter 18% 
solution? 


Exercise 11.121 (Solution on p. 863.) 
A chemist needs 3 liters of a 12% acid solution. She has two acid solutions, A and B, to mix 
together to form the solution. Acid solution A is 14% acid and acid solution B is 20% acid. Can 
the chemist form the needed 12% solution? (Verify by calculation.) If the chemist locates a 4% 
acid solution, how much would have to be mixed with the 14% acid solution to obtain the needed 
3-liter 12% solution? 


Exercise 11.122 

A chemistry student needs 100 ml of a 16% acid solution. He has a bottle of 20% acid solution. 
How much pure water and how much of the 20% solution should be mixed to dilute the 20% acid 
solution to a 16% acid solution? 

Exercise 11.123 (Solution on p. 863.) 
A chemistry student needs 1 liter of a 78% salt solution. She has a bottle of 80% salt. solution. 
How much pure water and how much of the 80% salt solution should be mixed to dilute the 80% 
salt, solution to a 78% salt. solution? 

Exercise 11.124 

A parking meter contains 42 coins. The total value of the coins is $8.40. If the meter contains only 
dimes and quarters, how many of each type are there? 
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Exercise 11.125 (Solution on p. 863.) 
A child’s bank contains 78 coins. The coins are only pennies and nickels. If the value of the coins 
is $1.50, how many of each coin are there? 


11.5.10 Exercises For Review 


Exercise 11.126 

(Section 2.7) Simplify “.-. 

Exercise 11.127 (Solution on p. 863.) 
(Section 4.7) Find the product: (32 — 5)’. 


Exercise 11.128 


(Section 8.6) Find the difference: 32+, — »fi* 5. 


Exercise 11.129 (Solution on p. 863.) 


rts 


4x 
(Section 11.3) Use the substitution method to solve { 


Exercise 11.130 


= 3a +4y = —7 
(Section 11.4) Use the addition method to solve { 
4x —5y= 1 


11.6 Summary of Key Concepts* 


11.6.1 Summary Of Key Concepts 


System of Equations (Section 11.2) 

A collection of two linear equations in two variables is called a system of equations. 

Solution to a System (Section 11.2) 

An ordered pair that is a solution to both equations in a system is called a solution to the system of 
equations. The values x = 3,y = 1 are a solution to the system 


Z—-y=2 
zrt+ty=4 
Independent Systems (Section 11.2) 
Systems in which the lines intersect at precisely one point are independent systems. In applications, 
independent systems can arise when the collected data are accurate and complete. 
Inconsistent Systems (Section 11.2) 
Systems in which the lines are parallel are inconsistent systems. In applications, inconsistent systems can 
arise when the collected data are contradictory. 
Dependent Systems (Section 11.2) 
Systems in which the lines are coincident (one on the other) are dependent systems. In applications, 
dependent systems can arise when the collected data are incomplete. 
Solving a System by Graphing (Section 11.2) 
To solve a system by graphing: 


1. Graph each equation of the same set of axes. 
2. If the lines intersect, the solution is the point of intersection. 
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Solving a System by Substitution (Section 11.3) 
To solve a system using substitution, 


Solve one of the equations for one of the variables. 

Substitute the expression for the variable chosen in step 1 into the other equation. 

Solve the resulting equation in one variable. 

Substitute the value obtained in step 3 into the equation obtained in step 1 and solve to obtain the 
value of the other variable. 

5. Check the solution in both equations. 

6. Write the solution as an ordered pair. 


sie ae oe 


Solving a System by Addition (Section 11.4) 
To solve a system using addition, 


1. Write, if necessary, both equations in general form 


az + by=c 

2. If necessary, multiply one or both equations by factors that will produce opposite coefficients for one 
of the variables. 

3. Add the equations to eliminate one equation and one variable. 

4. Solve the equation obtained in step 3. 

5. Substitute the value obtained in step 4 into either of the original equations and solve to obtain the 
value of the other variable. 

6. Check the solution in both equations. 

7. Write the solution as an ordered pair. 


Substitution and Addition and Parallel Lines (Section 11.3, Section 11.4) 

If computations eliminate all variables and produce a contradiction, the two lines of the system are parallel 
and no solution exists. The system is inconsistent. 

Substitution and Addition and Coincident Lines (Section 11.3, Section 11.4) 

If computations eliminate all variables and produce an identity, the two lines of the system are coincident 
and the system has infinitely many solutions. The system is dependent. 

Applications (Section 11.5) 

The five-step method can be used to solve applied problems that involve linear systems that consist of 
two equations in two variables. The solutions of number problems, mixture problems, and value and rate 
problems are examined in this section. The rate problems have particular use in chemistry. 


11.7 Exercise Supplement’ 


11.7.1 Exercise Supplement 
11.7.1.1 Solutions by Graphing (Section 11.2) - Elimination by Addition (Section 11.4) 


For the following problems, solve the systems of equations. 


Exercise 11.131 (Solution on p. 863.) 
4x +y=5 
t —2¢ +4 3y=—-138 
Exercise 11.132 
—da + 2y=5 
z+7y=-1 
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Exercise 11.133 
xz—3y=17 
8x + 2y = 46 


Exercise 11.134 
6m + 5n = —9 
t 2m —4n= 14 
Exercise 11.135 
3x2 —-9y=5 
—x+3y=0 
Exercise 11.136 
y= 2x"-—5 
8% —75=5 
Exercise 11.137 
r=8 
9y = 5x — 76 
Exercise 11.138 
7x —2y=4 
—l4r + 4y = —8 
Exercise 11.139 


Exercise 11.140 
20x + 15y = —-13 
5a — 20y = 13 
Exercise 11.141 
x—6y = 12 
4x + 6y = 18 
Exercise 11.142 
8x + 9y = 0 
t 4x + 3y =0 
Exercise 11.143 
—da + 2y=1 
10x — 4y = —2 
Exercise 11.144 
2% —5y =3 
t 5a + 2y = —7 
Exercise 11.145 
6x2 + 5y = 14 


4x — 8y = 32 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


(Solution 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 


on p. 
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Exercise 11.146 
ba — Ty=4 
10z — l4y = 1 
Exercise 11.147 (Solution on p. 863.) 
2m + 10n = 0 
—4m — 20n = —6 
Exercise 11.148 


Tr —2s=6 
—3r+5s = —15 
Exercise 11.149 (Solution on p. 863.) 
28a — 21b = —-19 
2la+ 7b=15 


Exercise 11.150 
72x — 108y = 21 


18x 4+ 36y = 25 


11.7.1.2 Applications (Section 11.5) 


Exercise 11.151 (Solution on p. 863.) 
The sum of two numbers is 35. One number is 7 larger than the other. What are the numbers? 


Exercise 11.152 
The difference of two numbers is 48. One number is three times larger than the other. What are 
the numbers? 


Exercise 11.153 (Solution on p. 864.) 
A 35 pound mixture of two types of cardboard sells for $30.15. Type I cardboard sells for 90¢ a 
pound and type II cardboard sells for 75¢ a pound. How many pounds of each type of cardboard 
were used? 

Exercise 11.154 

The cost of 34 calculators of two different types is $1139. Type I calculator sells for $35 each and 
type II sells for $32 each. How many of each type of calculators were used? 

Exercise 11.155 (Solution on p. 864.) 
A chemistry student needs 46 ml of a 15% salt solution. She has two salt solutions, A and B, to 
mix together to form the needed 46 ml solution. Salt solution A is 12% salt and salt solution B is 
20% salt. How much of each solution should be used? 

Exercise 11.156 

A chemist needs 100 ml of a 78% acid solution. He has two acid solutions to mix together to form 
the needed 100-ml solution. One solution is 50% acid and the other solution is 90% acid. How 
much of each solution should be used? 

Exercise 11.157 (Solution on p. 864.) 
One third the sum of two numbers is 12 and half the difference is 14. What are the numbers? 
Exercise 11.158 

Two angles are said to be complementary if their measures add to 90°. If one angle measures 8 
more than four times the measure of its complement, find the measure of each of the angles. 


Exercise 11.159 (Solution on p. 864.) 
A chemist needs 4 liters of a 20% acid solution. She has two solutions to mix together to form the 
20% solution. One solution is 30% acid and the other solution is 24% acid. Can the chemist form 
the needed 20% acid solution? If the chemist locates a 14% acid solution, how much would have to 
be mixed with the 24% acid solution to obtain the needed 20% solution? 

Exercise 11.160 

A chemist needs 80 ml of a 56% salt solution. She has a bottle of 60% salt solution. How much 
pure water and how much of the 60% salt solution should be mixed to dilute the 60% salt. solution 
to a 56% salt solution? 


11.8 Proficiency Exam* 


11.8.1 Proficiency Exam 
Exercise 11.161 (Solution on p. 864.) 
32+ 2y=4 


(Section 11.2) Solve using graphing: { 
15x + 10y = —10 


Sak 
SEG SP Ree 
et eI 
Exercise 11.162 (Solution on p. 864.) 
— 3y=2 


(Section 11.2) Solve using graphing: { 
x+2y=8 
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Exercise 11.163 (Solution on p. 864.) 
2x + 6y = 16 
(Section 11.3) Solve using substitution: { 4 
x —4y = —-13 
Exercise 11.164 (Solution on p. 864.) 
3a + 8y = —5 
(Section 11.4) Solve using addition: { ‘ 
x—2y=3 
Exercise 11.165 (Solution on p. 864.) 
: : Cee ere ee 4x — dy = 8 
(Section 11.3, Section 11.4) Solve using either substitution or addition: { 
x-y=5 
Exercise 11.166 (Solution on p. 864.) 
F : ae ae ie 9x + 3y = 12 
(Section 11.3, Section 11.4) Solve using either substitution or addition: { 
3x —y=4 
Exercise 11.167 (Solution on p. 864.) 


(Section 11.5) The sum of two numbers is 43 and the difference of the same two numbers is 7. 
What are the numbers? 

Exercise 11.168 (Solution on p. 865.) 
(Section 11.5) A chemist needs 80 ml of an 18% acid solution. She has two acid solutions, A and 
B, to mix together to form the 80-ml solution. Acid solution A is 15% acid and acid solution B is 
20% acid. How much of each solution should be used? 

Exercise 11.169 (Solution on p. 865.) 
(Section 11.5) A parking meter contains 32 coins. If the meter contains only nickels and quarters, 
and the total value of the coins is $4.60, how many of each type of coin are there? 

Exercise 11.170 (Solution on p. 865.) 
(Section 11.5) A person has $15,000 to invest. If he invests part at 8% and the rest at 12%, how 
much should he invest at each rate to produce the same return as if he had invested it all at 9%? 


Solutions to Exercises in Chapter 11 


Solution to Exercise 11.1 (p. 822) 
C= 2 y= 3. 


gf 
anne 


Solution to Exercise 11.2 (p. 822) 
dependent 


Solution to Exercise 11.3 (p. 823) 
Crt 


Solution to Exercise 11.4 (p. 823) 
r=2,y=-3 


857 


824) 
(=3, =2) 


Solution to Exercise 11.7 (p. 824) 
(—1,2) 


i | Lf. | 


Solution to Exercise 11.9 (p. 825) 


(73, -38) 
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Solution to Exercise 11.11 (p. 826) 
These coordinates are hard to estimate. This problem illustrates that the graphical method is not always 
the most accurate. (—6, 6) 


[TTT TTT TT Toot TTT TTT 
Py et Soe 
a 


Be [ T| 
{| ; oan 
T 


a : rrr 

PT Te TTT Ty Ty 
Solution to Exercise 11.13 (p. 826) 
inconsistent 


TT 


Solution to Exercise 11.15 (p. 827) 
dependent 
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Solution to Exercise 11.17 (p. 828) 
4.26 x 10-4 

Solution to Exercise 11.19 (p. 828) 
slope 

Solution to Exercise 11.21 (p. 828) 


Solution to Exercise 11.22 (p. 830) 

The point (2,—1) is the point of intersection of the two lines. 

Solution to Exercise 11.23 (p. 831) 

Substitution produces 4 ¥ 1, or 5 # 2,a contradiction. These lines are parallel and the system is inconsistent. 
Solution to Exercise 11.24 (p. 832) 

Computations produce —2 = —2, an identity. These lines are coincident and the system is dependent. 
Solution to Exercise 11.25 (p. 833) 

These lines intersect at the point (—1,—1). 

Solution to Exercise 11.26 (p. 833) 

(1,3) 

Solution to Exercise 11.28 (p. 833) 

(=1, 1) 

Solution to Exercise 11.30 (p. 834) 

(2,2) 

Solution to Exercise 11.32 (p. 834) 

(4,—3) 

Solution to Exercise 11.34 (p. 834) 

Dependent (same line) 

Solution to Exercise 11.36 (p. 834) 

(1, —2) 


Solution to Exercise 11.38 (p. 


inconsistent (parallel lines) 


Solution to Exercise 11.40 (p. 


(—1,—-5) 


Solution to Exercise 11.42 (p. 


(2.4) 


Solution to Exercise 11.44 (p. 


(=, —3) 


Solution to Exercise 11.46 (p. 


(4, oS) 


Solution to Exercise 11.48 (p. 


inconsistent (parallel lines) 


Solution to Exercise 11.50 (p. 


(-1) 


Solution to Exercise 11.52 (p. 


Solution to Exercise 11.54 (p. 
—9a4y? 22, /y 

Solution to Exercise 11.56 (p. 
(2,1) 


Solution to Exercise 11.57 (p. 


(2,4) 


Solution to Exercise 11.58 (p. 


(—4, 2) 


Solution to Exercise 11.59 (p. 


(1, 2) 


Solution to Exercise 11.60 (p. 


(—3, 1) 


Solution to Exercise 11.61 (p. 


(—2, —2) 


Solution to Exercise 11.62 (p. 


(= =2) 


Solution to Exercise 11.63 (p. 


(3, 0) 


Solution to Exercise 11.64 (p. 


inconsistent 


Solution to Exercise 11.65 (p. 


dependent, 


834) 
834) 
834) 
835) 
835) 
835) 
835) 


835) 


835) 


835) 


838) 
838) 
840) 
840) 
840) 
840) 
840) 
841) 


842) 
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Solution to Exercise 
(5,6) 

Solution to Exercise 
(2,2) 

Solution to Exercise 
(0, —6) 

Solution to Exercise 
(2, —2) 

Solution to Exercise 
dependent 

Solution to Exercise 
(1,1) 

Solution to Exercise 
(—2, 2) 

Solution to Exercise 
(4, 3) 

Solution to Exercise 
(4s 6) 

Solution to Exercise 
dependent, 

Solution to Exercise 
(1,1) 

Solution to Exercise 
inconsistent 

Solution to Exercise 
dependent, 

Solution to Exercise 
inconsistent 

Solution to Exercise 
(0,4) 

Solution to Exercise 
(38, 3) 


7° 7 
Solution to Exercise 


dependent 

Solution to Exercise 
17/2 

Solution to Exercise 11.102 (p. 844) 
(1,3) 


Np A eRe 


11.66 (p. 
11.68 (p. 
11.70 (p. 
11.72 (p. 
11.74 (p. 
11.76 (p. 
11.78 (p. 
11.80 (p. 
11.82 (p. 
11.84 (p. 
11.86 (p. 
11.88 (p. 
11.90 (p. 
11.92 (p. 
11.94 (p. 
11.96 (p. 
11.98 (p. 


11.100 (p. 844) 


842) 
842) 
842) 
842) 
842) 
842) 
843) 
843) 
843) 
843) 
843) 
843) 
844) 
844) 
844) 
844) 


844) 
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Solution to Exercise 11.104 (p. 846) 
The two numbers are 14 and 5. 
Solution to Exercise 11.105 (p. 848) 
There are 14 dimes and 12 nickels. 
Solution to Exercise 11.106 (p. 849) 


The student should use 36 ml of salt solution A and 24 ml of salt solution B. 


Solution to Exercise 11.107 (p. 849) 
The two numbers are 14 and 8. 

Solution to Exercise 11.109 (p. 849) 
The two numbers are 18 and 6. 

Solution to Exercise 11.111 (p. 849) 
The numbers are 16 and 12. 

Solution to Exercise 11.113 (p. 850) 

6 pounds of Type 1 and 8 pounds of Type 2. 
Solution to Exercise 11.115 (p. 850) 

12 grams of Type 1 and 30 grams of Type 2. 
Solution to Exercise 11.117 (p. 850) 

37 non-student tickets. 

Solution to Exercise 11.119 (p. 850) 

30 ml of 80% solution; 20 ml of 60% solution. 
Solution to Exercise 11.121 (p. 850) 


(a) cannot form 12% solution; 


(b) 2 liter of 4% solution. 
Solution to Exercise 11.123 (p. 850) 
25 ml of pure water; 975 ml of 80% salt solution. 
Solution to Exercise 11.125 (p. 851) 
18 nickels; 60 pennies. 
Solution to Exercise 11.127 (p. 851) 
9x? — 30x + 25 
Solution to Exercise 11.129 (p. 851) 
(0, —3) 
Solution to Exercise 11.131 (p. 852) 
(2, —3) 
Solution to Exercise 11.133 (p. 853) 
(i313) 
Solution to Exercise 11.135 (p. 853) 
No solution. 
Solution to Exercise 11.137 (p. 853) 
(8, —4) 
Solution to Exercise 11.139 (p. 853) 
(—6, =1) 
Solution to Exercise 11.141 (p. 853) 
(6, =i) 
Solution to Exercise 11.143 (p. 853) 
Dependent (same line) 
Solution to Exercise 11.145 (p. 853) 
(4, —2) 
Solution to Exercise 11.147 (p. 854) 
Inconsistent (parallel lines) 
Solution to Exercise 11.149 (p. 854) 


(7,7) 
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Solution to Exercise 11.151 (p. 854) 
The numbers are 14 and 21. 

Solution to Exercise 11.153 (p. 854) 
26 pounds at 90; 9 pounds at 75 

Solution to Exercise 11.155 (p. 854) 
283 ml of solution A; 173 mlof solution B. 
Solution to Exercise 11.157 (p. 854) 
z= 32, y=4 

Solution to Exercise 11.159 (p. 855) 
(a) No solution 


(b) 1.6liters (1600 ml) ofthe 14% solution; 
2.4 liters (2400 ml) ofthe 24% solution. 


Solution to Exercise 11.161 (p. 855) 
inconsistent 


FARR EEE 
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Lylyigg + Ligh | | 


Solution to Exercise 11.162 (p. 855) 
(4, 2) 


Solution to Exercise 11.163 (p. 856) 
(—1,3) 

Solution to Exercise 11.164 (p. 856) 
(1, =) 

Solution to Exercise 11.165 (p. 856) 
inconsistent 

Solution to Exercise 11.166 (p. 856) 


(3,0) 
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Solution to Exercise 11.167 (p. 856) 
18 and 25 

Solution to Exercise 11.168 (p. 856) 
32 ml of solution A; 48 ml of solution B. 
Solution to Exercise 11.169 (p. 856) 
17 nickels and 15 quarters 

Solution to Exercise 11.170 (p. 856) 
$11,250 at 8%; $3,750 at 12% 
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Chapter 12 


Appendix 


12.1 Table of Symbols’ 


Parentheses (grouping symbols) 


Brackets (grouping symbols) 


Braces (grouping symbols) 


equal 


not equal to 


2 


approximately equal to 


greater than 


less than 


VIA TV 


greater than or equal to 


IA 


less than or equal to 


8 


variable or constant 


negative of x (opposite of x) 


absolute value of x 


reciprocal of x 


ordered pair with component a and second component. b 


the irrational number pi, often approximated by 3.14 


the principal square root of a 


the secondary square root of a 


Table 12.1 
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12.2 Properties of Real Numbers’ 


Rule 12.1: Commutative Property 


Addition 
a+b=b+a 
34+4=44+3 
Multiplication 
ab = ba 
4-3=3-4 
Rule 12.2: Associative Property 
Addition 
a+(b+c)=(a+b)+c 
44+ (345) =(44+3)+5 
Multiplication 


a(be) = (ab)c 
4(3-5) = (4-3)5 
Rule 12.3: Distributive Property 


a(b+c) =ab+ac 


A4(a+3) =4x+12 


(b+ c)a=ab+be 


(7+ 3)4=4x+4 12 


Rule 12.4: Properties of Zero 


a-0=0 


?This content is available online at <http://cnx.org/content /m22775/1.4/>. 
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0-a=0 
If aA 0, then 8 = 0 and o = 0 is undefined. 
Rule 12.5: Double Negative Property 


12.3 Important and Useful Rules /Formulas’ 


12.3.1 Exponents (Assume each expression is defined.) 


12.3.2 Factorization and special product formulas 


ab +ac =a(b+c) 
a2 + ab + b? = (a+ b)* 
a? — b? = (a+b) (a—b) 
a? — ab + b? = (a — b)* 


12.3.3 Formulas 


ga Shei sae vi P’— Ave Quadratic formula 
y=mart+b Slope-intercept form of a straight line 


y—Y1 =m(a— 21) Point-slope form of a straight line 


m= Bon Slope of a straight line passing through the points (21, x2) and (y1, y2) 


12.4 The 5-Step Method of Solving Applied Problems’ 


Step 1. Let x (or some other letter) represent the unknown quantity. 

Step 2. Translate the English to mathematics and form an equation. 

Step 3. Solve this equation. 

Step 4. Check this result by substituting it into the original statement of the problem. 
Step 5. Write a conclusion. 


’This content is available online at <http://cnx.org/content /m22777/1.4/>. 
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Glossary 


M Method for Multiplying Rational 
Expressions 


e Factor all numerators and 
denominators. 

e Reduce to lowest terms first by 
dividing out all common factors. (It 
is perfectly legitimate to cancel the 
numerator of one fraction with the 
denominator of another.) 


GLOSSARY 


e Multiply numerators together. 

e Multiply denominators. It is often 
convenient, but not necessary, to 
leave denominators in factored form. 


Method for Multiplying Rational 
Numbers 


e Reduce each fraction to lowest terms. 
e Multiply the numerators together. 
e Multiply the denominators together. 
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Keywords are listed by the section with that keyword (page numbers are in parentheses). Keywords 
do not necessarily appear in the text of the page. They are merely associated with that section. Ex. 
apples, § 1.1 (1) Terms are referenced by the page they appear on. Ex. apples, 1 


Oth, 216 


a system of equations, 818 
absolute value, 127, 127 
add, 751 

addition, § 3.4(132) 

addition method, § 11.4(836) 
additive identity, 68, 133 
additive inverses, 68, 68 


algebra, § (1), § (5), § 1.1(7), § 1.2(7), 

§ 1.3(11), § 1.4(14), § 1.5(18), § 1.6(22), 

§ 1.7(28), § 1.8(36), § 2.1(47), § 2.2(48), 

§ 2.3(55), § 2.4(63), § 2.5(71), § 2.6(79), 

§ 2.7(88), § 2.8(96), § 2.9(97), § 2.10(104), 

§ 3.1(121), § 3.2(122), § 3.3(127), § 3.4(132), 

§ 3.5(139), § 3.6(144), § 3.7(153), § 3.8(163), 

§ 3.9(170), § 3.10(172), § 3.11(176), § 4.1(197), 
§ 4.2(198), § 4.3(206), § 4.4(214), § 4.5(221), 

§ 4.6(227), § 4.7(239), § 4.8(246), § 4.9(249), 


§ 4.10(250), § 4.11(257), § 5.1(277), § 5.2(278), 


§ 5.3(284), § 5.4(290), § 5.5(298), § 5.6(304), 
§ 5.7(313), § 5.8(322), § 5.9(328), § 5.10(330), 
§ 5.11(335), § 6.1(353), § 6.2(354), § 6.3(357), 
§ 6.4(362), § 6.5(367), § 6.6(370), § 6.7(378), 
§ 6.8(383 
§ 7.1(411), § 7.2(412), § 7.3(419), § 7.4(428), 
§ 7.5(448), § 7.6(464), § 7.7(476), § 7.8(485), 
§ 7.9(497 

§ 8.2(546), § 8.3(553), § 8.4(561), § 8.5(568), 
§ 8.6(581), § 8.7(591), § 8.8(600), § 8.9(610), 
§ 8.10(618), § 8.11(628), § 8.12(629), 

§ 8.13(636), § 9.1(659), § 9.2(660), § 9.3(669), 


§ 9.4(677), § 9.5(684), § 9.6(691), § 9.7(699), 


Ve SV nm ww 


§ 9.8(704), § 9.9(706), § 9.10(710), § 10.1(729), 


§ 10.2(730), § 10.3(735), § 10.4(742), 

§ 10.5(749), § 10.6(756), § 10.7(764), 

§ 10.8(775), § 10.9(788), § 10.10(789), 
10.11(794), § 11.1(817), § 11.2(817), 


§ 11.3(828), § 11.4(836), § 11.5(845), 
§ 11.6(851), § 11.7(852), § 11.8(855), 
§ 12.1(867), § 12.2(868), § 12.3(869), 
§ 12.4(869) 


§ 6.9(393), § 6.10(394), § 6.11(398), 


§ 7.10(498), § 7.11(508), § 8.1(545), 


algebraic expression, 198 
algebraic expressions, § 4.2(198) 
arithmetic, § 1.7(28) 

arithmetic review, § 1.1(7) 
associative property, § 2.4(63) 
axes, § 7.2(412) 


base, 74, 79 

binary operation, 48 

binomials, § 4.7(239) 

both, 751 

boundary line, 485 

building rational expressions, 569 


chart, § 12.1(867), § 12.2(868), § 12.3(869), 
§ 12.4(869) 

classification, § 4.4(214) 

closed circle, 59 

closure property, § 2.4(63) 
coefficient, 201 

coefficients, § 4.2(198) 
combine-divide method, § 8.9(610) 
commutative property, § 2.4(63) 
complete the square, § 10.5(749) 
complex fraction, 611 

complex rational expressions, § 8.9(610) 
composite number, § 1.3(11) 
composite number., 11 

compound inequalities, § 5.7(313) 
Conditional equations, 278 
conjugates, § 9.5(684) 

constant, 48 

constants, § 2.2(48) 
contradiction., 294 
Contradictions, 278, § 5.4(290) 
coordinate, 55 

coordinate points, § 7.3(419) 
coordinate system, § 7.2(412), 412 
coordinates, § 7.3(419) 
coordinates of the point., 421 
cubic, 216 
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D decimal fraction, 28 


decimal fractions, § 1.7(28) 
decimal point, 28 

degree of a polynomial, 216 
degree of a term, 215 
dependent systems, 820 
dependent variable, § 4.8(246) 
dependent variable., 246, 322 
dimension, § 7.2(412) 

Display Reads, 135 
distributed, 67 

distributive property, § 2.4(63) 
division, § 9.5(684) 

domain, § 4.8(246), 246, 546 


elementary, § (1), § (5), § 1.1(7), § 1.2(7), 

§ 1.3(11), 1.4(14), § 1.5(18), § 1.6(22), 

§ 1.7(28), § 1.8(36), § 2.1(47), § 2.2(48), 

§ 2.3(55), § 2.4(63), § 2.5(71), § 2.6(79), 

§ 2.7(88), § 2.8(96), § 2.9(97), § 2.10(104), 

§ 3.1(121), § 3.2(122), § 3.3(127), § 3.4(132), 
§ 3.5(139), § 3.6(144), § 3.7(153), § 3.8(163), 
§ 3.9(170), § 3.10(172), § 3.11(176), § 4.1(197), 
§ 4.2(198), § 4.3(206), § 4.4(214), § 4.5(221), 

§ 4.6(227), § 4.7(239), § 4.8(246), § 4.9(249), 


§ 4.10(250), § 4.11(257), § 5.1(277), § 5.2(278), 


§ 5.3(284), § 5.4(290), § 5.5(298), § 5.6(304), 
§ 5.7(313), § 5.8(322), § 5.9(328), § 5.10(330), 
§ 5.11(335), § 6.1(353), § 6.2(354), § 6.3(357), 
§ 6.4(362), § 6.5(367), § 6.6(370), § 6.7(378), 


§ 6.8(383), § 6.9(393), § 6.10(394), § 6.11(398), 
§ 7.1(411), § 7.2(412), § 7.3(419), § 7.4(428), 
§ 7.5(448), § 7.6(464), § 7.7(476), § 7.8(485), 
§ 7.9(497), § 7.10(498), § 7.11(508), § 8.1(545), 
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Copyright: Wade Ellis, Denny Burzynski 

License: http://creativecommons.org /licenses/by /3.0/ 


Module: "Solving Linear Equations and Inequalities: Summary of Key Concepts" 
Used here as: "Summary of Key Concepts" 

By: Wade Ellis, Denny Burzynski 

URL: http://cnx.org/content /m21914/1.3/ 

Pages: 328-329 

Copyright: Wade Ellis, Denny Burzynski 

License: http://creativecommons.org /licenses/by /3.0/ 


Module: "Solving Linear Equations and Inequalities: Exercise Supplement" 
Used here as: "Exercise Supplement " 

By: Wade Ellis, Denny Burzynski 

URL: http://cnx.org/content /m21977/1.4/ 

Pages: 330-335 

Copyright: Wade Ellis, Denny Burzynski 

License: http://creativecommons.org /licenses /by /3.0/ 


Module: "Solving Linear Equations and Inequalities: Proficiency Exam" 
Used here as: "Proficiency Exam " 

By: Wade Ellis, Denny Burzynski 

URL: http://cnx.org/content /m21890/1.3/ 

Pages: 335-337 

Copyright: Wade Ellis, Denny Burzynski 

License: http://creativecommons.org /licenses/by /3.0/ 


Module: "Factoring Polynomials: Objectives" 

Used here as: "Objectives" 

By: Denny Burzynski, Wade Ellis 

URL: http://cnx.org/content /m22804/1.4/ 

Page: 353 

Copyright: Denny Burzynski, Wade Ellis 

License: http://creativecommons.org /licenses/by /3.0/ 
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Module: "Factoring Polynomials: Finding the factors of a Monomial" 
Used here as: "Finding the factors of a Monomial " 

By: Wade Ellis, Denny Burzynski 

URL: http://cnx.org/content /m18870/1.4/ 

Pages: 354-357 

Copyright: Wade Ellis, Denny Burzynski 

License: http://creativecommons.org/licenses/by /2.0/ 


Module: "Factoring Polynomials: Factoring a Monomial from a Polynomial" 
Used here as: "Factoring a Monomial from a Polynomial " 

By: Wade Ellis, Denny Burzynski 

URL: http://cnx.org/content /m21906/1.3/ 

Pages: 357-362 

Copyright: Wade Ellis, Denny Burzynski 

License: http://creativecommons.org/licenses/by /3.0/ 


Module: "Factoring Polynomials: The Greatest. Common Factor" 
Used here as: "The Greatest Common Factor" 

By: Wade Ellis, Denny Burzynski 

URL: http://cnx.org/content /m21913/1.3/ 

Pages: 362-367 

Copyright: Wade Ellis, Denny Burzynski 

License: http://creativecommons.org/licenses/by /3.0/ 


Module: "Factoring Polynomials: Factoring by Grouping" 
Used here as: "Factoring by Grouping" 

By: Wade Ellis, Denny Burzynski 

URL: http://cnx.org/content /m21901/1.3/ 

Pages: 367-370 

Copyright: Wade Ellis, Denny Burzynski 

License: http://creativecommons.org/licenses/by /3.0/ 


Module: "Factoring Polynomials: Factoring Two Special Products" 
Used here as: "Factoring Two Special Products " 

By: Wade Ellis, Denny Burzynski 

URL: http://cnx.org/content /m21903/1.3/ 

Pages: 370-378 

Copyright: Wade Ellis, Denny Burzynski 

License: http://creativecommons.org/licenses/by /3.0/ 


Module: "Factoring Polynomials: Factoring Trinomials with Leading Coefficient 1" 
Used here as: "Factoring Trinomials with Leading Coefficient 1" 

By: Wade Ellis, Denny Burzynski 

URL: http://cnx.org/content /m21904/1.3/ 

Pages: 378-383 

Copyright: Wade Ellis, Denny Burzynski 

License: http://creativecommons.org/licenses/by /3.0/ 
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Module: "Factoring Polynomials: Factoring Trinomials with Leading Coefficient Other Than 1" 


Used here as: "Factoring Trinomials with Leading Coefficient Other Than 1 " 
By: Wade Ellis, Denny Burzynski 

URL: http://cnx.org/content /m21912/1.3/ 

Pages: 383-393 

Copyright: Wade Ellis, Denny Burzynski 

License: http://creativecommons.org /licenses/by /3.0/ 


Module: "Factoring Polynomials: Summary of Key Concepts" 
Used here as: "Summary of Key Concepts " 

By: Wade Ellis, Denny Burzynski 

URL: http://cnx.org/content /m21910/1.3/ 

Pages: 393-394 

Copyright: Wade Ellis, Denny Burzynski 

License: http://creativecommons.org /licenses/by /3.0/ 


Module: "Factoring Polynomials: Exercise Supplement" 
Used here as: "Exercise Supplement " 

By: Wade Ellis, Denny Burzynski 

URL: http://cnx.org/content /m21899/1.4/ 

Pages: 394-398 

Copyright: Wade Ellis, Denny Burzynski 

License: http://creativecommons.org /licenses/by /3.0/ 


Module: "Factoring Polynomials: Proficiency Exam" 
Used here as: "Proficiency Exam " 

By: Wade Ellis, Denny Burzynski 

URL: http://cnx.org/content /m21908 /1.3/ 

Pages: 398-399 

Copyright: Wade Ellis, Denny Burzynski 

License: http://creativecommons.org /licenses/by /3.0/ 


Module: "Graphing Linear Equations and Inequalities: Objectives" 
Used here as: "Objectives" 

By: Denny Burzynski, Wade Ellis 

URL: http://cnx.org/content /m22790/1.4/ 

Pages: 411-412 

Copyright: Denny Burzynski, Wade Ellis 

License: http://creativecommons.org /licenses/by /3.0/ 


885 


Module: "Graphing Linear Equations and Inequalities: Graphing Linear Equations and Inequalities in One 


Variable" 

Used here as: "Graphing Linear Equations and Inequalities in One Variable 
By: Wade Ellis, Denny Burzynski 

URL: http://cnx.org/content /m18877 /1.4/ 

Pages: 412-419 

Copyright: Wade Ellis, Denny Burzynski 

License: http://creativecommons.org /licenses/by /2.0/ 
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Module: "Graphing Linear Equations and Inequalities: Plotting Points in the Plane" 
Used here as: "Plotting Points in the Plane " 

By: Denny Burzynski, Wade Ellis 

URL: http://cnx.org/content /m21993/1.3/ 

Pages: 419-427 

Copyright: Denny Burzynski, Wade Ellis 

License: http://creativecommons.org/licenses/by /3.0/ 


Module: "Graphing Linear Equations and Inequalities: Graphing Linear Equations in Two Variables" 
Used here as: "Graphing Linear Equations in Two Variables " 

By: Wade Ellis, Denny Burzynski 

URL: http://cnx.org/content /m21995 /1.3/ 

Pages: 428-448 

Copyright: Wade Ellis, Denny Burzynski 

License: http://creativecommons.org/licenses/by /3.0/ 


Module: "Graphing Linear Equations and Inequalities: The Slope-Intercept Form of a Line" 
Used here as: "The Slope-Intercept Form of a Line" 

By: Wade Ellis, Denny Burzynski 

URL: http://cnx.org/content /m22014/1.3/ 

Pages: 448-464 

Copyright: Wade Ellis, Denny Burzynski 

License: http://creativecommons.org/licenses/by /3.0/ 


Module: "Graphing Linear Equations and Inequalities: Graphing Equations in Slope-Intercept Form" 
Used here as: "Graphing Equations in Slope-Intercept Form " 

By: Wade Ellis, Denny Burzynski 

URL: http://cnx.org/content /m22000/1.3/ 

Pages: 464-476 

Copyright: Wade Ellis, Denny Burzynski 

License: http://creativecommons.org/licenses/by /3.0/ 


Module: "Graphing Linear Equations and Inequalities: Finding the Equation of a Line" 
Used here as: "Finding the Equation of a Line " 

By: Wade Ellis, Denny Burzynski 

URL: http://cnx.org/content /m21998/1.3/ 

Pages: 476-485 

Copyright: Wade Ellis, Denny Burzynski 

License: http://creativecommons.org/licenses/by /3.0/ 


Module: "Graphing Linear Equations and Inequalities: Graphing Linear Inequalities in Two Variables" 
Used here as: "Graphing Linear Inequalities in Two Variables " 

By: Wade Ellis, Denny Burzynski 

URL: http://cnx.org/content /m22011/1.3/ 

Pages: 485-496 

Copyright: Wade Ellis, Denny Burzynski 

License: http://creativecommons.org/licenses/by /3.0/ 
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Module: "Graphing Linear Equations and Inequalities: Summary of Key Concepts" 
Used here as: "Summary of Key Concepts " 

By: Wade Ellis, Denny Burzynski 

URL: http://cnx.org/content /m22008 /1.3/ 

Pages: 497-498 

Copyright: Wade Ellis, Denny Burzynski 

License: http://creativecommons.org /licenses/by /3.0/ 


Module: "Graphing Linear Equations and Inequalities: Exercise Supplement" 
Used here as: "Exercise Supplement " 

By: Wade Ellis, Denny Burzynski 

URL: http://cnx.org/content /m22004/1.4/ 

Pages: 498-508 

Copyright: Wade Ellis, Denny Burzynski 

License: http://creativecommons.org /licenses /by /3.0/ 


Module: "Graphing Linear Equations and Inequalities: Proficiency Exam" 
Used here as: "Proficiency Exam " 

By: Denny Burzynski, Wade Ellis 

URL: http://cnx.org/content /m22015/1.3/ 

Pages: 508-512 

Copyright: Denny Burzynski, Wade Ellis 

License: http://creativecommons.org /licenses/by /3.0/ 


Module: "Rational Expressions: Objectives" 

Used here as: "Objectives" 

By: Denny Burzynski, Wade Ellis 

URL: http://cnx.org/content /m22796/1.4/ 

Pages: 545-546 

Copyright: Denny Burzynski, Wade Ellis 

License: http://creativecommons.org /licenses/by /3.0/ 


Module: "Rational Expressions: Rational Expressions" 
Used here as: "Rational Expressions" 

By: Wade Ellis, Denny Burzynski 

URL: http://cnx.org/content /m18878 /1.4/ 

Pages: 546-553 

Copyright: Wade Ellis, Denny Burzynski 

License: http://creativecommons.org /licenses /by /2.0/ 


Module: "Rational Expressions: Reducing Rational Expressions" 


Used here as: "Reducing Rational Expressions " 

By: Wade Ellis, Denny Burzynski 

URL: http://cnx.org/content /m21953/1.3/ 

Pages: 553-561 

Copyright: Wade Ellis, Denny Burzynski 

License: http://creativecommons.org /licenses /by /3.0/ 
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Module: "Rational Expressions: Multiplying and Dividing Rational Expressions" 
Used here as: "Multiplying and Dividing Rational Expressions " 

By: Wade Ellis, Denny Burzynski 

URL: http://cnx.org/content /m21964/1.3/ 

Pages: 561-568 

Copyright: Wade Ellis, Denny Burzynski 

License: http://creativecommons.org/licenses/by /3.0/ 


Module: "Rational Expressions: Building Rational Expressions and the LCD" 
Used here as: "Building Rational Expressions and the LCD " 

By: Wade Ellis, Denny Burzynski 

URL: http://cnx.org/content /m21941/1.3/ 

Pages: 568-580 

Copyright: Wade Ellis, Denny Burzynski 

License: http://creativecommons.org/licenses/by /3.0/ 


Module: "Rational Expressions: Adding and Subtracting Rational Expressions" 
Used here as: "Adding and Subtracting Rational Expressions " 

By: Wade Ellis, Denny Burzynski 

URL: http://cnx.org/content /m21936/1.3/ 

Pages: 581-591 

Copyright: Wade Ellis, Denny Burzynski 

License: http://creativecommons.org/licenses/by /3.0/ 


Module: "Rational Expressions: Rational Equations" 
Used here as: "Rational Equations " 

By: Wade Ellis, Denny Burzynski 

URL: http://cnx.org/content /m21951/1.3/ 

Pages: 591-600 

Copyright: Wade Ellis, Denny Burzynski 

License: http://creativecommons.org/licenses/by /3.0/ 


Module: "Rational Expressions: Applications" 

Used here as: "Applications " 

By: Wade Ellis, Denny Burzynski 

URL: http://cnx.org/content /m21938/1.3/ 

Pages: 600-610 

Copyright: Wade Ellis, Denny Burzynski 

License: http://creativecommons.org/licenses/by /3.0/ 


Module: "Rational Expressions: Complex Rational Expressions" 
Used here as: "Complex Rational Expressions " 

By: Wade Ellis, Denny Burzynski 

URL: http://cnx.org/content /m21944/1.3/ 

Pages: 610-618 

Copyright: Wade Ellis, Denny Burzynski 

License: http://creativecommons.org/licenses/by /3.0/ 
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Module: "Rational Expressions: Dividing Polynomials" 
Used here as: "Dividing Polynomials " 

By: Wade Ellis, Denny Burzynski 

URL: http://cnx.org/content /m21946/1.3/ 

Pages: 618-628 

Copyright: Wade Ellis, Denny Burzynski 

License: http://creativecommons.org /licenses/by /3.0/ 


Module: "Rational Expressions: Summary of Key Concepts" 
Used here as: "Summary of Key Concepts " 

By: Wade Ellis, Denny Burzynski 

URL: http://cnx.org/content /m21954/1.3/ 

Pages: 628-629 

Copyright: Wade Ellis, Denny Burzynski 

License: http://creativecommons.org /licenses/by /3.0/ 


Module: "Rational Expressions: Exercise Supplement" 
Used here as: "Exercise Supplement " 

By: Wade Ellis, Denny Burzynski 

URL: http://cnx.org/content /m21949/1.4/ 

Pages: 629-636 

Copyright: Wade Ellis, Denny Burzynski 

License: http://creativecommons.org /licenses/by /3.0/ 


Module: "Rational Expressions: Proficiency Exam" 
Used here as: "Proficiency Exam " 

By: Wade Ellis, Denny Burzynski 

URL: http://cnx.org/content /m21959/1.3/ 

Pages: 636-637 

Copyright: Wade Ellis, Denny Burzynski 

License: http://creativecommons.org /licenses/by /3.0/ 


Module: "Roots, Radicals, and Square Root Equations: Objectives" 


Used here as: "Objectives" 

By: Denny Burzynski, Wade Ellis 

URL: http://cnx.org/content /m22797 /1.4/ 

Page: 659 

Copyright: Denny Burzynski, Wade Ellis 

License: http://creativecommons.org /licenses/by /3.0/ 


Module: "Roots, Radicals, and Square Root Equations: Square Root Expressions" 


Used here as: "Square Root Expressions " 


By: Wade Ellis, Denny Burzynski 

URL: http://cnx.org/content /m18879/1.4/ 

Pages: 660-669 

Copyright: Wade Ellis, Denny Burzynski 

License: http://creativecommons.org /licenses /by /2.0/ 
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Module: "Roots, Radicals, and Square Root Equations: Simplifying Square Root Expressions" 
Used here as: "Simplifying Square Root Expressions " 

By: Wade Ellis, Denny Burzynski 

URL: http://cnx.org/content /m21973/1.3/ 

Pages: 669-677 

Copyright: Wade Ellis, Denny Burzynski 

License: http://creativecommons.org/licenses/by /3.0/ 


Module: "Roots, Radicals, and Square Root Equations: Multiplication of Square Root Expressions" 
Used here as: "Multiplication of Square Root Expressions " 

By: Wade Ellis, Denny Burzynski 

URL: http://cnx.org/content /m21975 /1.3/ 

Pages: 677-684 

Copyright: Wade Ellis, Denny Burzynski 

License: http://creativecommons.org/licenses/by /3.0/ 


Module: "Roots, Radicals, and Square Root Equations: Division of Square Root Expressions" 
Used here as: "Division of Square Root Expressions" 

By: Wade Ellis, Denny Burzynski 

URL: http://cnx.org/content /m21968/1.3/ 

Pages: 684-691 

Copyright: Wade Ellis, Denny Burzynski 

License: http://creativecommons.org/licenses/by /3.0/ 


Module: "Roots, Radicals, and Square Root Equations: Addition and Subtraction of Square Root Expres- 
sions" 

Used here as: "Addition and Subtraction of Square Root Expressions 
By: Wade Ellis, Denny Burzynski 

URL: http://cnx.org/content /m21957/1.3/ 

Pages: 691-699 

Copyright: Wade Ellis, Denny Burzynski 

License: http://creativecommons.org/licenses/by /3.0/ 


" 


Module: "Roots, Radicals, and Square Root Equations: Square Root Equations with Applications" 
Used here as: "Square Root Equations with Applications" 

By: Wade Ellis, Denny Burzynski 

URL: http://cnx.org/content /m21965 /1.3/ 

Pages: 699-704 

Copyright: Wade Ellis, Denny Burzynski 

License: http://creativecommons.org/licenses/by /3.0/ 


Module: "Roots, Radicals, and Square Root Equations: Summary of Key Concepts" 
Used here as: "Summary of Key Concepts " 

By: Wade Ellis, Denny Burzynski 

URL: http://cnx.org/content /m21971/1.3/ 

Pages: 704-706 

Copyright: Wade Ellis, Denny Burzynski 

License: http://creativecommons.org/licenses/by /3.0/ 
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Module: "Roots, Radicals, and Square Root Equations: Exercise Supplement" 
Used here as: "Exercise Supplement " 

By: Wade Ellis, Denny Burzynski 

URL: http://cnx.org/content /m21962/1.4/ 

Pages: 706-710 

Copyright: Wade Ellis, Denny Burzynski 

License: http://creativecommons.org /licenses/by /3.0/ 


Module: "Roots, Radicals, and Square Root Equations: Proficiency Exam" 
Used here as: "Proficiency Exam " 

By: Wade Ellis, Denny Burzynski 

URL: http://cnx.org/content /m21956/1.3/ 

Pages: 710-712 

Copyright: Wade Ellis, Denny Burzynski 

License: http://creativecommons.org /licenses/by /3.0/ 


Module: "Quadratic Equations: Objectives" 

Used here as: "Objectives" 

By: Denny Burzynski, Wade Ellis 

URL: http://cnx.org/content /m22792/1.4/ 

Page: 729 

Copyright: Denny Burzynski, Wade Ellis 

License: http://creativecommons.org /licenses/by /3.0/ 


Module: "Quadratic Equations: Solving Quadratic Equations" 
Used here as: "Solving Quadratic Equations " 

By: Wade Ellis, Denny Burzynski 

URL: http://cnx.org/content /m18880/1.4/ 

Pages: 730-735 

Copyright: Wade Ellis, Denny Burzynski 

License: http://creativecommons.org /licenses/by /2.0/ 


Module: "Quadratic Equations: Solving Quadratic Equations by Factoring" 
Used here as: "Solving Quadratic Equations by Factoring" 

By: Wade Ellis, Denny Burzynski 

URL: http://cnx.org/content /m21933/1.3/ 

Pages: 735-742 

Copyright: Wade Ellis, Denny Burzynski 

License: http://creativecommons.org /licenses/by /3.0/ 


Module: "Quadratic Equations: Solving Quadratic Equations Using the Method of Extraction of Roots" 
Used here as: "Solving Quadratic Equations Using the Method of Extraction of Roots " 

By: Wade Ellis, Denny Burzynski 

URL: http://cnx.org/content /m21922/1.3/ 

Pages: 742-749 

Copyright: Wade Ellis, Denny Burzynski 

License: http://creativecommons.org /licenses/by /3.0/ 
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Module: "Quadratic Equations: Solving Quadratic Equations Using the Method of Completing the Square" 
Used here as: "Solving Quadratic Equations Using the Method of Completing the Square " 

By: Wade Ellis, Denny Burzynski 

URL: http://cnx.org/content /m21935 /1.4/ 

Pages: 749-755 

Copyright: Wade Ellis, Denny Burzynski 

License: http://creativecommons.org/licenses/by /3.0/ 


Module: "Quadratic Equations: Solving Quadratic Equations Using the Quadratic Formula" 
Used here as: "Solving Quadratic Equations Using the Quadratic Formula " 

By: Wade Ellis, Denny Burzynski 

URL: http://cnx.org/content /m21927/1.3/ 

Pages: 756-763 

Copyright: Wade Ellis, Denny Burzynski 

License: http://creativecommons.org/licenses/by /3.0/ 


Module: "Quadratic Equations: Applications" 

Used here as: "Applications " 

By: Wade Ellis, Denny Burzynski 

URL: http://cnx.org/content /m21915/1.3/ 

Pages: 764-775 

Copyright: Wade Ellis, Denny Burzynski 

License: http://creativecommons.org/licenses/by /3.0/ 


Module: "Quadratic Equations: Graphing Quadratic Solutions" 
Used here as: "Graphing Quadratic Solutions" 

By: Wade Ellis, Denny Burzynski 

URL: http://cnx.org/content /m21926/1.3/ 

Pages: 775-788 

Copyright: Wade Ellis, Denny Burzynski 

License: http://creativecommons.org/licenses/by /3.0/ 


Module: "Quadratic Equations: Summary of Key Concepts" 
Used here as: "Summary of Key Concepts " 

By: Wade Ellis, Denny Burzynski 

URL: http://cnx.org/content /m21931/1.3/ 

Pages: 788-789 

Copyright: Wade Ellis, Denny Burzynski 

License: http://creativecommons.org/licenses/by /3.0/ 


Module: "Quadratic Equations: Exercise Supplement" 
Used here as: "Exercise Supplement " 

By: Wade Ellis, Denny Burzynski 

URL: http://cnx.org/content /m21917/1.4/ 

Pages: 789-794 

Copyright: Wade Ellis, Denny Burzynski 

License: http://creativecommons.org/licenses/by /3.0/ 


ATTRIBUTIONS 


Module: "Quadratic Equations: Proficiency Exam" 
Used here as: "Proficiency Exam " 

By: Wade Ellis, Denny Burzynski 

URL: http://cnx.org/content /m21920/1.3/ 

Pages: 794-797 

Copyright: Wade Ellis, Denny Burzynski 

License: http://creativecommons.org /licenses/by /3.0/ 


Module: "Systems of Linear Equations: Objectives" 
Used here as: "Objectives" 

By: Denny Burzynski, Wade Ellis 

URL: http://cnx.org/content /m22799/1.4/ 

Page: 817 

Copyright: Denny Burzynski, Wade Ellis 

License: http://creativecommons.org /licenses/by /3.0/ 


Module: "Systems of Linear Equations: Solutions by Graphing" 
Used here as: "Solutions by Graphing" 

By: Wade Ellis, Denny Burzynski 

URL: http://cnx.org/content /m18881 /1.4/ 

Pages: 817-828 

Copyright: Wade Ellis, Denny Burzynski 

License: http://creativecommons.org /licenses/by /2.0/ 


Module: "Systems of Linear Equations: Elimination by Substitution" 
Used here as: "Elimination by Substitution " 

By: Wade Ellis, Denny Burzynski 

URL: http://cnx.org/content /m21984/1.3/ 

Pages: 828-836 

Copyright: Wade Ellis, Denny Burzynski 

License: http://creativecommons.org /licenses/by /3.0/ 


Module: "Systems of Linear Equations: Elimination by Addition" 
Used here as: "Elimination by Addition" 

By: Wade Ellis, Denny Burzynski 

URL: http://cnx.org/content /m21986/1.3/ 

Pages: 836-845 

Copyright: Wade Ellis, Denny Burzynski 

License: http://creativecommons.org /licenses/by /3.0/ 


Module: "Systems of Linear Equations: Applications" 
Used here as: "Applications" 

By: Wade Ellis, Denny Burzynski 

URL: http://cnx.org/content /m21983/1.3/ 

Pages: 845-851 

Copyright: Wade Ellis, Denny Burzynski 

License: http://creativecommons.org /licenses /by /3.0/ 
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Module: "Systems of Linear Equations: Summary of Key Concepts" 
Used here as: "Summary of Key Concepts" 

By: Wade Ellis, Denny Burzynski 

URL: http://cnx.org/content /m21989/1.3/ 

Pages: 851-852 

Copyright: Wade Ellis, Denny Burzynski 

License: http://creativecommons.org/licenses/by /3.0/ 


Module: "Systems of Linear Equations: Exercise Supplement" 
Used here as: "Exercise Supplement" 

By: Wade Ellis, Denny Burzynski 

URL: http://cnx.org/content /m21985 /1.4/ 

Pages: 852-855 

Copyright: Wade Ellis, Denny Burzynski 

License: http://creativecommons.org/licenses/by /3.0/ 


Module: "Systems of Linear Equations: Proficiency Exam" 
Used here as: "Proficiency Exam" 

By: Wade Ellis, Denny Burzynski 

URL: http://cnx.org/content /m21987/1.3/ 

Pages: 855-856 

Copyright: Wade Ellis, Denny Burzynski 

License: http://creativecommons.org/licenses/by /3.0/ 


Module: "Elementary Algebra: Table of Symbols (chart)" 
Used here as: "Table of Symbols" 

By: Denny Burzynski, Wade Ellis 

URL: http://cnx.org/content /m22779/1.4/ 

Page: 867 

Copyright: Denny Burzynski, Wade Ellis 

License: http://creativecommons.org/licenses/by /3.0/ 


Module: "Elementary Algebra: Properties of Real Numbers (chart)" 
Used here as: "Properties of Real Numbers" 

By: Denny Burzynski, Wade Ellis 

URL: http://cnx.org/content /m22775 /1.4/ 

Pages: 868-869 

Copyright: Denny Burzynski, Wade Ellis 

License: http://creativecommons.org/licenses/by /3.0/ 


Module: "Elementary Algebra: Important and Useful Rules/Formulas (chart) " 
Used here as: "Important and Useful Rules/Formulas" 

By: Denny Burzynski, Wade Ellis 

URL: http://cnx.org/content /m22777/1.4/ 

Page: 869 

Copyright: Denny Burzynski, Wade Ellis 

License: http://creativecommons.org/licenses/by /3.0/ 
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Module: "Elementary Algebra: The 5-Step Method of Solving Applied Problems (chart)" 
Used here as: "The 5-Step Method of Solving Applied Problems" 

By: Denny Burzynski, Wade Ellis 

URL: http://cnx.org/content /m22780/1.4/ 

Page: 869 

Copyright: Denny Burzynski, Wade Ellis 

License: http://creativecommons.org /licenses/by /3.0/ 
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Elementary Algebra 

Elementary Algebra is a work text that covers the traditional topics studied in a modern elementary algebra 
course. It is intended for students who (1) have no exposure to elementary algebra, (2) have previously had 
an unpleasant experience with elementary algebra, or (3) need to review algebraic concepts and techniques. 
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